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456 MODULATION AND CODING IN DISTORTED CHANNELS

It also should be noted thatsatellite communications involves a sub-
stantial time delay (=-0.25 sec) and often rather high data rates (= 100 Mbps).
This combination can make Forward Error Correction (FEC) much more
desirable than automatic request for retransmission (ARQ),because of the
large costs of ARQto store data at the transmitter until a verification signal
is received or a request for repeat is received for a data block. In ARQ,
blocks of data are transmitted with redundancy introduced for error detec-
tion, If a data blockis received in error, the receiver sends the transmitter
a request for retransmission. The use of FEC and ARQ together can beadvantageous.

In this chapter we review the structure of convolutional codes, describe
the structure of the Viterbi decoding algorithm, and discuss the error rate
performance of the decoding algorithm for PSK and QPSK signals both
with and ‘without carrier reconstruction phase noise. Manyof the results
described in this chapter were first derived by Viterbi and his co-workers inthe cited references.

15-2 CONVOLUTIONAL CODE STRUCTURE

A convolutional encoder with constraint length K is a K-stage shift register
with v linear algebraic function generators, one for each output port. A rate
1/2 code produces two output bits for every input data bit, If one of these
output bits is the original data bit, the codeis called systematic. Figure 15-1
showsthe structure of a simple nonsystematic rate 1/2 encoder of constraint
length K = 3. ;

Assuming that the encoderstarts in the all-zero state, the first four bits
0100

code generation
G, =111
G, = 101

 
 

data d;peers, Xaje Xi
0110 (0, 0), (1, 1), (0, 1) (0, 1)

parity bits

oi

Fig. 15-1 Nonsystematic convolutional encoder with
constraint length K = 3, and rate 1/n = 1/2. The code
generator denotes the tap positions.
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0110 produce an output of 00, 11, 01, and 01, respectively, as shown.Clearly,
the output of each new data bit depends on the previous bit pattern stored
in stages 1, 2 of the shift register. These bit patterns can be labeled by the
states defined as

a=00 b=01 c=10 d=H (15-1)

The output bits and transitions between states can be labeled by thetrellis
diagram of Fig. 15-2. The diagram starts in the all-zero state, node a, and
makes transitions corresponding to the next data bit. These transitions are
denoted by a solid line for a “0” and a dotted fine for a “1.” Thus, node a
proceeds to node a or } with output bits 00 or 11.

start _ 00 *- ‘   
time —>

Fig. 15-2 Trellis-code representation for the convolu-
tional encoderof Fig. 15-1

Table 15-1 shows the optimum codes for constraint lengths K = 3-8.
The code generators define the taps for the K-bit shift register; ”, is the

: number of bit errors in pathsat distance d,, and d} is the upper bound on
F minimum free distance [Odenwalder, 1970]. Notice that these codes are all

nonsystematic, A systematic code would have G, or G, equal to 100... 0;
E. that is, one of the code generators would haveonly a single tap.

Note that some of the code structures in Table 15-1 are transparent tocode inyersion—thatis, if the signs of the input bits are reversed, the coded
output bit sequence is simply inverted. For example,if one of the parity bits

f. x,, is related to the data bits d, by

xy = dD dy Bdea (15-2)

’ where there are an odd numberoftermsin the sum, reversing the sign of the
 d, bits simply reversesall of these parity bits. Thus,if the numbersof “ones” or
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468 MODULATION AND CODING IN DISTORTED CHANNELS

Table 15-1 Optimum Rate 1/2 Copes (Maximum MINIMUM
DISTANCE) [GILHOUSENET AL., 1971] 

 

Code Trans-

Constraint Code Distance Errors Distance parent to 180°
Length K Generators dy Ne Bound d~ Phase Reversal

3 a . iat 5 1 5 no
6 Gem gm
5 Ge too 7 $8
6 rH gg em
ee
6 Giron = 

weights of both G, and G, are odd, then the code is transparent to a sign
inversion. That is, the decoded output bit stream has the sign ambiguity as
the input. This transparency is valuable if biphase-modulated PSK is used
with its ensuing sign ambiguity for it permits decoding prior to ambiguity
removal. Differential decoding at the decoder output removes the sign ambi-
guity and simply increases the outputerror rate by a factorofless than 2,
because decoder output errors typically occur in short bursts. Differential
decoding at the decoder input would double the decoder inputerror rate and
thus would cause a muchlargerincrease in the bit-error rate than a factor of
2 because of the high slope in the output-versus-input-error-rate curve.

15-3 THE MAXIMUM-LIKELIHOOD DECODER
FOR A BINARY SYMMETRIC CHANNEL

Maximum-likelihood decoding could be accomplished over # coded two-bit
symbols for rate 1/2 codes by comparing the received 2m output sequences
with all 4(2") possible code paths leading to each of the 4 nodes in Fig, 15-2
andselecting the code sequences with the largest cross-correlation.* This
calculation is extremely difficult for large m and would result in an overly
complex decoderstructure.

