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In the trapezoidal method, linear interpolation between data points tends to overestimate or 
underestimate the area, depending on the concavity o[ the curve. In some instances, area 
estimates can be obtained by linear interpolation of logarithmically tranfformed data. Two 
alternative algorithms based on known interpolating [unctions have been implemented for area 
calculations. In the Lagrange method, the linear interpolations are replaced by cubic polyno/nial 
interpolations. In the spline method, the cubic [unctions are further modified so that the fitted 
curves are completely smooth. This report describes their computing procedures with numerical 
examples. 

KEY WORDS: numerical integrating algorithms; trapezoidal approximation; Lagrange 
method; spline method. 

I N T R O D U C T I O N  

It is customary in biopharmaceutics to use a trapezoidal method to 
calculate areas under the concentrat ion-t ime curve. The populari ty of this 
method may be attributed to its simplicity both  in concept and in execution 
(1,2). However ,  in cases where changes in curvature between data points 
are excessive or there are long intervals between data points, large 
algorithm errors are known to occur. 

To circumvent the curvature problem, two alternative algorithms 
based on interpolating polynomials have been devised and implemented 
for area calculations in these laboratories. These polynomials are known as 
spline functions (3,4) and Lagrange interpolating functions (5). The 
purpose of this report  is to describe computat ional  procedures of these two 
methods,  to compare  their solutions along with those obtained by the 

1 Merck Sharp & Dohme Research Laboratories, West Point, Pennsylvania 19486. 
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80 Yeh and Kwan 

linear and log trapezoidal methods, and to discuss the relative merit of the 
methods. 

NUMERICAL METHODS 

The purpose of a numerical method is to obtain practical solutions 
which otherwise would have been difficult or impossible to achieve. 
Because of two contributing factors, the solutions are seldom error free. 
First, experimental errors in the data are inevitable. These are called input 
errors. Second, additional errors are incurred when data are processed to 
produce numerical solutions. These are called algorithm errors. There are 
two types of algorithm errors (6). The truncation error is the difference 
between the true functional value and that calculated by numerical 
approximation. The round off error results from the fact that only a finite 
number of digits can actually be retained after each computational step, 
and any excess digits are lost. 

In biopharmaceutics, experimental data such as plasma concentrations 
are usually recorded at discrete time points. The purpose of using an 
approximating function in the present case is to connect all data points so 
that reliable values of areas can be calculated by integration. Although the 
selection of a particular procedure is somewhat subjective, two basic 
factors are usually considered: speed and accuracy. When calculations are 
to be performed manually, easy and simple methods are clearly preferable. 
However,  with the advent of high-speed electronic computers, accuracy 
becomes the major consideration since computational steps can be pro- 
grammed and executed swiftly. Thus a method that increases the accuracy 
of solutions by minimizing algorithm errors should be attempted whenever 
the procedure is compatible with the limitations of available facilities. 

Because of their convenient mathematical properties, polynomials are 
the most widely used among various curve-fitting approaches. The four 
procedures described below represent the application of polynomials to 
area calculations. 

Linear Trapezoidal Method 

The linear trapezoidal method is the best known numerical integrating 
method. The functional value y between two adjacent points (ti-1, Yi-1) 
and (ti, Yi) is approximated by a straight line: 

y = a + bt (1) 
where 

a = ( t i Y i - 1  - -  y i t i - 1 ) / h i  

b - - ( y i - y i - 1 ) / h i  
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and 

hi  = ti - t i -1  

Integrating equation 1 from t;-1 to ti gives the incremental area in that 
interval: 

I 
t i 

[AUC]~ 1 = y d t  = ı89  + yi-1) (2) 
i - - 1  

To obtain the cumulative area over the interval [h, In], where n is the 
number of data points, the above procedure is repeated for each i, where 
i = 2, 3 , . . . ,  n. The cumulative area then becomes 

t - -  t 2 t 3 t [AUClt~ - [AUC]t 1 + [ A U C ] t 2 + ' ' '  + [AUClt:_ 1 (3) 

It is apparent that linear interpolation between data points will tend to 
underestimate the area when data form a convex curve and to overestimate 
when the curve is concave. Further, the greater the hl, the greater would be 
the error. The magnitude of error would also depend on the oscillatory 
nature of the curve, or the lack thereof,  between data points. 

