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5.6 Radial Systems with Convection 257

intil the center Assumptions:
or this situation,
K 1. Onme-dimensional conduction in r.
2. Constant properties.
second step &
Analysis:
convective et 1. To determine whether the lumped capacitance method can be used, the
Biot number is calculated. From Equation 5.10, with L_ = r,/3, -
2 &)
g Pty 10W/m K X0005m o =
3 _ 1 = = = F
kg/mr, k=2 | | Ak 3Ix20W/m-K .
‘ Accordingly, the lumped capacitance method may be used, and }he ol
 process 1o b temperature is nearly uniform throughout the sphere. From Equation ]
3.5 it follows that ('43'
s for the cenlr | A e T %
ipletion of steP t = In — = In
TP R e T TR el
£
where V = (4/3)nr} and A, = 47r}. Hence %
) x 1000 J/kg - K 400 — 20 —
_’———’! | ; =3000kg/m X 0.005 m /kg In - 08s i
‘ ; 3x10W/m?-K 335 — 20 Vol
| d )
| e
| : o
i 2. To determine whether the lumped capacitance method_ may also b'e o
j used for the second step of the cooling process, the Biot number 1s ¢ﬁE‘
] again calculated. In this case Le.
| £
h, W/m? - K X 0.005m -y )
| R el = 0.50 e
; 3k 3IX20W/m-K
and the lumped capacitance method is not appropriate. However, 10 an
; excellent approximation, the temperature of the sphere is u‘mform at
,, =1, and the Heisler charts may be used for the calculations from
I=1,101=1,+ 1, Using Figure 5.14 with
i ; e
| i i o =067
; h,r, 6000 W/m’-K X 0.005m
L oL<T. "9-=2
o= == = 0.095
$ T-T, 335-2

¥ o
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it follows that Fo = (.80, and |
ey e |
= Fo— =0, =30s
a gavETe e 1
Comments:
1. If the temperature distribution in the sphere at the conclusion of step | ‘
were not uniform, the Heisler chart could not be used for the calcul- | | 37 TH
tions of step 2.
2 The sur‘face temperature of the sphere at the conclusion of step 2 may | i
be obtained from Figure 5.15. With pe
it is
BI‘—I o 0.67 and i i 1 | Cha]
., coni
‘ idea
M) Tr) -1, | sien
au . 7; -7 = 0.52 rESF
| app
Hence . duri
are
T(7,) = 20°C + 0.52(50 — 20)°C = 36°C
s by |
The variation of the center and surface temperature with time is then & | inte
follows. i
Ti=400 °C |
/—T(O, 8y =Tlr, t)
400
(3] ~—335°%C
S0l |
i T(0, &) i T,
s 200 ,
100 T(r,, t) 50 °C
T“ = "
0 =70% Y s
fa ta¥t, |
3- FOr [he st - X ’ - ‘r
::\PP‘n:)p!‘ia(t?:f2 lranslem-p rocess in water, the one-term approximation | ]
ture reaches Osroglétemg the time ¢, at which the center tempe” |
ol » that is, 7(0,1,) = 50°C. Rearranging Equatio® |
1 8* 1 |
o o D N R e |
1 2 Inf— x i
1 1 CI T; i Tac !
Using Tabje : ? Fig
(C, = 1376 s ¢ '©, Obtain the coefficients for Bi = 1/067=1% | sur
1 = 1.800 rad) and substituting appropriate tempe™ i

Intel Corp. et al. Exhibj 0
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tures, it follows that
i 1 1 (50 — 20)°C

T I X =082
Fo = = 800rad)’ " |1.376 - (335 — 20)°C

l Substituting for r, and a, it follows that 7, = 3.1 s, which is within 3%
| of the value of 3.0 s obtained from the Heisler chart.

¥
-
.

|
J
nclusion of step 1 ‘
|
|

d for the calcula- 37 THE SEMI-INFINITE SOLID .
&

Another simple geometry for which analytical solutions may be obtained is the &"

.

on of step 2 may | ‘
| semi-infinite solid. Since such a solid extends to infinity in all but one direction,

‘ it is characterized by a single identifiable surface (Figure 5.17). If a sudden
change of conditions is imposed at this surface, transient, one-dimensional
conduction will occur within the solid. The semi-infinite solid provides a useful
! idealization for many practical problems. It may be used to determine tran-
sient heat transfer near the surface of the earth or to approximate the transient
response of a finite solid, such as a thick slab. For this second situation the
approximation would be reasonable for the early portion of the transient,
during which temperatures in the slab interior (well removed from the surface)

are uninfluenced by the change in surface conditions. e
The heat equation for transient conduction in a semi-infinite solid is given

| by Equation 5.26. The initial condition is prescribed by Equation 5.27, and the

ARY U. OF |. URBANA-CHAM

th time is then a8 interior boundary condition is of the form
T(e,t) =T, (5.53)
. Case (1) Case (2) Case (3)
|
T(x,0)=T; Tix,0)=T; T(x, 0)=T;
T0,0="T, —k aT/ox|,_y =4} =k T/ x| o= hlT— T(0, )] :
£L
T, (9l
ng » 3 "‘? [}
A

2 $11

[
= i

|
approximation . Tix, 1)
center temper® 3 T.
. on
anging Equat y ; :
il &
S T NS T; T; e
s o .

x

infinite solid for three
and

P -
= 1/067= 1.50 surf 517 Transient temperature distributions in a semi-
= ae conditions: constant surface temperature, constant surface heat flux,
oprate temper Surface convection,
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Closed-form solutions have been obtained for three important surface condi
tions, instantaneously applied at ¢ = 0 [1, 2]. These conditions are shown in
Figure 5.17. They include application of a constant surface temperature
T, # T,, application of a constant surface heat flux g., and exposure of the
surface to a fluid characterized by T, # T, and the convection coefficient i
The solutions are summarized as follows.

Case 1 ComtantSmfaceTemperature

T(0,t)=T, (554
x )T
(x,1) ,=m(_X_) (559)
’ Pt 2/ar
aT . |
fh"(!) = —k— — M (5.56]
dx x=0 mal

Case 2 Constant Surface Heat Flux

& =q (5.57)
A T i R N A
Thxoo)— e eX0U¥) 4 rf( ) (s3]
k exp(m) k TN\ 2ar
Case 3 Surface Convection
; aT 4
R e = §
ax | _, " k[T, - 7(0, r)] (55
T(x,t) - T, a
T - 1)
o~ T War
~ lexp = + h:w) x_ ot 540)
k —k_f_ erfc -2‘/01_‘ + o

thcguiﬂ::gu?r:; ?ppeS:Cn ng in Equation 5.55 is the Gaussian errorf"””;ro;
. aled mn Section B. : mentary ¢
function, erfe ;i defined as . Afpuiix . The catgl

erfcw =1 = orf

Temperalure

histori e 31
C_areﬁ';uy Rote the ories for the three cases are also shown in Figh®

o msnﬂgmsm“g features. For case 3 the specific temperas®

2 sudden Change in
the second term on

result is equivalen

the surface temperature to T, = T 0
the right-hand side of Equation 5.60 8%
t to Equation 5.55.

Intel Corp. et al. Exhiby
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nt surface cond- 1.0
ns are shown i \
face temperatue & x
| exposure of the \ 3
ion coefficient . : \
"‘ii 0.1
005\ :
(554 ' o
&
(5.59) toxd T5 Eﬁ
2 ‘ t :_::E
(5.56) Figure 518 Temperature histories in a semi-infinite E‘I:i
solid with surface convection [2]. Adapted with €3 :
permission. (1%
el
().Jﬁl ‘a:r
=
X
(5.58) -
2ot ,:J
il
L
&
(559 _.:,
b e
£
F’S‘F'_E 5.19 Interfacial contact between two £i.
Sm-infinite solids at different initial Eg :
k s e o
: ___An interesting permutation of case 1 results when two sgml—mﬁmte sohd‘s_.
n error functio: nitially at uniform temperatures T, ; and Ty ;, are placed in contact at then
lementary €™ free surfaces (Figure 5.19). If the contact resistance is negligible, the require-
Ment of thermal equilibrium dictates that, at the instant of contact (7 = 0),
both surfaces must assume the same temperature T,. for which Ty, < 7, <
o s lSince T, does not change with increasing time, it follows thalt th.e
in Figure er: gaﬂﬂt‘r_lt thermal response and the surface heat flux of each of the solids is
ific temperd o “ltmined by Equations 5.55 and 5.56, respectively. :
5.18. Note ibe ; The equilibrium surface temperature of Figure 5.19 may be determined
 that W;“;ﬁ 5 'om a surface energy balance, which requires that
iy &
n 5.60 gos fin=qly (5.61)
ubstllutmg from Equation 5.56 for ¢/’ and 4,'s and recognizing that the x
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coordinate of Figure 5.19 requires a sign change for g, it follows that Prop:
f =

—k.:.(ﬁ*TA.,) kH(Ts_TB‘:} (56)
5= v 38

(ma,r)'? (magt)"? Anal,

: | Figw

or, solving for T,, | byE

/2 ) t |

(ke Ty, + (kpo)YT, i

= : 2 (56)
(kpe)* + (kpc)y '

Hence, the quantity m = (kpc)'/? is a weighting factor which determines

whether T, will more closely approach T, i(ms > my) or Ty (mg > m,) or

EXAMPLE 54

In l;ying water mains, utilities must be concerned with the possibility of
freezing during cold periods. Although the problem of determining the te
perature in soil as a function of time is complicated by changing surfa
conditions, reasonable estimates can be based on the assuniption of a constan! |
surface temperature over a prolonged period of cold weather. What minimi®
burial depth x,, would you recommend to avoid freezing under conditions ff and
which soil, initially at a uniform temperature of 20°C, is subjected 0
constant surface temperature of —15°C for 60 days?

Hen

SOLUTION
g
Known: Temperature imposed at th il that is initially & | ke
20°C the surface of soil that is im | natu
Find: o
The depth x,, to which the soil has frogen after 60 days.
Schematic: i
Atmosphers
—T,=~15°C . Trar
; thre
Can
aur
4 leng
con¢
Assumptions. 2
1. . : the
: Ol'fe-dlmens:onal conduction in |
- Soil is 3 SeMi-infinjte medium
3. Con :

Stant properties.

Intel Corp. et al.
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follows that Properties: Table A.3, soil (300 K): p = 2050 kg/m’, k = 0.52 W/m - K,
c=1840 J/kg - K, a = (k/pc) = 0.138 X 10~° m’/s.
58
e Analysis: The prescribed conditions correspond to those of case 1 of
Figure 5.17, and the transient temperature response of the soil is governed
by Equation 5.55. Hence at the time ¢ = 60 days after the surface tempera-
ture change,
3
(58) T(x, 1) - T, f( - )

Sy s
which determines fade ar ¢
B, (Mg > My) or a'

0.
R oL o ) -

Y "er(zﬂ, X

the possibility of . o),
.rmining the te Hence from Appendix B.1 fif
changing surface X, z
tion of a constas! 7 gl 0.40 o
r. What minimi® (48]
der conditions fof and {x
s subjected t0 3 pare

X, = 0.80Var = 0.80(0.138 x 10~¢ m?/s X 60 days X 24 h/day is

1/2 ti.

%3600 s/h)"/* = 0.68 m < o

— o
is initially &t | Comments: The properties of soil are highly variable, depending on the -

is initially & | € prop

Nature of the soil and its moisture content. §

wit.

ays. ; [ 4 o8
3 MULTIDIMENSIONAL EFFECTS &

'l”ransie_m problems are frequently encountered for which two- and even
thm‘?-'ihl‘ma'nsicmaLl effects are significant. Solution to a class of such problems
¢an be obtained from the one-dimensional results of Sections 5.6 and 5.7.

_Consider immersing the short cylinder of Figure 5.20, which is initially at
:Hunform temperature 7}, in a fluid of temperature T, # T,. Because the
“igth and diameter are comparable, the subsequent transfer of energy by

“onduction will be significant for both the r and x coordinate directions. The

*mperature within the cylinder will therefore depend on r, X, am;l t.
Assuming constant properties and no generation, the appropriate form of

the heat equation is, from Equation 2.20,

ax? a dt

1a/ar\ ar 107
& )+ 141

rar\" 5,

\
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Chapter 5 Transient Conduction
TRE |
> !
L > r,\ —t+To

Mﬁ,h :"-l-f B—‘r'x-{)=mxm
=3

8; 8 L
#* = C(r*, t%) x P(z*, 1"

Figure 5.20 Two-dimensional, transient conduction in a short cylinder. (a) Geomelry.
(b) Form of the product solution.

where x has beep used in place of z to designate the axial coordinate. A
c]ogd-form solution to this equation may be obtained by the separation of
variables method. Although we will not consider the details of this solution, i

lfs important to note that the end result may be expressed in the followng
orm.

