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CHAPTER 2. Maraix ANaLysis
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guiar Becompoesition Using Winograd's Ydentity,” Numer. Math. 15, 1451568,
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2.5  Orthogonality and the SVD

Orthagonality has a very prominent role to play in matrix computations.
After establishing a fow definitions we prove the extremely nseful singular
velue decomposition (SVD), Among other things, the SV enables s to
intelligently hendle the masteix rank probiesa. The voncept of rank, though
perfectly clear in the exact seithmetic context, is tricky in the presence of
roundoff error and fuzey data. With the SV we can introduce the practical
notios of numerical rank.

2.5.1 Urthogonality
A set of vectors {zy,. 8 ,1,) in B is orthogonel if 2f2; = O whenever
i § and orthonermal® i a7y = 8. Intuitively, orthogonal vectors aze
maximally independent for they poing in to'taiiy different directions.
A collection of subspaces Sy,...,8; in R™ is mutually orthogonal if
‘r Ty = 0 whenever x € 9; and y € 5 for { # ;. The orthagonal complement
of & subspace § ¢ ™ is defined by

8% = {ye W™ yTa =0 jor all 2 £ 8}

and it is pot hard to show that ran(A)J“ = 1ll{ A7), The vectors vy, ..., oy
forro an ovthenormal basis for o subspaca § € IR"" if they are orthonormal
and span 8.

A matrix @ € R™ ™ ic ik to be orthogonal ¥ QEQ = 1 W Q =
[ g1, . G | I8 orihogoual, then the ¢; fonm an orthonormal basis for Bm
It is always possible t0 extend such 2 basis to 2 full orthonormal bes
{t1,.. . 0 } for B

Theorem 2.5.1 IV € B fas orthanormol columas, then there exisss
Vo & B0 ek thaf

V(W)
is orthogonud, Note that ran{V)™h = ran(¥4).

Proof, This is a stendard result from introduciory linear a}ggebm. it is
alea a corollary of the QR factorization that we present in §6.2. O3
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b JuapPTER 2. MATRIN ANALYSIS

2.5.3 Neorms and Orthogonal Transforieations
The Z-nas is ,ém'a.ru ut under orthogonal 4y aminpn.ﬁ,mz} or if (97 G = ],
then 1 Qe 13 = 27@TQx = 272 = [z} . The mateix Z-nom end

the Frobenius nonn are aleo isvariant with ree azz{:i o ortkmgozlai franwsfon
ons. T partisuler, it 3 exsy to show thet for all orthogonal @ and Z
of appropriate dimensions wa have

s
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2.5.3  The Singulayy Velue Decowmposition

The theory of uorms develaped in the previcus two sections can be used to
prave the extremely wseful singnlar vahue decomposition.

Theorem 2.5.2 (Singular Value Decomposition (BVD)Y) I A4 ¢ e roal
m-byen malriz, then there euist ovthogonal vatrices

- e 4 4 2 %X,
Uos Ut | € B and Ve log v € e |

such that

' w5 iy f.\- )
UTAY = diag{ey, .. o) € BTTT L po=aiuimn}

>

Fa. o, e N el Y
WHEPE Gy 20y 2, DU

P A A

Prool. Let & B and v ¢ B be unit norm vectors B
oy with o = || Aly From Thvmm, 95,1 there exist Vo & B
s G"“f’n":{m’"ﬂ wV o= | Vg R _an 0=y

Y mm that T4V has the &

' and
ale BV e

{
sdiowing strusturs

orthogongl, {6 38 not hard

3

UTAY = { '

[ SUvaREv—
4
o %
~

Siuee ,
I N R ) )
EA; i/ 4 } w o g wTw)?
i \\» w iy

wo bave ¥ A 1 > (o b Tl But o w § A = AL, and 5o we
mueh bave w == 1. An obvious induction argument completes the proot of
the theorem. U

The oy ave the singular values of 4 and the vectors u; and »; are the
i left singulor vecitr and the wth right singuler veclor respectively. i
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i easy to verify by COMmpIY
4? ?’ = Y :T Li&m

Avy s

AT

1t 5 convenient to have the
148235,

AR 2

oA} = b

O'm:,:a.-('/s) = th

Tinin \(A) = th

The singolar values of & mated

of tha hyperellipseld & define
Example 2.5.1

L R B ¢
2 us

A -
2.8 R

T

The 8VD revesls o great ¢

SV of 4 s given by Theoren
Fy P g

shu

rank{4}

nall{4d} -

van{A) -

and wo have the SV ¢ CEPSI

Various 2-gorm ang Frobentt
SVDL I 4 e /Y then

=y
min v
s
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ransformations

ransformation, for if 7Q «
% . The matix 2-nors
respect to orthogonal trans
ant for all orthogonal @ au

oy
Hé,

myposition

s twe sections can be used ¥
wormposition.

sposition (SVD}) Ao
Malrices

w o, e, e PO

o g mindm, 0}

Ora vectovs thay satisly 1:&_: =
shere exist 1 @ "("\(” R
ad U o=y U.v
{7 has the ibilmvmg strpoture:

7% 4 gt 1wt

LA

4119 and se we
rament camplu 2s the proof of

. the vectors w; and w; sre the
ingutar verdor Tespectively, Tt
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i’: amsy to verify by eomparing colunme in the epuations AV = UL and

v

7 e VET that

Av, = o |
M ' # = Lfnde,n
Al = oy ? e}
ix s coawverdent to have the {ollowing uotstion for designating singalar val
ST

ol A) == the ith largest singolar value of A,
TmaziA = Ghe largest singulsr value of 4,
FmielA) = the smallest singular vaiue of 4.
The singuiar vadues of o matrix 4 ave precisely fize Aen},,ﬂla of the semi-axes
of t e 1 vperellipsoid & defined by E={ Av: oy =1}

Ewample 2.8.1

.o 5 R L AT
IR I N B B ::¥- 6 8173 0 ! !' 8 .i31
A=tgoe g (U Tl s jla il 6 -8

- 3 . . -
The SV reveals o great deal about the stracture of o matsix. If the
VD of A is given by Theerem 2.5.2, and we definie v by

Gy 2 e 2O Gppy e = Oy s

By
5.8 9y
vank{A} = ¢ {2.5.3)
I i 7€y BOAN
aull{dy = span{tpar.. ) {2.5.4)
=
van{4) = span{uz, .o}, {2.5.3}

and we have tha SV eepansion

(255

e

A = Zr}'ﬂ@i

gk

Variouu Zenorm and Frobenivs normi properties have connectinns to the
SYDL T 4 e BT then

ST G 2 e minfanal (B

[g ’i %ifp =S .‘”1';: e + 0; o= X {:n: &; \l.-.LLF‘;

Al = o (9.5

| »1.13 i - [N

FYEEEN -‘ 82 = s {m = a0y, {2593

AU :E ;2
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