A major simplification was made by Viterbi in the likelihood calculation
by noting that each of the 4 nodeshas only two predecessors, and only the path
with the highest cross-correlation weight need be retained for each node, For 

*The factor of 4 includesall possible initial starting states.
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Example survivor path to node a.

survivor path to node a
a

g+2=10 , time —~
a <aea

10 >. ~
be “eb6+0=6 delete this path to node a

initial weightgigisd i i+ .

Fig. 15-3 Example ofthe iterativelikelihood calcula-
tion showing the survivor path to node a at f= /, The
alternate pattern is eliminated because of its lower
weight.

example, the paths to node a might have weights 10 and 6 as shown in Fig.
15-3. At each node, the weightof the survivor path determines the new weight.
For example, at ¢ = i the aa path might add a weight 2 to the weight 8 of the
previous node a. The added weight can be computed by correlating the
received codebits r,,, r2, With the parity bits for that transition p1,P2; to
produce w,= pri: -F Pasa, Where p, r are +1 for “hard” binary decisions
in ry.

Figure 15-4 showsa typical path structure and weights for decoding. No
errors have been introduced in the channel, Decoding has begun with no
information as to the initial state (node) of the coder. Hence,all nodes at
t = 0 have been set at zero weight. Notice that at ¢ = 5 all node survivor
paths beganat node a at ¢ = 0, the correct starting position. A decision on
that ¢ = 0 data bit, the aa path corresponding to a 0 data bit, can then be
made, Thusin this example a correct data bit decision could be made with
a 5 symboldelay.In general, with an error-producing channel, data bit deci-

 

B sions can be made after computing 5K successive nodes (a decoding delay of
5K), where K is the coder constraint length.

If an error is madein selecting the data bit at any time instant, several
data bits in succession may be decoded incorrectly before the correct path is
reached. Figure 15-5 showsthe surviving paths with an incorrectstart position

& (start at node d) for the same data sequenceasin Fig. 15-4. Note that in this
| example,6 data bits, t = 6 (12 codebits), have been received before the correct

path (correct path after f= 2) has produced the highest weight.
Some of the error correction and detection characteristics of the code

: can be established by redrawingthetrellis in a state diagram (Fig. 15-6),
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input data 0 1 1node a a2 >
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!I
nodes a 0.

b0-
co 2 4 8
«ce <— i

da 0 2 6 4start
f=0 f= f=2 i=3 i=4 i=5 f=6 i=7time

Fig. 15-4 Typicaltrellis pattern for decodedbit stream
with code words received with no errors and unknown
starting node. The true path is in solid line, and the
other paths at each node are shown in dotted lines.
The number adjacent to the node fs its correlation
metric. All nodes start at zero weight. Correlation is
accomplished by replacing the codes by +1 rather
than 0,1. Tiesin the metric are broken by a randomdecision.

correct
starting true path weight value at this nodestate

a °6

be e

: ceincorrect
starting
state d .0 0 a 0 4 4 6 6

t= 0 1 2 3 4 5 6 7 8 time—»
Fig. 15-5 Trellis paths after an initial starting error.
The true path is shown by the dashedline.

whereeachpath in the state diagram is labeled with the code bits correspond-
ing to that path—for example, the aa path is 00, Note that the minimum-
weight path from ¢ to a, other than the direct aa path, is path abca shown by
the dottedline. If aaaa is the correct path in three steps, the minimum alter-
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Fig. 15-6 State-diagram representation for coder of
Fig. 15-4

nate-weight path abea correspondsto 11, 10, 11, and has weight 5, correspond-
ing to five errors or Hamming distance d = 5. Thus, this code corrects any
two errors over that path length and detects any three errors. Codes of mini-
mum distance d = 2e + I can be used to correct ¢ errors.

The error-correction properties of any code can be determined by
generating the flow diagram from a to a for all paths, each labeled D*,
where & is the weight in that path. The flow diagram for the example codeis
given in Fig. 15-7. This diagram can be reduced to the generating function
for all paths which eventually merge with the all-zeros path by the following
calculations of the paths leading to each of the four nodes:

 

 

d= Dd +- Db or (15-3)

c= Dd+ Db—b or (15-4)

a=De of a= D> —1\b (15-5)1—D

and thus 6 = D’a + ¢ — Dd — De (15-6)

Solving for a’ in terms of a, we obtain from (15-3) to (15-6)

Tp) = =P= Ds + 2S 4D + + + DHS
(15-7)

Thus, there is one path of weight 5, two of weight 6, and, in general, 2* paths
of weight k + 5.
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