T(r,x,t) - T, _ T(x,1)-T, T(r ) =T,
?;-_Tao T]—T P‘lane._T—_"F— Infinite

og wall 1 o0 cylinder

I:atdi is, 1h§ tw{,.d,'mf:nsiona! solution may be expressed as a product of
8 e:s 21'28115101'1&] stoiutllons that correspond to those for a plane wall of thick-
from Fi and an infinite cylinder of radius r,. These solutions are available
inﬁmtelizlrf;ds's T 59 for the plane wall and Figures 5.1 and 5.12 for ¢
: er. They are also available f : ximations

given by Equations 5.40 ang i e from the one-term appro
521 P;isthshfor St mu!timenSionﬂ geometries are summarized in Figi®
prociucl ina:: I o the multidimensional solution is prescribed in terms of 2

olving one or more of the following one-dimensional solutions.
xt)«
Sy a—20-T (56
-7, Semi-infinite
solid

P(x,1) EM-_-,_]_;_C_

65)
I Tm Plane (5 :
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Semi-infinite
solid
S(x;, t) P(

(a)

(d) Semi-infinite
plate
S(xy, t)P(x;, t)P(xy, t

{g) Semi-infinite
rectangular bar

Figure 521  Soluti

Products of one-dir

Whereas for the p
5._21 the coordin:

mensional temy
321k, is then, for
Plane waljs of thi

T(-tl. X35, X5
‘_‘__—_-——_.._

?’;_
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S(x, t) P(x, t) C(r, t)
i r
|
1
1
; 0 —-'.“}"__"
' b
b 1) W) L—ZLIJ l—ro*J ot
; 8 Semi-infinit Infinite ’
t'; NS (@) msnd:g inite (b)  Plane wall (c) cylin:ier g
S(xy, t)P(xg, t) P(x;, t)P(xg, t) C(r, t)S(=x, t) g
o @ =
! o,
sordinate. A r o
eparation of o8
s solution, it i o AN
he following H s |
Free] | é
(d) Semi-infinite (e) rectangular (f) Semi-infinite :
;lt:r plate bar cylinder ’-W' e
S(x3, Y)P(xy, )P(x3, t) P(xy, t) P(x3, t)P(x3, t) Cir. ) P(x, 1) _ ‘-L‘
produ Ll i ‘
g g | : x I ; RN 4 w
ire available , By LAy =
5.12 for the = %}.1/____ 2L3 oL, ___!,’./,, =1 B it
yroximations | s Wl s s o ol
| , | . 4 §
b LHL B L =
i DE vl e v S |
3 1 2L, el £
| te@ssof LZL;—-/ ,4.’_21,2_,/ ;_,r_l mj :
olutions. (8)  Semi-infinite (h)  Rectangular (i) Short cylinder i)
rectangular bar parallelepiped
(5 L Figure 521 Solutions for multidimensional systems expressed as
Products of one-dimensional results.
(5.69) ‘S’"hEreas for the plane wall it is measured from the midplane. In using Figure S
d::i th_e coordinate origins should be carefully noted. The transient, three-
52 “0sional temperature distribution in a rectangula_r PKT@CIWM~_ Figure i3
6 @ .la}gh' 15 then, for example, the product of three onetdlmenmonal solutions for
: Plane walls of thicknesses 2L, 2L,, and 2L,. That is,
T(xg X X
» X3, X3, 1) = T
the surfsc® = = F(x, 1) P 0) P31
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The distances x,, x,, and x, are all measured with respect to a rectangulyr | | Assumptions:
coordinate system whose origin is at the center of the parallelepiped. ‘

The amount of energy Q transferred to or from a solid during a multid | 1. Two-dim
mensional transient conduction process may also be determined by combining | | 9 Constan
one-dimensional results, as shown by Langston [7]. !

| Properties:
EXAMPLE 55 | 450 KJ: p-
k/pc=4.19
In a manufacturing process stainless steel cylinders (AISI 304) initially a
600 K are quenched by submersion in an oil bath maintained at 300 K vith Analysis: T

h =500 W/m? - K. Each cylinder is of length 2L = 60 mm and diameter
D = 80 mm. Consider a time 3 min into the cooling process and determine
temperatures at the center of the cylinder, at the center of a circular face, and

the tempera
following pri

at the midheight of the side. e x,
5 T
SOLUTION |
| where P(x,.
| | tively. Accor
Known; lru'lial temperature and dimensions of cylinder and temperature | ;
and convection conditions of an oil bath. > | 110,0,3 mi
| T
F ”“1 Temperatures T(r, x, ?) after 3 min at the cylinder center, 7(0,0. ; |
3 min), at the center of a circular face, T(0, L, 3 min), and at the midheight | Hence, for t
of the side, T(r,,0,3 min), . ' !
' i Bi~! =
Schematic: i |
|
To=40 mm l

it follows fr,

’ )
1 7\ JI Eﬂ el E
LL =30 mm /—T(ru, 0,8 I i
L=30mm | Slmllarly fc
£ > 4 |
710, 0, 1 Bi 1 _
Cylinder,
AiSI 304 i i
' =300 K 1 ! i
h = 500 W/m*- K ' Fo =

Intel Corp. et al.
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Assumptions:

|

\

| 1. Two-dimensional conduction in r and x.
| 2. Constant properties.

|

|  Properties: Table A.l, stainless steel, AISI 304 [T = (600 + 300)/2 =
450 K]: p= 7900 kg/m’, ¢ =526 J/kg-K, k=174 W/m K, a=
k/pe =419 X 10~¢ m?/s.

Analysis: The solid steel cylinder corresponds to case i of Figure 5.21, and
the temperature at any point in the cylinder may be expressed as the

following product of one-dimensional solutions.

r.x,1) - T,
T

i oC

= P(x,t)C(r.1)

where P(x, t) and C(r, t) are defined by Equations 5.65 and 5.66, respec-
tively. Accordingly, for the center of the cylinder,

7(0,0,3min) — 7,  7(0,3 min) — T, 7(0,3min) — T,
T.—-T i T-T Plane ' 5 —T, fofwmite
L o0 i o0 wall cylinder
Hence, for the plane wall, with
k :
e X 174W/m-K MY

hL 500 W/m’ - K x 0.03m

—6 el 180
F0=i=4.19x10 m/jx 85:0_34
L’ (0.03 m)

it follows from Figure 5.8 that

6, T(0,3min) - T,

9! T, i Tx Plane

wall

= (.64

| Similarly, for the infinite cylinder, with

Rk 174 W/m - K

= = 0.87
hr, 500 W/m’ - K x 0.04 m

| a: _419x 10°° mz/.i. X 180s _ o
To (0.04 m)”

ﬁ.

AY U. OF L. URBAN

f:%\

BT

Sk
=it

L S|
§ @
2
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it follows from Figure 5.11 that

6, T(0,3min) - T,

— = = (.55
8 T-T Infinite

. £ i cylinder

Hence, for the center of the cylinder,

7(0,0,3 min) — T,
! P

= 0.64 X 0.55 = 0.35

7(0,0,3 min) = 300K + 0.35(600 — 300) K = 405 K 4

The temperature at the center of a circular face may be obtained from the
requirement that

7T(0,3 min) — T,

i - Infinite
E.]:ff 3 LT cylinder

T(0.L,3min) -7, T(L,3min) - T_
T,-T, it T,—T

I °C

where, from Figure 5.9 with (x/L) = 1 and Bi-! = 1.16.

6(L) T(L,3 min) — T,
—_— = — =
8,, T(O. 3 min) i Tx Plane g
wall
Hence
T(L,3 min) - T T(L,3 min) — T_ | T(0, 3 min) — T, |
‘__—_____”‘_———_ —_ x & —————————————————
T; P T,;. Plane T(O. 3 min) —~ X i Prane T; = T‘-\C 51:156
wall 2 lwall
T(L,3 min) — 1.
Sh i SRR 2 =
=T e 0.68 X 0.64 =0.44
wall
Hence
T, L,3 min) — i o
__“‘f‘:i‘—-—— =04 x055=024
(0, L,3 min) = 300 K + 0.24(600 — 300) K = 372K :

The temperature at the

AR _ he
. midheight : : ned from t
fequirement that ght of the side may be obtat |

T : .
Y Y M) 7 rse )
e e e e e e L e e iy it
7-! Tx 7-; ] Tx rP‘l;mc T: ) T-_c IE‘?}‘-Q“!E :

wall

Intel Corp. et al.

where, from Fig

1
1

T(r,,3 mi

I
Hence

T(r,,0,31
T -

T(r
Commenys:

L. Verify that
The one-te;
less temper
midplane te
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where, from Figure 5.12 with (r/r,) =1 and Bi~' = 0.87,
0 T(r,,3min) — T,
(r) _T3mm)-T,|
b TO3min) - T, [0,
| Hence
]| T(r,,3 min) — T T(r,,3min) — T,
i G T (e TS meEE e e
<
iined from the | _T(0,3min) — T, oo
i T; — T:u: Inﬂniite e
[ cylinder ltf‘;
) - T, | o 3
;) =l 4 I(r,,3 min) — T,, it 3
oo cylinder | T; Al Tx In{iiné[e o 061 X 05 o . ‘?5:',
| cylinder z
Hence E%
£
7(r,,0,3 min) — 7, )
e— e ——— 2 (064 X 034022 :
T, == Tx e
L
_ T(r,,0,3 min) = 300 K + 0.22(600 — 300) K = 366 K 4 <)
[]..lﬂ) T Tx [ n--.
- I. wi | | | Comments: >
b L Verify that the temperature at the edge of the cylinder is 7(r,, L, f;*
3 min) = 345 K. f:.i"“f:
2 The one-term approximations can be used to calculate the dimension- e
| less temperatures read from the Heisler charts. For the plane wall, the
' Midplane temperature can be determined from Equation 5.41
93 9{) - \
4| f| o =3 = Gexp(-{Fo)
ned from the | Where, with Bi = (0.862, C;=1109and {; = 0.814 rad from Table 5.1.
1 With Fo = (.84,
) o Tsci i
. B . = 1-109¢xp [~ (0814 rad)” x 0.84] = 0.636

wall




ttachment 1lc: Copy of Incropera from the University of Illinois at
rbana-Champaign Library

270 Chapter 5 Transient Conduction

The surface temperature can be evaluated using Equation 5.40b

o* ) d
E 2 = cos ({;x*)

o

Il

B O O v ow

with x* = 1 to give

8*(1, Fo) 6(L,1) 591
i = cos(0.814 rad X 1) = 0.687

31) Ba |
. (
b : s
For the infinite cylinder, the centerline temperature can be determined |
from Equation 5.49¢. | !

el

= 5 = Cie(~ti0)

where, with Bi = 1.15, C, = 1.227 and {, = 1.307 from Table 5.1. With
Fo = 047, :

9 |tagaie = 1109exp [~ (1.307 rad)? x 0.47] = 0550

cylinder

e P e B B owd

The surface temperature can be evaluated using Equation 5.49b
g% ... »

_QT i _3_ 55 jﬂ(g‘ir*) : a

o 0 L

- » l
With r* =1 and the value of the Bessel function determined from |
Table B4,

6*(1, Fo) 6(L,1)
T8 - g =%(1307rad x 1) = 0616

o

The one-term a i - a
: Pproximations are in good with results from |
the Heisler charts. & e |

el e

D e T TR SRR |

5.9 FINITE-DIFFERENCE METHODS {

€s¢ and other soluti i d in the :

M . ufions 1s treate £

Prec]}udeo:;zver’ 'l many cases the geometry and/or boundary cO% d‘fﬁ;
use of analytical techniques, and recourse must be ™2
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finite-difference methods. Such methods, introduced in Section 4.4 for steady-
state conditions, are readily extended to transient problems. In this section we
consider explicit and implicit forms of finite-difference solutions to transient
conduction problems. More detailed treatments, as well as related algorithms,

‘ may be found in the literature [8-10].

59.1 Discretization of the Heat Equation: The Explicit Method

Once again consider the two-dimensional system of Figure 4.5. Under tran-
sient conditions with constant properties and no internal generation, the

appropriate form of the heat equation, Equation 2.15, is

|
|
|

determined |

AMPAIGN

Yar. - T (5.67)

— - —
w a dt dx- ay?