Log Trapezoidal Method 
A direct modification of the linear trapezoidal method is the so-called 

log trapezoidal method. In this modified version, the y values are assumed 
to vary linearly within each sampling interval on a semilogarithmic scale: 

In (y) = In (Yi-1)+ ( t -  ti 1)" In ( y i / y i - 1 ) / h i  

On integration, one obtains 

(4) 

[AUC]ttI_I = h i (y i -  yi-1)/In (yi/yi-1) (5) 

In pharmacokinetics, equation 5 is most appropriate when applied to 
data which appear to decline exponentially. Under  such condition, the 
error produced is independent of hi. However,  the method may produce 
large errors when used in an ascending curve, near a peak, or in a steeply 
descending polyexponential curve. Furthermore,  the method cannot be 
used if either concentration is zero or if the two values are equal. When 
they occur, equation 2 can be used as an alternative approach. Despite 
these limitations, the log trapezoidal method can be used advantageously 
in specific situations or in combination with a second method to yield 
optimal solutions. 
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Lagrange Method 

In the Lagrange method, the linear function of equation 1 is replaced 
by a cubic polynomial: 

y = ai + bit + ci te q- dlt  3 (6) 

To interpolate between t~_x - t -< t~, the equation is fitted to the nearest 
four data points (ti-2, y~-e), (t~_~, Yi-1), (ti, y~), and (t~+l, yi+a). The function 
is thus forced to pass through all four points. The shape of the fitted curve 
in the middle interval may not always be linear, but may be parabolic, or 
sigmoidal with one inflection point. The four coefficients, a~, bi, c~, and d~, 
can be obtained by using the Lagrange multiplier formula (5), or by solving 
the following system of equations: 

t,+1 t2+1 ti3+1_1 di Yi+ 

(7) 

Once the coefficients are obtained, the incremental area on the inter- 
val [ti-1, tl] is calculated by integrating equation 6: 

t. 1 e 3 1 4 4 + sb i ( t i  2 1 3 - - ti ) ( 8 )  [AUC],',_ 1 =aih~ t ~ - l ) + ~ c i ( t ~  t i _ a ) + z d i ( t ~  - 

As an example, Fig. 1 shows the cubic polynomial 

y = 1 + 7 . 5 t -  5.5t2+ t 3 (9) 

passing through (0,1), (1,4), (2,2), and (3,1). The area over the interval 
[1,2] by equation 8 is 3.17, whereas that by the trapezoidal method is 3.0 
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Fig. 1. A cubic polynomial fitted to four data points. 
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In order to use equation 6, the data must be theoretically smooth over 
the interval [ti-2, t~+l]. Under this condition, the cubic polynomial will 
usually give a better approximation than a single straight line in the middle 
interval [ti-1, ti] because the two contiguous points also contribute to 
defining the functional behavior over this subinterval. Functional approx- 
imations over the intervals [ti-2, ti-1] and [ti, ti+l] tend to be less reliable in 
that shaping constraints are one-sided. 

Equation 7 can be applied serially for each i, where i = 3, 4 . . . . .  n - 1, 
but not for the two end intervals, It1, t2] and [tn-1, tn]. To fit these two 
intervals, the nearest three points are used and fitted with a parabola: 

y = ai  q- bit + cit  2 (10) 

The three coefficients are calculated by solving a system of three 
simultaneous linear equations, analogous to equation 7, and the cor- 
responding areas are obtained by integrating equation 10. 

The cumulative area over the entire interval [q, t,] is computed by 
summation,  using equation 3. 

Areas calculated by the integration of parabolic equations (equation 
10) are subject to greater error than those calculated by the integration of 
cubic equations (equation 6). In part, this is because approximations are 
usually better near the middle segment than at the two ends. Since equa- 
tion 10 is quadratic, it may yield a minimum or a maximum that "should" 
not have been there. Unwanted oscillations may also occur with cubic 
equations. Therefore, it is desirable to monitor the interpolated curve over 
the entire interval. The monitoring can be accomplished by sampling a set 
of interpolated values within each interval [t~-~, t~]. In so doing, the suit- 
ability of the fitted curve can be evaluated intuitively in relation to the 
prevailing understanding or assumptions concerning the underlying kinetic 
mechanism, 

Thus in the Lagrange method the n experimental points are linked by 
n-1 smooth curves, with each data point forming the knot of the chain(The 
fitted curve is piecewise smooth; i.e., it is differentiable within each interval 
[t~_~, t~], but not at the data points. In other words, each knot forms a 
singular point and has no definitive first derivative because the two tangent 
lines of adjacent cubic functions at t~ may not coincide. This is similar to the 
trapezoidal method wherein the fitted curve is piecewise linear. However, 
the curve connected by serial cubic polynomials will look more curvilinear 
and natural than the polygonal curve formed by the linear trapezoidal 
method. 

The use of serial low-degree (cubic) polynomials, each of which is 
fitted to a local region, is preferable to the use of a single high-degree 
polynomial. While a polynomial of degree n-1 or less can be expected to 
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