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CHAPTER 2. MA'i'lUX ANALYSIS 
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2.5 Orthogonality and the SVD 

Orthogonality hBs a very ptmnin�mt role to play 1n matrL'<{ cornpufations. 
After establishing a few definitions WB prove the extremdy useful singu1ar 
va1ue decomposition (SVD). Among other things: the SYD enables uti to 
intelligently hiu1dlt� foe matrix rank problem. 'X'he concept of rank, though 
perfoctly clear in the exact arit.hmetk context, is trkky in the ptesen<:e of 
roundoff error and fuzzy data, '\Vith th{� SVD we can intrnduce the practical 
notiori of numerical rank 

2.5.1 Orthogonality 

A set of vectors {x1,, \., :i:p} in. JR'"' is orthogonal if x{ :z::i = 0 whenever 
-i l- j and orthonoruwl'=· if xf:1:j = l>iJ • Intuitively, orthogonal vectors are
maximaUy independent for they point i:n totally different directions.

A collection of subspaces S1 , .• , , Sp in m?n is mut·1wllr1 orthogonal if 
rs:7 y = 0 whenever :i; E Si and y E Sj for i # j. The orthogonal compkrnent. 
of a subspace S � 1rrm is defined by 

S;,. "" {y E JI{'n : �;r ::1: = 0 for ;:1,jj x E S} 

and it is n<it ha-rd to show tha.t ran(A)J.. ""'rmU(..tfr). ThEi ved;orn -v1, ... , t?fo 

form an orihcmormal basis for a subspace S � JR"' if they ate orthonormal 
and span S, 

A matrix Q E 111rr,xm is sa.kl to be) ortJwgonoJ, if Q'l'Q = I. If Q =
[ ,11, . , , , <Jm ) is orthogonal, then the (Ji form an arl:hm,ormal bwL"I for Jitn , 
It ls always possible to extend such a basis to a full (Jrthonormal basis 
{v1, � .. 

1 
�u,.,i} for JR!'': 

Theorem 2.5,l If Vi E If'x;-- has on'.lwnormal cvlumm.s, then them e:1:iBts 
Vi E JI-rx (n-r) such that 

V={ViVi] 

Proof. Thls is a standard result frorn introdnr.tmy lhiear algd)ra., It is 
also a comllary or the QR fadori:1;ation thH.t 'SVe present in �fi.2. CJ 
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Norms and Orthogonal Transformations 

The 2-norrn b inv,i.ria.nt nndex o:rt.hogonal tJ{insform>.ttion, for if qrq ""' l,
l ·1 .,, 11·' 'T' ,,"·o ·r I' ... , , 1 ·,1 · 2 di l""' : 1 , . .,. ,. ,_ 

:J.;' t.J' ,,.. .. _ ,.,, . ,., - : ,,. :: � 'l<" "''at·e·.v . -''OJ:'l'' 'SJI 
• ,  -.,,..,� :i ·�:,._,(._; )1 

....,..,, j 
-.:: .;"',{./ 

••- ,.,:, • .:.
, 

..,.,.., : >.tJ 1::: V ,.,, ... � ... J>..J'. ....... '•J. .. ,i {:.,,.,., 

tlw Fi-di(m\us nonn &re a.foo inwnfant. vv'ith re;,ped. to orthogona.l transfor
niatlons. 1n pn.rt.ieuhw, it l.s ern,y to show tl:wt for ,ill orthogonal Q and Z
of >.i.pprnprh:te dim{!milot1s w;� luwe 

ilQAZll p
= jlA!ir 

(25.2) 

2,5.3 The Si.H[?;ulur VtiJue Decomposition 

The Ui<,,ory of uorn1s developed in the prtivious two tll'K'.t:iorn:; om be used t,) 
pr�.-,w the {\Xtr.emdy useful singnfa.r value decomposition. 