- *u

e 5.1. With To obtain the finite-difference form of this equation, we may use the central-
difference approximations to the spatial derivatives prescribed by Equations
431 and 4.32. Once again the m and n subscripts may be used to designate
the x and y locations of discrete nodal points. However, in addition to being
discretized in space, the problem must be discretized in time. The integer p is

introduced for this purpose, where

|
49b El = pA! (5'68)

and the finite-difference approximation to the time derivative in Equation 5.67
15 expressed as

aT
ot

ARY UU. OF 1. URBANA.CH

¢ e
2 Tm.n Trﬁ n (569)
At

m.,n

jadn
{'&?Q 3

§s
t

i

|

| Thg superscript p is used to denote the time dependence of 7, and the time

| d‘?“"ative is expressed in terms of the difference in temperatures associated

| With the new ( p + 1) and previous ( p) times. Hence calculations must be

‘ Performed at successive times separated by the interval Ar, and just as a

o fkmte-diﬂ"f;rence solution restricts temperature determination to discrete ponts
0l Space, it also restricts it to discrete points in time.

_If Equation 5.69 is substituted into Equation 5.67, the nature of the
fnite difference solution will depend on the specific time at which tempera-
A t“"‘_* are evaluated in the finite-difference approximations to the spatial
le geomei™™ derivatives. In the explicit method of solution, these temperatures are evalu-

:c,ecnoﬂi dled at the previous ( p) time. Hence Equation 5.69 is sossilesed o be 8
the fiterd®® forwafd'd‘fffence approximation to the time derivative. Evaluating terms on
ry M““{; the right-hand side of Equations 4.31 and 4.32 at p and substituting into

be madk Buation 567, e explicit form of the finite-difference equation for the




%ttachment lc: Copy of Incropera from the University of Illinois at
rbana-Champaign Library

272 Chapter 5 Transient Conduction

interior node m, n is

)
l Tm.n T:ﬁn = Tnf+1.n + Trf—l.rr =3 2Tr§n

a At (Ax)l

s . — 212
+ » » . n
(Ay)°

Solving for the nodal temperature at the new (p + 1) time and assuming that
Ax = Ay, it follows that

(510)

T’f‘t;l 77 FO(T:+1.n G 5 Tpg—l.n + Tnf.n+1 * Tr::.n—l)
+(1-4Fo)T? , (s.1)

where Fo is a finite-difference form of the Fourier number

alrs

Fo = -
(Ax)”

— s s S PR w e e S DA et DA e P e OO 0O

(51)

If the system is one-dimensional in x, the explicit form of the finite-differen .
€quation for an interior node m reduces to ‘

T”f*l:Fo(T:”*- Tnf—[)+ (1_21:'0)7:5 (5,73]'

for tE:ll;act‘;o? 27H 3.73 are explicit because unknown nodal temperatur® |
Pl tl-me are determined .exclusively by known nodal tempf_,ra;m?s al
forward. S; ime. Hence calculation of the unknown temperatures 15 straight |
( :{) .mece the }cmpgrature of each interior node is known at =0 '
(J; = 1; ;?l:: Prtscnb?d mitial conditions, the calculations begin at [ = A .
detemﬁl;e itsrzz Sdestion 5'?1 or 5.73 is applied to each interior node 10
e e i mPCl'?ture.. Wth temperatures known for r = At, the apr_)rop_ﬁ:
temperature g s . 208 i then applied at each node to determif ®
distribution is Obru;i- szt LA 2.)' In this way, the transient temperatu’®
Ty I!f by m-archr-ng out in time, using intervals of Af. .
creasing th €y of the finite-difference solution may be improved bY
& the values of Ax angd Ar. Of course, the number of interiof

points that must . A ;
of time intma]sbe considered increases with decreasing Ax, and the gttt

required to carry the - ibed
Increases i . solution to a prescri y
decreasingw:: d 8 Ar. Hence, the computation time increases ‘“_lh
and At. The choice of Ax js typically based on 2 comgmmﬁf

Intel Corp. et al. Exhibitg
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(5.70)

assuming that

(5)

(5.72)
ite-difference

(5.7)

tempefamfej
nperatures g
es 1S straight-
wn at (=
in at =4
rior node 10
the approp™
jeterming 1
temperatur®
f AL
oved by &
yterior 0
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An undesirable feature of the explicit method is that it is not uncondition-
ally stable. In a transient problem, the solution for the nodal temperatures
should continuously approach final (steady-state) values with increasing time.
However, with the explicit method, this solution may be characterized by
numerically induced oscillations, which are physically impossible. The oscilla-
tions may become unstable, causing the solution to diverge from the actual
steady-state conditions. To prevent such erroneous results, the prescribed
value of A7 must be maintained below a certain limit, which depends on Ax
and other parameters of the system. This dependence is termed a stability
criterion, which may be obtained mathematically [8] or demonstrated from a
thermodynamic argument (see Problem 5.69). For the problems of interest in
this text, the criterion is determined by requiring that the coefficient associated
with the node of interest at the previous time is greater than or equal to zero. In
general, this is done by collecting all terms involving 7% , to obtain the form
of the coefficient. This result is then used to obtain a limiting relation
involving Fo, from which the maximum allowable value of Ar may be
determined. For example, with Equations 5.71 and 5.73 already expressed in
the desired form, it follows that the stability criterion for a one-dimensional
interior node is (1 — 2Fo) > 0, or

Fo < 3 (5.74)
and for a two-dimensional node, it is (1 — 4Fo) > 0, or
Fo< ! (5.75)

For prescribed values of Ax and a, these criteria may be used to determine
upper limits to the value of Ar.

Equations 5.71 and 5.73 may also be derived by applying the energy
balance method of Section 4.4.3 to a control volume about the interior node.
Accounting for changes in thermal energy storage, a general form of the
energy balance equation may be expressed as

E.+E =E, (5.76)
In the interest of adopting a consistent methodology, it is again assumed that
all heat flow is into the node.

To illustrate application of Equation 5.76, consider the surface node of
th; One-dimensional system shown in Figure 5.22. To more accurately deter-
:!llui_ne thermal conditions near the surface, this node has been assigned 2

Ckness which is one-half that of the interior nodes. Assuming convection

;“_*Jgsfer from an adjoining fluid and no generation, it follows from Equation
+/6 that

kA AL -/
Ib{ " i = TP 7T = ped———

Copy of Incropera from the University of Illinois
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e

qCOI’Tv

Figur'e 522 Surface node with convection and one-dimensional
transient conduction.

IMPLICIT METHOD

or, solving for the surface temperature at 7 + Az,

2h At 2a At
TP+ = . *
0 pch(T“’ If) + Ax? (T? - 1¢) + ¢

RecognizinS lh_at (2h At/pe Ax) = 2(h Ax/k X a At/Axl} = 2 BiFo and
grouping terms involving Ty, it follows that :

If*" = 2Fo(T? + BIT,) + (1 - 2Fo — 2BiFo) Ty (5.7)

The finite-difference form of the Biot number is

STABILITY CRITERION

Bi = —

P (1)

Recalling the procedure for determining the stability criterion, we requif®

EXPLICIT METHOD

or nodes, as well ' pation
5.79 must be contrasted i as Equation 5.77 for the surface node, Equai®

Bad TP

Equation 5.74 to determine which requirement®

the more stringent. Since B;

z
' o
that the coefficient for T§ be greater than or equal to zero. Hence g
1-2Fo - 2BiFo > ¢ 3|
or 3] A
m| E
FRAL S ) <1 (59) 21| -
Since the compl o Uc 1o ! . em E:
B the s picte finite-difference solution requires the use of Equation 573 E
é
Z

£ e Fo

for , : 2 0, it is apparent that the limiting value of
Equation 5.79 is less thap that for Equation 5.74. To ensure stability fora?l

e be used to select the maximum al0*

]

i, n+

Table 5.2 Summary of transient, two-dimensional finite-difference equations (Ax = A y)

CONFIGURATION
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276 Chapter 5 Transient Conduction
EXAMPLE 5.6

A fuel element of a nuclear reactor is in the shape of a plane wall of thickness
2L =20 mm and is convectively cooled at both surfaces, with h = 1100
W/m’ - K and T, = 250°C. At normal operating power, heat is generated
uniformly within the element at a volumetric rate of g, = 107 W/m' A
departure from the steady-state conditions associated with normal operation
will occur if there is a change in the generation rate. Consider a sudden change
0 ¢, =2x 10" W/m’, and use the explicit finite-difference method 1
determine the fuel element temperature distribution after 1.5 s. The fud
element thermal properties are k = 30 W/m - K and a = 5 X 10~° m/s.

SOLUTION

Known: Conditions associated with heat generation in a rectangular fuel |
element with surface cooling.

|
Find: Temperature distribution L5 s after a change in operating power.

Schematic:

Fuel element 4
91 =1 x 107 W/m3 i
q: =2 x 107 Wm I T = 250°C
a=5x 105 m?s g 2.K
k=30Wm-K i &= TIOR W

Symmetry adiabat ? tr ? Coolant

i : [

m-1y m |
® = 2 i ‘e E:” |
—> 3o —p LBl 4
%eond | A | Geond gr®lj
E ‘g! tL=lOmm% !3!! |
. : e

_— i ‘ L
Assumptions; |

k ()ne-dimensional conduction in x.

2. Uniform generation.
3. Constant Properties,

Analysis: A g

merical solution will

. . |

Ax =2 mm g be obtained using a space increment ? |
; ymmetry about the midplane, the ™ |

110Wn nodal temperatures. Using the energy bala®® |

_ Ince there is ¢
etwork yields six unk

Intel Corp. et al.
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method, Equati
for any interior
Tr£—1 =

Ax
Solving for T?

kA

TP = F

This equation 1
nodes 1, 2, 3,
about node 5,

hA(T, —
or

|
7' = 2F

Since the 1
2, we select Fo

Fo(l1 + B
Hence, with

hA>
oY
k
it follows that
Fo < 0.46
or

F
AI:-—O_(

To be well wi
Sponds to
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- wall of thickness
5, with h =110
heat is generated
=107 W/m' A
normal operation
- a sudden chang
ence method fo
1.5 s. The fue
X 107° m'/s.

ctangular fuel |
|

1ting pOwer.

Eabvp
it

iy ¢

N\: s
W
=

\
|
| o

T?_, - TE T2,,—= T2 R ; TP -T2
= ® + kA— =~ + GAAx = pAAxc————
A Ax £ Ax ¢ p At
Solving for T?*! and rearranging,
| i(Ax)’
| TP+l = Fo|lT?  + T2, + q(—_L + (1 - 2Fo)T2 (1)

i This equation may be used for node 0, with T2_, = T, as well as for

T

5.9 Finite-Difference Methods 277

method, Equation 5.76, an explicit finite-difference equation may be derived
for any interior node m.

nodes 1, 2, 3, and 4. Applying energy conservation to a control volume
about node 5,

Tr -1 Ax Ax TP -T2
h.v,l F s EP I 1____— ] = . ¥ e
1.~ %) P Ty g

il I (1 — 2Fo — 2BiFo)T?  (2)

TP = 2Fo|T? + BT, + -

Since the most restrictive stability criterion is associated with Equation
2, we select Fo from the requirement that

Fo(1+ Bi) <1
Hence, with

h A 2. 3
o Ax _ 1100 W/m K (0.002 m) L aira
k 30 W/m - K

it follows that

Fo < 0.466
or

Fo(Ax)? -3 m)?
o(Ax) : 0.466(2 x 10 : m) Lo
a 5% 10" ¢ m’/s

To be well within the stability limit, we select Az =03 s, which corre-
Sponds o

| 3X 107 m?/s(0.3 s
Fo = 00 s

Copy of Incropera from the University of Illinois at
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Substituting numerical values, including § = ¢, = 2 X 107 W /m?’, the nodal
equations become

TP = 0.375(2T7 + 2.67) + 0.250T7

TP = 0375(T7 + T + 2.67) + 0.250T7

T7*' = 0.375(T7 + T? + 2.67) + 0.25077

T™' = 0.375(Tf + T7 + 2.67) + 0.25077

Y™ = 0315(T7 + T7 + 2.67) + 0.25077

T7*' = 0.750(T7 + 19.67) + 0.19577

To begin the marching solution, the initial temperature distribution

Obtaining 7, = T, from Equation 3.46,

gL 10" W/m® x 0.01
fy = T +—=250°C & = —— = R
h 1100 W/m? - K

it follows that

2

X2
T(x) = 16.67(1 =~ 73| + 34091°C

Computed tem

peratures for the nodal points of interest are shown in the
first row of the

accompanying table.

