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Abstract In this letter, a derivation of the normalized LMS algorithm is generalized,
resulting in a family of projection-like algorithms based upon an L,-minimized filter
coefficient change. The resulting algorithms include the simplified NLMS algorithm of
Nagumo and Noda and an even simpler single-coefficient update algorithm based upon
the maximum absolute value datum of the input data vector. A complete derivation of
the algorithm family is given, and simulations are performed to show the convergence

behaviors of the algorithms.
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1 Summary

The normalized least-mean-square (NLMS) algorithm, also known as the projection algorithm
[1], is a useful method for adapting the coefficients of a finite-impulse-response (FIR) filter for a

number of signal processing and control applications. The NLMS update is given by

(1)

where Wy, = [w, , - '“’L,k]T are the coefficients of the adaptive filter at time k, X, = [z ; -- -r{;L7k}T
are the I samples of the input data in filter memory at time k, e}, = dk—Wng is the error between
the adaptive filter output and the desired signal di, and p is a user-specified convergence param-
eter. This algorithm has two distinct advantages over the least-mean-square (LMS) algorithm: 1)
potentially-faster convergence speeds for both correlated and whitened input data [2, 3, 4], and
2) stable behavior for a known range of parameter values (0 < pu < 2), independent of the input
data correlation statistics [1, 2]. The NLMS algorithm requires a minimum of one additional mul-
tiply, divide and addition over the LMS algorithm to implement for shift-input data. Even so, the
multiplies required for the algorithm update may still be prohibitive in certain high-data-rate appli-
cations. In these situations, it is useful to determine modified versions of the NLMS algorithm that
retain the fast convergence properties of the algorithm while reducing the amount of computation
per iteration. One such modified algorithm, first suggested by Nagumo and Noda [2], is

eksgn(X )

This update is similar to that in (1) but allows nonlinear modification of the data vector elements.

Win = Wity

(2)

In this letter, we derive a generalized class of normalized LMS algorithms of the form

Wit = Wit pe Fy(Xy) ¥
|7 "sgn(; 4) if1<g<oo
F(X,), = 2 I a
i if g = o0

Tk
where [F,(-)]; denotes the ith element of the vector-valued function Fj(-), é; is the Kronnecker

delta function, and n is any one integer for which |z, | = maxi<;<y, |2;,|. For ¢ = 2, this update
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reduces to that of the NLMS algorithm in (1), and for ¢ = 1, this update reduces to the algorithm
of Nagumo and Noda given in (2). We provide a theoretical derivation of these algoriths showing

that for 4 = 1, the algorithm in (3)—(4) for any valid ¢ is the solution to the following optimization

problem:
minimize  [[Wgy1 — Wy, (5)
subject to  dp — W[, Xy = 0, (6)
where || - ||, denotes the L, norm and p is determined from the equation 1/p 4+ 1/¢ = 1. Thus,

the adaptive algorithm update in (3)—(4) provides the minimum change in an L,-norm sense of the
weights to exactly satisfy the filtering relationship between the input data and the desired response
at time k, similar to a projection in the L,-norm case.

Examining the algorithm in (3)-(4) for ¢ = oc, we discover a simple but powerful adaptation

algorithm given by

e
. k.
Wi,k = wl’k—}—umik" _1r<ﬂa<Xf|ka| (7)
NS : _
w5 &, otherwise.

In this expression of the update, the maximum absolute data value |z; ;| = maxi<;<r, |2 is as-
sumed to be unique; if not, a single filter coefficient from the set {w; : |2, x| = maxi<;<r |21}
is chosen randomly for updating. Thus, the only filter coefficient updated at time £ is a coefficient
associated with an input sample which has the largest absolute value of all input data samples
currently in filter memory. This algorithm requires a search through the input data vector ele-
ments but only requires one multiply, one divide, and one addition per iteration, simplifying its
implementation in hardware. Efficient methods for maintaining the maximum data element across
a shift-input data window exist [5], and a divide-and-conquer strategy requires at most log, I com-
pares at each iteration. Thus, the new algorithm may prove useful in situations where excessive

filter lengths preclude updating every weight at each iteration.

2 Derivation

We now show that the family of NLMS algorithms described by (3)-(4) solves the optimization
problem in (5) (6). Our derivation follows a similar derivation presented in [6] for the Nagumo and

Noda algorithm and uses the following theorem.
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Theorem: Let A be a nonzero vector contained in the vector space RY, and let b be a scalar
quantity. Then, the minimum L,-norm solution vector Z to a consistent linear equation ATz =b

is given by
Z  bE,(A). (s)

where the vector function Fj(-) is given by (4).
Proof:

Let a; and z; denote the ith elements of the vectors A and Z, respectively. Then,

L
Z:aiz,' (9)
ZI1 Al (10)

o] =

IN

where (10) follows from (9) from the Hélder inequality with 1/p + 1/¢ = 1. Thus, for the nonzero

vector A, we have

0]
Wz, > : (11)
' 1Al
Consequently, the following inequality holds:
min |Zl|, > o (12)
AT7Z=1b HAHq

Let Z be a solution vector to the equation ATZ = b. Note that Z is not unique, but that it

satisfies

zl, > A;nziﬂ bI\ZHp (13)
for all Z in R, Now, let
Z = bF,/(A). (14)
It can be seen that, for 1 < ¢ < oo,
—1)\ 1/p
_ SSE L Jaglpte )
Zll, = 1] <|1|A||gq (15)
o (zle |aip<q—”>” p (16)
Al jaype) '
3
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Using the relationship p = ¢/(¢ — 1), the term inside the parentheses of (16) can be shown to be
equal to one. Thus, from (12) and (16), we have

1Zll, = min [1Z]],. (17)

Considering the case (p = 1,¢ = 00), we find from (12) and (14) that

Z], = = min |[|Z[];. (18)
HAHOO ATZ=1b

Therefore, (8) follows. O.
To see how the theorem enables the solution to the problem posed in (5)—(6), assign Z =

Wit — Wi, A =Xy, and b = €. Then, from the definition of the error ez, we have

I

€L dk — ngk (19)

= (dy = X[Wip1) + XE(Wipr — W), (20)
If the constraint in (6) is satisfied, then from our assignments of Z, A, and b,
X (Wi —Wy)=¢, — AlTZ =0, (21)

and thus the optimization problem in (5)—(6) is the same as the minimization of ||Z]|, subject to

ATZ = b. Therefore, from (17), the optimum update for W, is given by (3)-(4).
3 Simulations

We now present simulations of the simplified update algorithm to compare its performance with
the standard NLMS and Nagumo and Noda algorithms for a six-coefficient FIR system identification

task. The input data for this system was generated as

. (27r(k—i—l—1)
zr = sn|———~2
15

b K

) + Vk—it1, (22)

where vy, is a white Gaussian data sequence with variance o2 = 0.01. The output of the system
to be identified was generated by filtering this input using a six-tap filter with unity coefficients
and adding white Gaussian noise with variance o2 = 0.01 to each sample. Step sizes for the three
algorithms were chosen by trial-and-error such that each algorithm produced the same average

excess mean-square error at convergence. The initial coefficients Wq were found by perturbing
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