Theo:rmn 2.5.2 (Singulaa· VahH,! Decomposition (SVD)) .lfA i,q a rwl 
rn--by ... n, rna.tri ... 1:) then. there e�tist or1hogon{f.1 rn.,atri{.�r-:,!� 

snch dud 

UTAV f 
... 

l 

l]Ai ([ .:, D ii: 

arid v· "" ['Vi, ,.', 'V,.-,] E Jf·C·Xn 

{1 ·u/r l

0 13 J 
--- A;. 

we J·,"ve :I ,1- !1:? > fo·2 .; ... ,,,T-wi BFt ""'1 "'' ',', A Jl1 "" II A 1 , i,I� &'lU' l'\O V'�'
:,.;._, ' :; ., -"-.!,. ; � ·  .:.,.... \ 

: t�_,- . '. ., �; .r., . ,;al j 
'" � 4,,. .. ., 

rrnrnt: haw� w "� D. An ohv1ous induction B.rg-umenL compl!�tes the proof of 
the theorem. u 

The O'i am the singular Dalu.e8 of A and the vectors 1.1.i a.nd ·1..1i ?l.rn the 
ith left sinag[ar vector a.nd the it:h right Hingnlar wiclor reBpective'ly. It 

2.5. 0R!TiOGONAUTY ANI 

Av, 
.41·n, 

It i;; convenfont to bwe the f 
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oi(A) -· Ui 
trm.;,:.: (A) ,_ th
<'.lmi.n(A) -·· th 

The t,ingob.r values of ,t matrl 
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.96 

�L�::g 

The SVD revea.ls a. f�re;.'\.t < 
SVD of A io given by Tieormx 

rank(A) 
null(A) 
ra.n(A) 

.A= 

Voriou,; 2-xwrm and Frnbeni t 

SVD. lf A E :iR:""'", then 

min 
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!APTER 2. :tvfxnux AJ<A.: .. · .
'ransfort:nations 

r,urnfonna,tion. for if qro ..., ... lj � rr'l ' ' ' J 

• 
t, 

:J.. i.2 . . w mat:nx 2--noun ,:,.rnspect to orthogonal tran< ttEJ.t for nil mthogmHil q a,>'.

{2.�· 

mposition 

)HS tvlo :sectio1u•� cH.:n be usE.;d --:lCOmpo:iition. 
iµoaithm (SVD)) If Ai.&{!<.rrmt1'i{:.f.!j 
· = [ -u1 v 1 ,::: 1nnxn

1 ' • • � n � ... _ .ttt.r 

?xrn. ve<:.tors Ui�t sat.isl\, A:r '·" �iler<:l exist Vii c 1R:"s:(n-1) �i.ndml u ;:::; f ·11 U,, l .: lH:" X ,;·,. •:i c• ,. 
� ' .:. l -.� ( .,,;. �-i. F hm; the following structure:

'·••· .d.:,

l A HB = ii A.1 ii� , and so we;ument cornpletPs the proof of

. the vectors ·u.., H:t1d 1;i gn, the
, , mg,wxr wx:trJr respectively. It

Li:i. ORTHOGONALITY AND TEE SVD
'.5 em,:v to v�)rify by comparing colunms in the (-,q,rntions AV -·A 'I' U '"' VY.;T foat 

_A1;i "" i'.L(Ui AT U; .... (t,t!; } ·i :z; 1:min{m.,, n}

7l

:� is conv�ml.ent. to hu:ve thi following noto.tion .for desigrniting singnhr va.l•i�,s: 
the ith large,<:t singular value of A,

u.,,w,.(A.) ... the hugest singu1a1· value of A, 
i1mir:.(A) � the smal1e1;;t singnh:u· v«-lne of A.

The i,ingular values of a nwtr;x A are prndsely the lengths of the semi-a.xes>t the hypm·dlipsoid E defined by E :z; { Ar : li :i: i! 2 = l } . 
Example 2�5�1

r ,tH3 J.72 ; 

[
.6 -.8 

l 
r ') 0 l f ,8 .fi fA:= l lJL,'V

T 
�!-: 

l i! 

L 2.23 .f1{; .l -
}\ ,f; l 0 1 .6 --.8 ; L J 

The SVD reveals a grne.t deal abrn1t the strndure of a mn.t.'ix. If theSVD of A is given by Theorem ·2.5.2, imd we define r by 

rank(A)
null(A.)
r;--u1(/I)

A 

= 

r
sp&,n{t1r+1,,., ,v,.} 

spm1{,t1 , .. , ,ur}, 

(2.5.:3)
('2.5.4)
(2.f).5)

(2,5.6)

Various 2--norm arid Frobenhrn norm properties hu:ve conn.edfong t0 theS\/fJ. If A. E 1Rm x '1, then 

minxf.O 

I. , r" i /1 r;.,
li A i:2

\j;b:\12" ___ .} __ _ 

Ii X Jhi 

(2.t�.8) 

(m?:: n). (2.15,9)
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