*equentially calculated with a time increment of 0.3 s until the desired find

ume is reached. The results are illustrated in rows 2 through 6 of the table

:rnd ﬂ:’ay_be contrasted with the new steady-state condition (row 7), which
A obtained by using Equations 3.42 and 3.46 with § = 4,

o

Tabulated noda] lemperatures

t(s) T, T T, A T, T,

0 35758 35691 35491 35158

P
0

i 34691 34091
: 0.6 35808 35741 35541 35208 34741 34141
3 0.9 358.58 3579 35591 35258 13479; 341.88
? 1.2 359.08 135841 35641 35308 34341 34235
: : 359.58 35891 35691 35358 34889 34282
oo

L
5 36008 35941 3574 35407 34937 34327
o0 46515 4613 45982

\53_15“3.32 431.82 L e

must be known. This distribution is given by Equation 3.42, with §=§;. |

Using the finite-difference equations, the nodal temperatures may be |

Intel Corp. etal. Exhiby
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340.91°C

: |

are shown in the |
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\peratures may b¢
il the desired findl
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Comments: It is evident that at 1.5 s, the wall is in the early stages of the
transient process and that many additional calculations would have to be
made to reach steady-state conditions with the finite-difference solution.
The computation time could be slightly reduced by using the maximum
allowable time increment (At = 0.373 s), but with some loss of accuracy. In
the interest of maximizing accuracy, the time interval should be reduced
until the computed results become independent of further reductions in Az.

592 Discretization of the Heat Equation: The Implicit Method

In the explicit finite-difference scheme, the temperature of any node at ¢ + At
may be calculated from knowledge of temperatures at the same and neighbor-
ing nodes for the preceding time t. Hence, determination of a nodal tempera-
ture at some time is independent of temperatures at other nodes for the same
time. Although the method offers computational convenience, it suffers from
!lmilalious on the selection of As. For a given space increment, the time
interval must be compatible with stability requirements. Frequently, this
dictates the use of extremely small values of At, and a very large number of
time intervals may be necessary to obtain a solution.

A reduction in the amount of computation time may often be realized by
employing an implicit, rather than explicit, finite-difference scheme. The
implicit form of a finite-difference equation may be derived by using Equation
569 to approximate the time derivative, while evaluating all other tempera-
tures at the new ( p + 1) time, instead of the previous (p) time. Equation 5.69
i ﬂ.aen considered to provide a backward-difference approximation to the time
de“"?live. In contrast to Equation 5.70, the implicit form of the finite-difference
equation for the interior node of a two-dimensional system is then

m+l.n

‘1"]. + +
..1_ T"f" T Tn’;n TP+1 5 Tnf—ll.n i 2T’£.H1

a At o ( Ax)2
- + +1
T2+ Taimy — Mo (5.86)
(Ay)

Reamging and assuming Ax = Ay, it follows that
(1+aFo)T2et — Fo(T21) , + T2+ T * TE ) = 1o
(5.87)

re of the m, n
which are, in

od From Equation 5.87 it is evident that the new temperatu
¢ depends on the new temperatures of its adjoining nodes,
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general, unknown. Hence, to determine the unknown nodal temperatures a
t + A, the corresponding nodal equations must be solved simultaneously. Such
a solution may be effected by using Gauss—Seidel iteration or matrix inversion.
as discussed in Section 4.5. The marching solution would then involve simuli
neously solving the nodal equations at each time ¢ = Az, 2Ar, ..., until the
desired final time was reached.

Although computations involving the implicit method are more compl-
cated than those of the explicit method, the implicit formulation has the
important advantage of being unconditionally stable. That is, the solution
remains stable for all space and time intervals, in which case there are n0
restrictions on Ax and Ar. Since larger values of Ar may therefore be used
with an implicit method, computation times may often be reduced, with litte
loss of accuracy. Nevertheless, to maximize accuracy, At should be sufficiently
sn';all to ensure that the results are independent of further reductions in is
value.

The implicit form of a finite-difference equation may also be derived from

the energy balance method. For the surface node of Figure 5.22, it is readil
shown that

(1+2Fo + 2FoBi) TP+ — 2FoT?*! = 2FoBiT, + T? (5.88)
For any interior node of Figure 5.22, it may also be shown that
(1 - 2F0)T”f+l - Fo(T:jll S Tnfjll) = T”;: (589]

Forms of the implicit finite-diffe
are presented in Table 5.2
energy balance method.

rence equation for other common ggohmem'es
Each equation may be derived by applying

EXAMPLE 57

:( ptl{'l:sc;i; stlab of copper initially at a uniform temperature of 20°C is Sufiﬁng
i cz radiation at ope surface such that the net heat flux is ma‘flt.am. ite-
diﬁerenm valu_e of 3 X 10° W/m?. Using the explicit and imPkm.hm
t sk tﬁCth]u‘?s With a space increment of Ax = 75 mm, determise
Emperature at the irradiated surface and at an interior point that s Lo

f “ .
ol;r:inth; fsurface after 2 min have elapsed. Compare the results with thosé
ed from an 4ppropriate analytical solution.

SOLUTION

=g e R

Known: Thick slab Aot vl
Jected to a congy of copper, initially at a uniform temperature, is SU

one surface.

ant net heat flux a¢

Find:

1. Using the ex;
the surface a
min.

-

Repeat the cz

':;J

Determine th

Schematic:

0
__’I
g |

|
|

Assumptions:

L. One-dimensi

2. Thick slab -
constant surf

3. Constant prc

Properties: Tab
1076 g2 /.

Analysis:

L An explicit {
may be obt:
about the nc

q;’A na
or
+1
TP+ =

Thc finite-dj
tion 573, B
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wures gt | | Find:
ily. Such ; :
Iversion, | L Using the explicit finite-difference method, determine temperatures at
simulta- _ the surface and 150 mm from the surface after an elapsed time of 2
mtil the | | min.
| 2. Repeat the calculations using the implicit finite-difference method.
compl- 3. Determine the same temperatures analytically.
has the
solution Schematic: 3e
! are no o
be used g, = 3 x 105 W/m? i)
ith little [T > I i :ﬂ:
ficientl o 11q gl - b .
I§ in 1S : I I e wr
e el )2 ol
| % 4| §%ona Gcond | | Yeond o
ed from | [| B i ! -
reﬂdﬂ_\ L—;—l 4,25 L=x Ax = 75 mm ] f_})b
: —
: l A.lswrlpﬁons: 2;
68 | | E%
1 L. One-dimensional conduction in x. o
L Thick slab may be approximated as a semi-infinite medium with vors
(5.89) constant surface heat flux. PRS-
3. Constant properties. l_-!--
metries ‘..j.
ing the Properties: Table A.1, copper (300 K): k =401 W/m K, a =117 X -
10 m'/s‘ 'p"
Analysis_. f:i;;:
| £
' An explicit form of the finite-difference equation for the surface node (:gq |
ddenly may be obtained by applying an energy balance to a control volume s b
inedal E about the node.
finite- % ; i o
' — T Ax e
meﬂ}f q:’rA S kA—iu—i e pA il 0 0
50 mm Ax 2 At
i or
g Ax
It = 2Fo( g + Tf’) +(1-2F)T¢
b | The ﬁ_nite-diﬁ'erence equation for any interior node is given by Equa-
| tion 5.73. Both the surface and interior nodes are governed by the

Intel Corp. et al. F
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stability criterion ‘ | finite-diffe
|
Fos 3 | (¥ il
Noting that the finite-difference equations are simplified by choos- i ‘ yr
ing the maximum allowable value of Fo, we select Fo = 1. Hence - :
' and the re
Ax)" 1 (0.075m)? |
Ar=Fo( )=- ( )1 =245 - | licit fin
a N Al | B m°/s | | Ew
& & ()
With Bt
i l| 0 0
g, Ax 3 x10° W/m? (0.075 m) ) e
X 201W/m - K = 56.1°C | "%
| | 3 36
the finite-difference equations become ' 1 e
' 5 60
. S5 o | 6 2
TE;‘D = 56.1°C + Tlp and TP+l — M | A
, 8§ 9
fpr the surface and interior nodes, respectively. Performing the calcula- | 9 108
tions, the results are tabulated as follows. 10 12
B | |
Explicit finite-difference solution for Fo = 1 | | After 2
Hels, S e TR % | 14':1:;}(2
0 0 2 % = - = i recurring
1 24 %1 20 2 " 20 1 tration (t
2 43 76.1 43.1 2 20 20 | ment in
3 s T R S = | | |  exactsoly
| 4 9% 104.2 69.1 341 271 20 ' 2 Performir
5 120 1253 69.1 i 71 2 i node, the
— 8. o | 27. G
Af - |
e . in, the surface temperature and the desired interior temper® | 7 +
" re T, ~ 1253°C and 7, = 4g,1°C. ] ;
for th sy calculation of identical temperatures at successive im | | or
valoe : ?ax;e node is an idiosyncrasy of using the maximum allowabl Ji ’
Physic:] ¢ .w‘nh .the explicit finite-difference technique. The a¢
s Condltz_on 1.?_. of Course, one in which the temperature changss | - (1 +
racvig;l?}l:s il time. The idiosyncrasy is eliminated and the 3% | -
'To d:lgajc.ulatlﬂns is improved by reducing the value of Fo. o F : Arbitrari
by reducin l‘;nu;e the extent to which the accuracy may be 1mpr0_;_he AR
3 g Fo, let us redo the Calculations for Fo = %(A; =125} : i ZTJ
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! finite-difference equations are then of the form
| | TP+ = 1(56.1°C + TP) + 3T¢
| 0 W - 1 240
I
by choos- | =2, + T2 ) 1Y
ence | _
i and the results of the calculations are tabulated as follows.
:
i . - - - .
‘ Explicit finite-difference solution for Fo = 1/4
e W
‘ ‘ Pt T T ) I T, I T T Ty a&
i 0 0 20 20 20 20 20 20 20 20 20 _,‘é:
: R 481 20 20 20 20 20 20 20 20 .
| PR g a0 20 TR S g T 3 !
5 Pk 726 340 218 20 20 20 20 20 20 <l
‘. 8 814 406 244 204 20 20 20 20 20 e 4
5 60 800 U467 TS TR 20 20 20 !;:},
6 72 959 525 307 26 204 200 20 20 20 e’
| 7 84 1023 579 341 241 208 201 200 20 20 z
Tohet ' $ 96 81 631 376 . 258 215 %3 2000200 .2 g
-— 9 108 1137 680 410 276 222 205 201 200 200 %
0 120 §i89 76 WAE 296 222 208 202 200 200 -
e &
| o ik s aaad
| After 2 min, the desired temperatures are T, = 118.9°C and Tlz - T
T 44.4°C. Comparing the above results with those obtained for Fo = 3,1t )
R is clear that by reducing Fo we have eliminated the problem of {7
‘ recurring temperatures. We have also predicted greater thcm?al pene- —
| tration (to node 6 instead of node 3). An assessment of the improve- i:;:
i ment in accuracy must await a comparison with results based on an :Fﬁﬁ
exact solution. gb“‘l'
| ; 4
‘ 2 Performing an energy balance on a control volume about the surface 5 g '
! node, the implicit form of the finite-difference equation 1is =
_—-——"--‘ |
emperd q + lepﬂ =13 Ax BT -4
mad SO SR W AL
; 3 Ax LT At
ve times
[lowable | or,
c it ZJaq” At
Chﬂnges (1 +2F0)Tp+l_2F0Tp+l___ 4 T")y
he accw | - f . " : k Ax
:1.3 P Lt . Arbitrarily choosing Fo = 1(At = 24 5), it follows that
ES)ThC ' . , 2T0p+1 ) Tf-i—i_ i 56.1 3 Top
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From Equation 5.89, the finite-difference equation for any interior node |

is then of the form

IR0 S AT TP = o

Since we are dealing with a semi-infinite solid, the number of
nodes is, in principle, infinite. In practice, however, the number may be
limited to the nodes that are affected by the change in the boundary
condition for the time period of interest. From the results of the explicit
method, it is evident that we are safe in choosing nine nodes corre-
sponding to Tp,, Tj,..., T;. We are thereby assuming that, at ¢ = 120,
there has been no change in Ts.

We now have a set of nine equations that must be solved simulta-
neously for each time increment, Using the matrix inversion method,
Wwe express the equations in the form [4][T] = [C], where

im0 o 0 0.7 g Poull
sC A =1 .0 8 00
Be=adn $2cy 0 0 040
Sl = 4. —1. 0.0 088
S o L e el oy SRS WS, R SR
c e ST R Ay R e¥ e, T
W i O S ST S S
SOl i el A | IR DR (e
it R R GO VR N e S |
[56.1+ 17
217
27?7
217
[€]=|2r?
217
217
217
277 + 131

Note that i .
. ~umerical values for the components of [C] are detcm.m{::

A table of nodal tem

the first ro peratures may be compiled, beginning ¥

* (7 = 0) corresponding to the prescribed initial conditio™
res for subsequent times, the inverse of

0 nodal temperaty the
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coefficient matrix [ 4]~ ! must first be found. At each time p + 1, it is
then multiplied by the column vector [C], which is evaluated at p, to

obtain the temperatures T2 *%, 77, ..., T/*". For example, multiply-

ing [4] " by the column vector corresponding to p = 0,

ot

[C]p=0 =

228888883

Rieadty!
the second row of the table is obtained. Updating [C], the process is
repeated four more times to determine the nodal temperatures at 120 s.
The desired temperatures are T, = 114.7°C and T, = 442°C.

Implicit finite-difference solution for Fo = 3

Pt T % T, T T, T T T Ty

0 0 200 200 200 200 200 200 200 200 200
1 924 W7 23 6 W2 Mo N0 X0 A0
LR 40 395 266 21 207 202 21 200 200
I m 907 SuE 300 . A 26T I0E L MR L e
¢ 9% 1034 605 380 274 9 n1 04 202 201
S 10 BB oo B o9 27 29 2203 203 A0l

the slab as a semi-infinite medium, the appropriate

3. Approximati
= 5.58. which may be applied

analytical expression is given by Equation
10 any point in the slab.

Sy e SR e o
T(x,f)_-j';-:_qo_(_k{__)__—exp(—z:;; —'—k_erfc ZJE;

At the surface, this expression yields

; /2
2 X 3% 10° W/RE 113 o 1076 m?/s x 120/m)’

T(O,IZO S) —_ 2{]0C =t 401 w/ K
m -

or

(0,120 s) = 120.0°C
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X
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At the interior point (x = 0.15 m)

2X3x10°W/m?
401 W/m - K

1/2
)

" p[ (0.15 m)* } 3x10° W/m? X 0.15m

 4X117X10 5 m/s x 120 5 401 W/m - K

015
I—erf( = ”=45.4°C ¢

2117 x 10 * m?/s X 120 s |

Comments:

_Comparing .the exact results with those obtained from the three approx- |
tmate solutions, it is clear that the explicit method with Fo=1/4 |

provides the most accurate predictions.

METHOD T, = T(0,120 5) I =T(015m,1205)

Explicit (Fo = 1) 1253 481

Explicit (Fo = 1) 1189 444

4
Implicit ( Fo = S b 442

Exact 1200 454

This is not unexpected, since the corresponding value of At is 0% |

smaller than that used in the other two methods.

Although computations are simplified by using the maximum allowablé

value of Fo in the explicit method, the accuracy of the results is seldo®
satisfactory,

N 2 -

ar:[i:?a t the coefficient matrix [ ] is tridiagonal. That is, all elemen's

dia onac; excgm those which are on, or to either side of, the fﬁalﬂ
e matrices are associated with one-dimension

conducti 1
unknt:)c On problems. In such cases the problem of solving for .

grams may readily be obtained for this purpose.

A more genera] radiative heating condition would be one in which b

mfxi; STS ddenly exposed to large surroundings at an elevated €™
sur (Problem 3.84). The net rate at which radiation is tra®

ferr .

A"(fginto fthe Smfa“? may then be calculated from Equation i

e aS[ioor convection heat transfer to the surface. aPPﬁ‘-'a“”n.o
0 of energy to the surface node yields an explicit -

Intel Corp. et al.
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difference equation of the form

TP - T?

Ax T¢*' - T¢
] 1 v, ] 0
o[T2, - (1] + W(T — TY) + k= v

= pg-——C
p2 At

Use of this finite-difference equation in a numerical solution is compli-
cated by the fact that it is nonlinear. However, the equation may be
linearized by introducing the radiation heat transfer coefficient A,
defined by Equation 1.9, and the finite-difference equation is

¢ i : TP~ 12 C O T = 1T
P Bl in e e e s
r(T;ur I;) ) +h(Ta: Tﬂ)-'-'lL Ax P 2 % At

The solution may proceed in the usual manner, although the effect of a
radiative Biot number (Bi, = h, Ax/k) must be included in the stabil-
ity criterion and the value of h, must be updated at each step in the
calculations. If the implicit method is used, k, is calculated at p + 1, in
which case an iterative calculation must be made at each time step.

510 SUMMARY

_Transient conduction occurs in numerous engineering applications, and it is
important to appreciate the different methods for dealing with it. There is
certainly much to be said for simplicity, in which case, when confronted with a
transient problem, the first thing you should do is calculate the Biot number.
If this number is much less than unity, you may use the lumped capacitance
method to obtain accurate results with minimal computational requirements.
However, if the Biot number is not much less than unity, spatial effects must
be considered, and some other method must be used. Analytical results are
available in convenient graphical and equation form for the plane wall, the
infinite cylinder, the sphere, and the semi-infinite solid. You should know
When and how to use these results. If geometrical complexities and/or the
fo:_m of the boundary conditions preclude their use, recourse must be made to
finite-difference methods. With the digital computer, such methods may be
Used to solve any conduction problem, regardless of complexity.
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PROBLEMS
Qualitative Considerations
51 qusider a thin electrical heater attached to a plate and backed by insulafion
Initially, the heater and plate are at the temperature of the ambient air, T,
SUddeﬂlye}hf power to the heater is switched on giving rise to a constant heat flu
4, (W/nr') at the inner surface of the plate.
Insulation Plate
g e
4 AF L}
|||
""\/’/ s
il | B Lumped
leads 35
(a) Sketch and label, on T-x coordinates, the temperature distributions: initdh
steady-state, and at two intermediate times.
e (b) S.ketch the heat flux at the outer surface g’(L, r) as a function of timé %
2 The 1oner surface of a plane wall is insulated while the outer surface is exposed m; '
a:;: airstream at T, . The wall is at a uniform temperature corresponding 10 "?at,;
= © aurstream. Suddenly, a radiation heat source is switched on applying 2 unifo
UX g, to the outer surface
Insuiatsoni.;. +—gfort>0
: 37

(a) Sketch and label, on 7-
| Steady-state, and at two
(b) Sketch the heat flux at

: o e
X coordinates, the temperature distributions: i
mtermediate times.

the outer surface g/'(L, t) as a function of tim*
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53 A microwave oven operates on the principle that application of a high frequency

54

field causes electrically polarized molecules in food to oscillate. The net effect is a
uniform generation of thermal energy within the food, which enables it to be
heated from refrigeration temperatures to 90°C in as short a time as 30 s.
Consider the process of cooking a slab of beef of thickness 2L in a
microwave oven and compare it with cooking in a conventional oven, where each
side of the slab is heated by radiation for a period of approximately 30 min. In
each case the meat is to be heated from 0°C to a minimum temperature of 90°C.

Base your comparison on a sketch of the temperature distribution at selected

times for each of the cooking processes. In particular consider the time 7, at

which heating is initiated, a time r, during the heating process, the time f,

corresponding to the conclusion of heating, and a time #; well into the subsequent

cooling process.

A plate of thickness 2 L, surface area A,, mass M, and specific heat ¢,, initially at

a uniform temperature T}, is suddenly heated on both surfaces by a convection

process (7., h) for a period of time ¢, following which the plate is insulated.

Assume that the midplane temperature does not reach T, within this period of

fime.

(a) Assuming Bi > 1 for the heating process, sketch and label, on T-x coordi-
nates, the following temperature distributions: initial, steady-state (1 = ),
T(x,1,), and at two intermediate times between ¢ = 1, and { = .

(b) Sketch and label, on T—t coordinates, the midplane and exposed surface
temperature distributions.

(c) Repeat parts a and b assuming Bi < 1 for the plate.

(d) Derive an expression for the steady-state temperature T(x, %) = T;, leaving
your result in terms of plate parameters (M, c, ), thermal conditions (T, T, h),
the surface temperature T(L, t), and the heating time 7,..

Lumpeq Capacitance Method

3.5 Steel balls 12 mm in diameter are annealed by heating to 1150 K and then slowly

Cooﬁq,g to 400 K in an air environment for which T,, =325 K and h =20
W/ - K. Assuming the properties of the steel to be k = 40 W/m - K, p = 7800
kg/mv’, and ¢ = 600 J /kg - K, estimate the time required for the cooling process.

6 The heat transfer coefficient for air flowing over a sphere is to be determined by

observing the temperature—time history of a sphere fabricated from pure copper.
The sphere, which is 12.7 mm in diameter, is at 66°C before it is inserted into an
airstream having a temperature of 27°C. A thermocouple on the outer surface of
the sphere indicates 55°C 69 s after the sphere is inserted in the airstream.
Assume, and then justify, that the sphere behaves as a spacewise isothermal object
and calculate the heat transfer coefficient.

37 A solid steel sphere (AISI 1010), 300 mm in diameter, is coated with a dielectric

Material layer of thickness 2 mm and thermal conductivity 004 W/m - K. The
C and is suddenly

“oated sphere is initially at a uniform temperature of 500°

quenched in 2 large oil bath for which T, = 100°C and h = 3300 W/u? - K.
Estimate the time required for the coated sphere temperature to reach 140°C.
Hint: Neglect the effect of energy storage in the dielectric material, since its

capacitance (pcV) is small compared to that of the steel sphere.
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5.8 A spherical lead bullet of 6 mm diameter is moving at a Mach number of
approximately 3. The resulting shock wave heats the air around the bullet to 70
K, and the average convection coefficient for heat transfer between the air and the
bullet is 500 W/n* - K. If the bullet leaves the barrel at 300 K and the time of
flight is 0.4 s, what is its surface temperature on impact?

5.9 Carbon steel (AISI 1010) shafts of 0.1 m diameter are heat treated in a gas-fired
furnace whose gases are at 1200 K and provide a convection coefficient of 100
W/n? - K. If the shafts enter the furnace at 300 K, how long must they remain in
the furnace to achieve a centerline temperature of 800 K?

3.10 A thermal energy storage unit consists of a large rectangular channel, which i
well insulated on its outer surface and encloses alternating layers of the storage
material and the flow passage.

Storage
matenal

Ea?h layer of the storage material is an aluminum slab of width W =005 &
which is at an initial temperature of 25°C. Consider conditions for which B
storage unit is charged by passing a hot gas through the passages, with B¢ &%
temperature and the convection coefficient assumed to have constant v.ahlﬁ”f
T, = 600°C and h = 100 W/m’ - K throughout the channel. How long i
take to achieve 75% of the maximum possible energy storage? What 8
temperature of the aluminum at this time?

11 A leaf spring of dimensions 32 mm by 10 mm by 1.1 m is sprayed with am@;
the Yemgue o2ing which is heat treated by suspending the spring verica
ai: thwise ton and passing it through a conveyor oven maintained al
: ,ﬁ;nemperazu:e of 175°C. Satisfactory coatings have been obtained of sgmﬂlz

$eciﬂzda{ &G, with an oven residence time of 35 min. The coating suppier o
140°C chat the coating should be treated for 10 min above a tempﬂra““: .
!‘emam (::longs.houldasP‘mSOfdimensions 76 mm by 35 mm by 107
cal Pl'OpTrﬁe: g: E;n . Properly heat treat the coating? The g
k=82 W/m. g P material are p = 8131 kg/m?, ¢, = 473 /K8

A 5 ' -4

1243 mm-lhlf:kpaﬂclzialuminum alloy (k = 177 W/m - K and a-.-‘Bx:?m
on both sides wi ‘
above 150°C for Sides with an epoxy coating that must be C‘lﬂopmddm

involves two Steps: (1) hcmg in an oven with air at 175°C and 2 gonveﬂm’“'

Intel Corp. et al. Exhibid
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1 number of coefficient of 20 W /m” - K, and (2) cooling in an enclosure with air at 25°C and a
bullet to 10 convection coefficient of 10 W /o7 - K.
e air and the (a) Assuming the panel is initially at 25°C, what is the minimum residence time
1 the time of for the panel in the oven?
(b) What is the total elapsed time for the two-step curing operation if it is
n a gas-fired completed when the panel has been cured and cooled to the safe-to-fouch
icient of‘ 190 temperature of 37°C?
e B e 513 A plane wall of a furnace is fabricated from plain carbon steel (k = 60 W/m - K,
p = 7850 kg/nv, ¢ = 430 J/kg - K) and is of thickness L = 10 mm. To protect it _
nel, which is from the corrosive effects of the furnace combustion gases, one surface of the wall o=, v
f the storage is coated with a thin ceramic film which, for a unit surface area, has a thermal )
resistance of R , = 0.01 m’ - K/W. The opposite surface is well insulated from &'
the surroundings. L.
Ceramic film,—— ——— Carbon steel, :::j;
R:; R el
Furnace l :1:
g &3,
i1t =1
=
T Tyi {--: ‘%
| £
l—)x x = L .D
At furnace start-up the wall is at an initial temperature of T,=300 K, and | axirid
combustion gases at 7T, = 1300 K enter the furnace, providing a convection lfw
- 9-05 i coefficient of A = 25 W/m’ - K at the ceramic film. Assuming the film to have o)
r which the negligible thermal capacitance, how long will it take for the inner surface of the ::;
with the 5 steel to achieve a temperature of 7, , = 1200 K? What is the temperature T, , of
nt val::sn‘;{ the exposed surface of the ceramic film at this time? E
;;:f is e 314 In an industrial process requiring high dc currents, water-jacketed copper rods, 20 e
mm in diameter, are used to carry the current. The water, which flows continu- [ 4 !

, ously between the jacket and the rod, maintains the rod temperature at 75°C Fim )
with 2 B2 during normal operation at 1000 A. The electrical resistance of the rod is known wonn |
vertically to be 0.15 © /m. Problems would arise if the coolant water ceased to be available -
tained :fw! (e.2. because of a valve malfunction). In such a situation heat transfer from the
on SPB@ rod surface would diminish greatly, and the rod would eventually melt. Estimate
S‘IPPI:; h‘; the time required for melting to occur.
gy 515 ? long wire of diameter D = 1 mm is submerged in an o_il bath of temPeratum
ermophys” 0 = 25°C. The wire has an electrical resistance per unit length of R, = 0.01
xg - Ko /m. If a current of I =100 A flows through the wire and the convection

Coefficient is h = 500 W /o - K, what is the steady-state temperature of the wire?

4 From the time the current is applied, how long does it take for the wire to reach a
73 X 10 temperature which is within 1°C of the steady-state value? The properties of the
cured 31 : Wll‘earenggmkg/ﬂg’c=500]/kg.1(‘andk=2{)w,/m-1(

g opﬂﬂ“‘” 16 Comid.?r !.he system of Problem 5.1 where the temperature of the plate is
, oo Spacewise isothermal during the transient process.

el Intel Corp. etal. Ex
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(a) Obtain an expression for the temperature of the plate as a function of time
T(1) in terms of ¢, T_+h, L, and the plate properties p and ¢.

(b) Determine the thermal time constant and the steady-state temperature for 2
12-mm-thick plate of pure copper when 7, = 27°C, h = 50 W/m’ - K, and

/

g, = 5000 W /nr’. Estimate the time required to reach steady-state conditions

5.17 An electronic device, such as a power transistor mounted on a finned heat sink,
can be modeled as a spatially isothermal object with internal heat generation and
an external convection resistance.

(a) Consider such a system of mass M, specific heat ¢, and surface area A,, which
is initially in equilibrium with the environment at T... Suddenly, the electronic
device is energized such that a constant heat generation Eg (W) occurs. Show
that the temperature response of the device is

] t
5 ==~ 7¢)

where 6 = T — T(o0) and T(o0) is the steady-state temperature correspond
Mg 1o f = o0; § =T —T(c0); T; = initial temperature of device; R =
thermal resistance 1/hA,; and C = thermal capacitance Mc.

(b) An electronic device, which generates 60 W of heat, is mounted on a
aluminum heat sink weighing 0.31 kg and reaches a temperature of 100°C 2
ambient air at 20°C under steady-state conditions. If the device is initially #
20°C, what temperature will it reach 5 min after the power is switched oa!

5.18 Before being injected into a furnace, pulverized coal is preheated by passing !
through a cylindrical tube whose surface is maintained at 7,,, = 1000°C. The t-03|
pellets are suspended in an airflow and are known to move with a speed of 3 m/%
If the pellets may be approximated as spheres of 1-mm diameter and it may % 521
assumed that they are heated by radiation transfer from the tube surface, OV
long must the tube be to heat coal entering at 25°C to a temperature of 600°C’ &

the use of the lumped capacitance method justified?

5.19 A metal sphere of diameter D, which is at a uniform temperature T}, i3 suddeny
removed from a furnace and suspended from a fine wire in a large room with &
at a uniform temperature T, and the surrounding walls at a temperature Twi
(a) Neglectmg heat transfer by radiation, obtain an expression for he 0

required to cool the sphere to some temperature T.

(b) Neglecting heat transfer by convection, obtain an expression for the time 51

required to cool the sphere to the temperature 7.
(¢) How would you

T 80 about determining the time required for the sphere moocd
emperature T if both i jati f the same
of iapactihot convection and radiation are 0

@ gﬂn&de:{ an anodized aluminum sphere (¢ = 0.75) 50 mm in diameter w?ﬁ
atanmudtemperatureof;rjzggokBoththemandthes el

A at 300 K, and the convection coefficient is 10 W/nr* - K. Caleuldt® "0
compare the time itwi]ltakefurthesphere to cool to 400 ngmgrcsﬂ

Intel Corp. et al. Exhili
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heat to space. A novel heat rejection scheme that has been proposed for this
purpose is termed a Liquid Droplet Radiator (LDR). The heat is first transferred
to a high vacuum oil, which is then injected into outer space as a stream of small
droplets. The stream is allowed to traverse a distance L, over which it cools by
radiating energy to outer space at absolute zero temperature. The droplets are
then collected and routed back to the space station.

L{)uter space
Droplet T =01 Droplet
injector collector
T; Ty |
; e e '
_,;! © @ o % oo ., %
o o P (P, S
e @2 o @ @
| L —
q___...._
Cold oil return

Consider conditions for which droplets of emissivity & = 0.95 and diameter
D =05 mm are injected at a temperature of 7, = 500 K and a velocity of
V=101 m/s. Properties of the oil are p = 885 kg/n7, ¢ = 1900 J/kg - K, and
k =0.145 W/m - K. Assuming each drop to radiate to deep space at T, = 0 K,
determine the distance L required for the droplets to impact the collector at a
final temperature of T, = 300 K. What is the amount of thermal energy rejected

by each droplet?

521 Long metallic rods of circular cross section are heat treated by passing an electric

current through the rods to provide uniform volumetric heat generation at a rate ¢
(W/nr'). The rods are of diameter D and are placed in a large chamber whose

walls are maintained at the same temperature T, as the enclosed air. Convection

from the surface of the rods to the air is characterized by the coefficient k.

(2) Obtain an expression that could be used to determine the steady-state
temperature of the rod.

(b) Neglecting radiation and prescribing an initial (¢ = 0) rod temperature of
T, = T_, obtain the transient temperature response of the rod.

2 A chip that is of length L = 5 mm on a side and thickness 1 = 1 mm is encased in

a ceramic substrate, and its exposed surface is convectively cooled by a dielectric
liquid for which 4 = 150 W /n?® - K and T, = 20°C.
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In the ofi-mode the chip is in thermal equilibrium with the coolant (7, =T,)
When the chip is energized, however, its temperature increases until a new
steady-state is established. For purposes of analysis, the energized chip is charac-
terized by uniform volumetric heating with § =9 x 10° W/n’. Assuming a
infinite contact resistance between the chip and substrate and negligible conduc-
tion resistance within the chip, determine the steady-state chip temperature J,
Following activation of the chip, how long does it take to come within 1°C of this
temperature? The chip density and specific heat are p = 2000 kg/nr’ and ¢ = 700
I1/kg - K, respectively.

Consider the conditions of Problem 5.22. In addition to treating heat transfer by
convection directly from the chip to the coolant, a more realistic analysis would
account for indirect transfer from the chip to the substrate and then from the
substrate to the coolant. The total thermal resistance associated with this indirect
route includes contributions due to the chip—substrate interface (a contact resis
tance), multidimensional conduction in the substrate, and convection from the
surface of the substrate to the coolant. If this total thermal resistance is R, = 20
K/W, what is the steady-state chip temperature T,? Following activation of the
chip, how long does it take to come within 1°C of this temperature?

One-Dimensional Conduction: The Plane Wall
524

Consider the series solution, Equation 5.39, for the plane wall with convectios
Calcu]ate_ midplane (x* = 0) and surface (x* = 1) temperatures 8* for Fo =0l
and 1, using Bi = 0.1, 1, and 10. Consider only the first four eigenvalues. Basd

Gndﬂ;&?: results discuss the validity of the approximate solutions, Equations 54
and 5.41.

Consider the one-dimensional wall shown in the sketch which is initially & ?

unifq@ temperature 7 and is suddenly subjected to the convection bounda?
condition with a fluid at { Al

Wall T(x.0) =T,
k o _—i

1—— Insulation
.

For a particular w

all, case 1 o =100
Tl(L;,:,) = 315°C. » the temperature at x = L, after 4

Another wall, case 2, has different thickness and therrd

conditions ag shown below.
Lim) a (m” /s) k (W/m - K} TO0) T 0k (W/m’ B

1 010 15 %19~ f = e
- 100 5p 200

5 S sl 300 400

'\10030 R
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Problems 295

How long will it take for the second wall to reach 28.5°C at the position x = L,?
Use as the basis for analysis, the dimensionless functional dependence for

transient temperature distribution as expressed in Equation 5.26.

526 A large aluminum (2024 alloy) plate of thickness 0.15 m, initially at a uniform
temperature of 300 K, is placed in a furnace having an ambient temperature of
800 K for which the convection heat transfer coefficient is estimated to be 500
W/’ - K.
(a) Determine the time required for the plate midplane to reach 700 K.
(b) What is the surface temperature of the plate for this condition?
(¢) Repeat the calculations if the material were stainless steel (type 304).

527 After a long, hard week on the books, you and your friend are ready to relax. You
take a steak 50 mm thick from the freezer. How long do you have to let the good
times roll before the steak has thawed? Assume that the steak is initially at —6°C,
that it thaws when the midplane temperature reaches 4°C, and that the room
temperature is 23°C with a convection heat transfer coefficient of 10 W /m* - K.
Treat the steak as a slab having the properties of liquid water at 0°C. Neglect the
heat of fusion associated with the melting phase change.

5.28 A one-dimensional plane wall with a thickness of 0.1 m initially at a uniform
temperature of 250°C is suddenly immersed in an oil bath at 30°C. Assuming the
convection heat transfer coefficient for the wall in the bath is 500 W/’ - K,
calculate the surface temperature of the wall 9 min after immersion. The proper-

ties of the wall are k = 50 W/m - K, p = 7835 kg/nr, and ¢ = 465 J/kg - K.

5.29 Consider the thermal energy storage unit of Problem 5.10, but with a masonry
material of p = 1900 kg/mr’, ¢ = 800 J/kg - K, and k = 0.70 W/m - K used in
place of the aluminum. How long will it take to achieve 75% of the maximum
possible energy storage? What are the maximum and minimum temperatures of
the masonry at this time?

330 The wall of a rocket nozzle is of thickness L = 25 mm and is made from a high
alloy steel for which p = 8000 kg/ms, c=750071/kg - K, and k = 25W/m-K
During a test firing, the wall is initially at T, = 25°C and its inner surface is
€xposed to hot combustion gases for which & = 500 W/’ - K and T, = 1750°C.
The outer surface is well insulated.

— Nozzle wall

Ec«-ﬂnstion
__{>EB¢5
—i>

R :‘I;: =2 Ay
Insulation — | s

If the wall must be maintained at least 100°C below its melting point of
Ty = 1600°C, what is the maximum allowable firing time ,? The diameter of the
o ‘I“’Zﬂe is much larger than its thickness L.
" ‘B a tempering process, glass plate, which is initially at a uniform temperature T,
'8 cooled by suddenly reducing the temperature of both surfaces to 7,. The plate is
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20 mm thick, and the glass has a thermal diffusivity of 6 X 10~7 m?/s.

(a) How long will it take for the midplane temperature to achieve 50% of its
maximum possible temperature reduction?

(b) If (T, — T,) = 300°C, what is the maximum temperature gradient in the glass
at the above time?

5.32 Copper-coated, epoxy-filled fiberglass circuit boards are treated by heating a stack

533

of them under high pressure as shown in the sketch. The purpose of the
pressing-heating operation is to cure the epoxy which bonds the fiberglass sheets
imparting stiffness to the boards. The stack, referred to as a book, is comprised of
10 boards and 11 pressing plates which prevent epoxy from flowing between the
boards and impart a smooth finish to the cured boards. In order to perform
simplified thermal analyses, it is reasonable to approximate the book as having &
effective thermal conductivity (k) and an effective thermal capacitance (pc,)
Calculate the effective properties if each of the boards -and plates has a thickness
of 2.36 mm and the following thermophysical properties: board (b) p, = 100
kg/nv', ¢, , = 1500 J/kg - K, k, = 0.30 W/m - K; plate (p) p, = 8000 kg/m,
¢, =480 J/kg-K, k, =12 W/m - K.

Applied force
l l l L 1 r—Platen with
i | circulating fluid

[ —Metal pressing

’ L J plate
NN
50 I
o wwwmm&l
i‘ — z M Circuit
i il LA — board
I‘Piaten

glll'(:l.llt boz_xrds are treated by heating a stack of them under high pressu® ®
Hiustrated in Problem 5.32. The platens at the top and bottom of the stack &
maintained al a uniform temperature by a circulating fluid. The purpost v fhf
:ll;?s.mg-heat_mg Operation is to cure the epoxy which bonds the fiberglass e
has ﬂ:ﬂ Snﬂ”m to the boards. The cure condition is achieved when the epﬂz
thermoph mtlnlamad at or above 170°C for at least 5 min Th? eﬁhn"
are k -_F OYSIc properties of the stack or book (boards and metal pressing P&
613 W/m - K and pc, = 2.73 x 10° J /mp - K.
(a) If the book is initially at 15°

the
platens are suddenly C and, following application of p

brought to a uniform temperature of 190°C, Cfdc“meﬁ
r the midplane of the book to reach the ¢

elapsed time t, required fo
temperature of 170°C

redueed
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Problems 297

One-Dimensional Conduction: The Long Cylinder
534 Cylindrical steel rods (AISI 1010), 50 mm in diameter, are heat treated by

drawing them through an oven 5 m long in which air is maintained at 750°C. The
rods enter at 50°C and achieve a centerline temperature of 600°C before leaving.
For a convection coefficient of 125 W /ot - K, estimate the speed at which the
rods must be drawn through the oven.

3.35 Estimate the time required to cook a hot dog in boiling water. Assume that the
hot dog is initially at 6°C, that the convection heat transfer coefficient is 100
W/nr - K, and that the final temperature is 80°C at the centerline. Treat the hot
dog as a long cylinder of 20-mm diameter having the properties: p = 880 kg/nr,
¢=3350J/kg - K, and k = 0.52 W/m - K.

3.36 A long rod of 60-mm diameter and thermophysical properties p = 8000 kg/m’,
¢=3500J/kg - K and k = 50 W/m - K is initially at a uniform temperature and
is heated in a forced convection furnace maintained at 750 K. The convection
coefficient is estimated to be 1000 W/m’ - K. At a certain time, the surface
temperature of the rod is measured to be 550 K. What is the corresponding center
temperature of the rod?

537 A long cylinder of 30-mm diameter, initially at a uniform temperature of 1000 K,
is suddenly quenched in a large, constant-temperature oil bath at 350 K. The
cylinder properties are k = 1.7 W/m-K, ¢=1600 J/kg - K, and p = 400
kg/nr, while the convection coefficient is 50 W/n? - K. Calculate the time
required for the surface of the cylinder to reach 500 K.

338 A long pyroceram rod of diameter 20 mm is clad with a very thin metallic tube for
mechanical protection. The bonding between the rod and the tube has a thermal

contact resistance of R, . = 0.12 m - K/W.

Thin metallic tube

\\ Ceramic rod

)

— D = 20 mm

Bonding interface

If the rod is initially at a uniform temperature of 900 K and is suddenly cooled by
a fluid at 7, =300 K and & =100 W/n' - K, at what time will the rod

Centerline reach 600 K?

539 A long rod 40 mm in diameter, fabricated from sapphire (aluminum oxide) and
mitially at a uniform temperature of 800 K, is suddenly exposed to a cqolmg
Process with a fluid at 300 K having a heat transfer coefficient of 1600 W/m’ - K.
After 35 s of exposure to the cooling process, the rod is wrapped in insulation and
eXperiences no heat losses. What will be the temperature of the rod after a long
period of time?

A long bar of 70-mm diameter and initially at 90°C is cooled by
Vater bath which is at 40°C and provides a convection coefficient 0 .

thermophysical properties of the bar are p = 2600 kg/ o', ¢ = 1030 I /kg - K,
and k =350 W/m - K.

immersing it in a
£20W/m' - K.
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(a) How long should the bar remain in the bath in order that, when it is removed
and allowed to equilibrate while isolated from any surroundings, it achieves 1
uniform temperature of 55°C?

(b) What is the surface temperature of the bar when it is removed from the bath

541 A long plastic rod of 30-mm diameter (k=03 W/m- K and pc, = 104
kJ/m? - K) is uniformly heated in an oven as preparation for a pressing opers-
tion. For best results, the temperature in the rod should not be less than 200°C
To what uniform temperature should the rod be heated in the oven if, for the
worst case, the rod sits on a conveyor for 3 min while exposed to convection
cooling with ambient air at 25°C and with a convection coefficient of 8 W/nr" - K!
A further condition for good results is a maximum-minimum temperature differ-
ence of less than 10°C. Is this condition satisfied and, if not, what could you doto
satisfy it?

One-Dimensional Conduction: The Sphere

342 In heat treating to harden steel ball bearings (¢ = 500 J /kg - K, p = 7800 ke/m,
a’f = 50 W/m - K), it is desirable to increase the surface temperature for a shor
time without significantly warming the interior of the ball. This type of heatin
can be accomplished by sudden immersion of the ball in a molten salt bath with
I, = 1300 K and h = 5000 W/n? - K. Assume that any location within the bal
whose temperature exceeds 1000 K will be hardened. Estimate the time required
to harden the outer millimeter of a ball of diameter 20 mm, if its initid
temperature is 300 K.

343 A sphere of 80-mm diameter (k = 50 W/m - K and a = 1.5 X 107 m/9) 8
‘mt}ﬂly at a uniform, elevated temperature and is quenched in an oil bath
mmntfxined at 50°C. The convection coefficient for the cooling process is 1000
W/nr - K. At a certain time, the surface temperature of the sphere is measured 1
be 150°C. What is the corresponding center temperature of the sphere’

5.44 A cold air chamber is proposed for quenching steel ball bearings of diame®”
D =02 m and initial temperature T, = 400°C. Air in the chamber is maintained
at —13°C by a refrigeration system, and the steel balls pass through the Chﬂmbﬁ
o0 a conveyor belt. Optimum bearing production requires that 70% of the i
thermal energy content of the ball above —15°C be removed. Radiation effects
Sy e negleeted, and the convection heat transfer coefficient within the chambe*
15 1000 W/n?’ - K. Estimate the residence time of the balls within the chambé
and recommend a drive velocity of the conveyor. The following pl'OPe“ies may ¢
used for the steel: k = S50W/m-K,a=2 % 10~ o /s, and ¢ = 450}f’k5'K

Ball
bearing Cold air Chamber
‘{‘ housing
(o] o a a a -
Belt

5.45 Stainless stee]

850°C, are hardened

(AISI 304) ball bearings, which have been uniformly hw:g"?
: ik at i
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(a) If quenching is to occur until the surface temperature of the balls reaches
100°C, how long must the balls be kept in the oil? What is the center
temperature at the conclusion of the cooling period?

(b) If 10,000 balls are to be quenched per hour, what is the rate at which energy
must be removed by the oil bath cooling system in order to maintain its
temperature at 40°C?

546 A spherical hailstone that is 5 mm in diameter is formed in a high altitude cloud
at —30°C. If the stone begins to fall through warmer air at 5°C, how long will it
take before the outer surface begins to melt? What is the temperature of the
stone’s center at this point in time, and how much energy (J) has been transferred
to the stone? A convection heat transfer coefficient of 250 W/n? - K may be
assumed, and the properties of the hailstone may be taken to be those of ice.

547 A sphere 30 mm in diameter initially at 800 K is quenched in a large bath having
a constant temperature of 320 K with a convection heat transfer coefficient of 75
W/nf - K. The thermophysical properties of the sphere material are: p = 400
kg/m’, ¢ = 1600 J/kg - K, and k = 1.7 W/m - K
(a) Show, in a qualitative manner on 7-¢ coordinates, the temperatures at the

center and at the surface of the sphere as a function of time.

(b) Calculate the time required for the surface of the sphere to reach 415 K.

(¢) Determine the heat flux (W /m?) at the outer surface of the sphere at the time
determined in part b.

(d) Determine the energy (J) that has been lost by the sphere during the process
of cooling to the surface temperature of 415 K.

() At the time determined by part b, the sphere is quickly removed from the bath
and covered with perfect insulation, such that there is no heat loss from the
surface of the sphere. What will be the temperature of the sphere after a long
period of time has elapsed?

348 Spheres A and B are initially at 800 K, and they are simultaneously quenched in

large constant temperature baths, each having a temperature of 320 K. The
following parameters are associated with each of the spheres and their cooling

pProcesses.

SPHERE A SPHERE B
Diameter (mm) 300 30
Density (kg/m’) 1600 400
Specific heat (kJ /kg - K) 0.400 1.60
Thermal conductivity (W /m - K) 170 170
Convection coefficient (W/n? - K) 5 30
‘—_‘__‘_—‘—__

() Show in a qualitative manner, on T versus  coordinates, the temperatures at
the center and at the surface for each sphtx‘e as a function of llIIIC Briefly
explain the reasoning by which you determine the relative positions of the
Curves,

(b) Calculate the time required for the surface of each sphere to reach 415 K.

Copy of Incropera from the University of Illinois at

GN

‘.

-CHAMPA

. URBANA.C

r

IBRARY U.G

!




ttachment 1lc: Copy of Incropera from the University of Illinois at
rbana-Champaign Library

300 Chapter 5 Transient Conduction

(¢) Determine the energy that has been gained by each of the baths during the
process of the spheres cooling to 415 K.

5.49 The convection coefficient for flow over a solid sphere may be determined by
submerging the sphere, which is initially at 25°C, into the flow, which is at 75°C, 3.3
and measuring its surface temperature at some time during the transient heating
process. The sphere has a diameter of 0.1 m, and its thermal conductivity and
thermal diffusivity are 15 W/m - K and 107> m?/s, respectively. If the conves
tion coefficient is 300 W /oy’ - K, at what time will a surface temperature of 60°C
be recorded?

Semi-infinite Media

5.50 Two large blocks of different materials, such as copper and concrete, have bees
sitting in a room (23°C) for a very long time. Which of the two blocks, if either,
will feel colder to the touch? Assume the blocks to be semi-infinite solids and your
hand to be at a temperature of 37°C.

5.51 Asphalt pavement may achieve temperatures as high as 50°C on a hot summer
day. Assume that such a temperature exists throughout the pavement, when
suddenly a rainstorm reduces the surface temperature to 20°C. Calculate the totd
amount of energy (J/n?) that will be transferred from the asphalt over a 30-min
period in which the surface is maintained at 20°C.

5.52 A furnace wall is fabricated from fireclay brick (a = 7.1 X 10”7 n?’/s), and i
inner surface is maintained at 1100 K during furnace operation. The -
deggngd according to the criterion that, for an initial temperature of 300 K, it
.Imdpoml temperature will not exceed 325 K after 4 h of furnace operation. Whet
is the minimum allowable wall thickness?

3:33 A block of material of thickness 20 mm with known thermophysical properis
(k=15 W/m-K and a=20x 10~5 m?/s) is imbedded in the wall of 2
channel that is initially at 25°C and is suddenly subjected to a convection pro&=
with gases at 325°C. A thermocouple (TC) is installed 2 mm below the surface o
the channel wall for the purpose of sensing the temperature—time history o
Ing start-up of the hot gas flow) and thereby determining the transient heat v
At an elapsed time of 10 s, the thermocouple indicates a temperature of 167°C

3.5
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Problems 301

Calculate the corresponding surface convective heat flux assuming the block
behaves as a semi-infinite solid. Compare this result with that obtained from the

Heisler method of solution.
554 A tile-iron consists of a massive plate maintained at 150°C by an imbedded

electrical heater. The iron is placed in contact with a tile to soften the adhesive,
allowing the tile to be easily lifted from the subflooring. The adhesive will soften
sufficiently if heated above 50°C for at least 2 min, but its temperature should not
exceed 120°C to avoid deterioration of the adhesive. Assume the tile and subfioor
to have an initial temperature of 25°C and to have equivalent thermophysical

properties of k = 0.15 W/m - K and pc, = 1.5 X 10° J/m’ - K.

RN Tile, 4—mm thickness

./éjziéégzgiEEZ?iggé——Subﬂoonng

(a) How long will it take a worker using the tile-iron to lift a tile? Will the
adhesive temperature exceed 120°C?

(b) If the tile-iron has a square surface area 254 mm to the side, how much energy
has been removed from it during the time it has taken to lift the tile?

555 The manufacturer of the heat flux gage of the type illustrated in Problem 1.8
claims the time constant for a 63.2% response to be T = (4d%pc,)/"k, where p,
¢,, and k are the thermophysical properties of the gage material and 4 is its
thickness. Not knowing the origin of this relation, your task is to model the gage
considering the two extreme cases illustrated below. In both cases, the gage,
initially at a uniform temperature T}, is exposed to a sudden change in surface
temperature, T(0, 1) = T,. For case a the backside of the gage is insulated, and for
case b the gage is imbedded in a semi-infinite solid having the same thermophysi-

cal properties as those of the gage.

Gage,

P €p, R —

~——Same material
as gage

I
Thin film
thermocouples

(a) (b)

Develop relationships for predicting the time constant of the gage for the two
Cases and compare them to the manufacturer’s relation. What conclusion can you
draw from this analysis regarding the transient response of gages for different

applications?
fer coefficients
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9 A simple procedure for measuring surface convection heat transfer ¢ s
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following experimental arrangement uses the procedure to determine the conves-
tion coefficient for gas flow normal to a surface. Specifically, a long copper rod is
encased in a super insulator of very low thermal conductivity, and a very thn
coating is applied to its exposed surface.

Gasflow T, &

*+— Surface coating

Copper rod,
| &k =400 Wim+K, a = 10 *m?s

Super insulator

If the rod is initially at 25°C and gas flow for which h = 200 W /of - K ad
T, =300°C is initiated, what is the melting point temperature of the coating if
melting is observed to occur at ¢ = 400 §?

3.37 An insurance company has hired you as a consultant to improve their understand
ing of burn injuries. They are especially interested in injuries induced when 2
portion of a worker’s body comes into contact with machinery that is at elevated
lemperatures in the range of 50 to 100°C. Their medical consultant informs thes
that irreversible thermal injury (cell death) will occur in any living tissue that i
maintained at T > 48°C for a duration Ar> 10 s. They want informatior
concez.*ning the extent of irreversible tissue damage (as measured by distance ot
lhe’ skin surface) as a function of the machinery temperature and the time duns
which contact is made between the skin and the machinery. Can you help then’
Assume that living tissue has a normal temperature of 37°C, is isotropic, and
constant properties equivalent to those of liquid water.

358 A procedure for determining the thermal conductivity of a solid material invol"®
canbedding - thermocouple in a thick slab of the solid and measuring the respos
10 a prescribed change in temperature at one surface. Consider an arrangen
for which the thermocouple is embedded 10 mm from a surface that is Suddﬂ‘h
brought to a temperature of 100°C by exposure to boiling water. If the initd
limpe:atu;e of the slab was 30°C and the thermocouple measures a temperai®
zonfiici;‘fy?m,r; a(i:;sme surface is brought to 100°C, what is its blgﬂr:fm
5 e » - to
ke/or’ and 700 J /kg I1(ty and specific heat of the solid are known
5.59 OAfn:Et:c heater in lhe form of a sheet is placed in good contact with the §udax
tem ck siab of Bakelite having a uniform temperature of 300 K- DCF""’“”‘
perature of the slab at the surface and at a dﬂplh of 25 mm, 10 mun

h : ; o
ﬁrwhjsuﬁm &zed and is providing a constant heat flux to the surfact

5.60 : : :
2&1?3&‘” ek slab with thermal diffusivity 5.6 x 10~ o /s and thermal g

/m - K is initially at a uniform temperature of 325°C. Suddﬂ::;,{g

atd

Sul’fm is Exposed to = 5 : t
coefficient is 100 w a coolant at 15°C for which the convection he2

depth of 45 mm

/ml‘K-DetETmi:nethetem the surface
: peratures at
after 3 min has elapsed.
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Problems 303

561 A thick oak wall initially at 25°C, is suddenly exposed to combustion products at
800°C. Determine the time of exposure required for the surface to reach the
ignition temperature of 400°C, assuming the convection heat transfer coefficient
between the wall and products to be 20 W/mr* - K.

562 It is well known that, although two materials are at the same temperature, one
may feel cooler to the touch than the other. Consider thick plates of copper and
glass, each at an initial temperature of 300 K. Assuming your finger to be at an
initial temperature of 310 K and to have thermophysical properties of p = 1000
kg/m’, ¢ = 4180 J/kg - K and k = 0.625 W/m - K, determine whether the
copper or the glass will feel cooler to the touch.

563 Two stainless steel plates (p = 8000 kg/n?’, ¢ = 500 J/kg - K, k = 15W/m - K),
each 20 mm thick and insulated on one surface, are initially at 400 and 300 K
when they are pressed together at their uninsulated surfaces. What is the tempera-
ture of the insulated surface of the hot plate after 1 min has elapsed?

Multidimensional Conduction

564 A long steel (plain carbon) billet of square cross section 0.3 m by 0.3 m, initially

at a uniform temperature of 30°C, is placed in a soaking oven having a tempera-

ture of 750°C. If the convection heat transfer coefficient for the heating process is

100 W/n?® - K, how long must the billet remain in the oven before its center
temperature reaches 600°C?

365 Fireclay brick of dimensions 0.06 m X 0.09 m X 0.20 m is removed from a kiln at
1600 K and cooled in air at 40°C with h = 50 W/m’ - K. What is the tempera-
ture at the center and at the corners of the brick after 50 min of cooling?

566 A cylindrical copper pin 100 mm long and 50 mm in diameter is initially at a
uniform temperature of 20°C. The end faces are suddenly subjected to an intense
heating rate that raises them to a temperature of 500°C. At the same time, the
cylindrical surface is subjected to heating by gas flow with a temperature 500°C
and a heat transfer coefficient 100 W/’ - K.

Gas flow

23!

g

End face

(2) Determine the temperature at the center point of the cylinder 8 s after sudden
application of the heat.
() Considering the parameters governing the temperature distribution in tran-
sient heat diffusion problems, can any simplifying assumptions be justified in
567 R, analmg this particular problem? Explain briefly. :
ecalling that your mother once said that meat should be cooked until every
Portion has attained a temperature of 80°C, how long will it take to cook a
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2.25-kg roast? Assume that the meat is initially at 6°C and that the oven
temperature is 175°C with a convection heat transfer coefficient of 15 W/n’ - K
Treat the roast as a cylinder with properties of liquid water, having a diameter
equal to its length.

5.68 A long rod 20 mm in diameter is fabricated from alumina (polyerystalline
aluminum oxide) and is initially at a uniform temperature of 850 K. The rod s
suddenly exposed to fluid at 350 K with h = 500 W/m? - K. Estimate te
centerline temperature of the rod after 30 s at an exposed end and at an axd
distance of 6 mm from the end.

Finite-Difference Solutions

5.69 The stability criterion for the explicit method requires that the coefficient of i
T) term of the one-dimensional, finite-difference equation be zero or posifivt
Consider the situation for which the temperatures at the two neighboring nods
(1.1, T}, ) are 100°C while the center node (T?) is at 50°C. Show that for
values of Fo > 1 the finite-difference equation will predict a value of 77" tha
violates the second law of thermodynamics.

A thin rod of diameter D is initially in equilibrium with its surroundings, 2 %
vacuum enclosure at temperature, T.... Suddenly an electrical current / (4)5
passed through the rod having an electrical resistivity p, and emissivity e Ot
pertinent thermophysical properties are identified in the sketch. Derive (¢

transient, finite-difference equation for node m.

5.70

A eArst

I——*—Lim-—l *m . .m-{-B—___SU

Tm=  “penck

371 A tantalum rod of diameter 3 mm and length 120 mm is supported by B0

electrodes within 2 large vacuum enclosure. Initially the rod is in equilibriu® -

the electrodes and its surroundings, which are maintained at 300 K. Suddeal).

elecmcg current, I =380 A, is passed through the rod. Assume the emissivity

the 1tod 18 0.1 and the electrical resistivity is 95 % 10~ * @ - m. Use Table Al!;

gb_lam the other thermophysical properties required in your solution Use
mite-difference method with a space increment of 10 mm.

Surroundings, 4 T

Intel Corp. etal. Exhibj
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Problems 305

{(a) Estimate the time required for the midlength of the rod to reach 1000 K.
(b) Determine the steady-state temperature distribution and estimate approxi-
mately how long it will take to reach this condition.

5.72 A one-dimensional slab of thickness 2L is initially at a uniform temperature
Suddenly, electric current is passed through the slab causing a uniform volumetric
heating § (W /m’). At the same time, both outer surfaces (x = + L) are subjected
to a convection process at T, with a heat transfer coefficient A.

|
|
&=

' B (B,

/b4

!

tht

re—Ax—
e
Write the finite-difference equation expressing conservation of energy for node 0
located on the outer surface at x = — L. Rearrange your equation and identify

any important dimensionless coefficients.

3.73 A wall 0.12 m thick having a thermal diffusivity of 1.5 X 10~ mr’ /s is initially at

a uniform temperature of 85°C. Suddenly one face is lowered to a temperature of

* 20°C, while the other face is perfectly insulated. Using a numerical method with
space and time increments of 30 mm and 300 s, respectively, determine the
temperature distribution within the wall after 45 min have elapsed.

574 A large plastic casting with thermal diffusivity 6.0 X 10~7 m?/s is removed from
its mold at a uniform temperature of 150°C. The casting is then exposed to a
high-velocity airstream such that the surface experiences a sudden change in
temperature to 20°C. Assuming the casting approximates a semi-infinite medium
and using a finite-difference method with a space increment of 6 mm, estimate the
temperature at a distance 18 mm from the surface after 3 min have elapsed. Verify
your result by comparison with the appropriate analytical solution.

g A very thick plate with thermal diffusivity 5.6 X 10™® or’/s and thermal conduc-
tivity 20 W/m - K is initially at a uniform temperature of 325°C. Suddenly, the
surface is exposed to a coolant at 15°C for which the convection heat transfer
coefficient is 100 W /m? - K. Using the finite-difference method with a space
increment of Ax = 15 mm and a time increment of 18 s, determine temperatures
at the surface and at a depth of 45 mm after 3 min have elapsed.

376 Consider the fuel element of Example 5.6. Initially, the clement is at a uniform
lemperature of 250°C with no heat generation. Suddenly, the element is inserted
o the reactor core causing a uniform volumetric heat generation rate of § = 10°
W/, The surfaces are convectively cooled with T,, = 250°C and h = 1100
W/m . K Using the explicit method with a space increment of 2 mm, determine
the temperature distribution 1.5 s after the clement is inserted into the core.

7 A plane wall of thickness 100 mm with a uniform volumetric heat generation of

§=15 x 10 W/m’ is exposed to convection conditions of T, =30°C and
%= 1000 W /uf . K on both surfaces. The wall is maintained under steady-state
¢onditions when, suddenly, the heat generation level (¢) is reduced to zero. The
therma) diffusivity and thermal conductivity of the wall material are 1.6 X 10
/s and 75 W/m - K. A space increment of 10 mm is suggested.
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(a) Estimate the midplane temperature 3 min after the generation has been
switched off.
(b) Plot on T-x coordinates the temperature distribution obtained in part (4
Show also the initial and steady-state temperature distributions for the wall
5.78 For the conditions described in Example 5.6, use the finite-difference method to
estimate the temperature at the midplane (x = 0) 20 s after the power level has
been changed from 4, to §,.
5.79 A thin circular disk is subjected to induction heating from a coil, the effect of
which is to provide a uniform heat generation within a ring section as shown
Convection occurs at the upper surface, while the lower surface is well insulated

r-— T
! <3+—T_.h

(a) Derive the transient, finite-difference equation for node m, which is within
region subjected to induction heating.

(b) On T_" coordinates sketch, in a qualitative manner, the steady-state emp
ture distribution, identifying important features.

i clectrical cable, experiencing a uniform volumetric generation g, is half b‘f’_‘ﬂ
n an insulating material while the upper surface is exposed to 2 convecto?

process (T, h).

em, n+l

=P
_ﬂ> Tm-'h ,._\r"’ﬂ
—D | RS
| e R

Cable m=1,n t‘.JI mn | m+ln
° | } . = Py

' I
S S 1

em,n-1

®) Derive the explicit, finite-difference equations for an interior node (7 ) !hc

center node (m = 0), and the con'-‘ccﬂ‘-'ﬁ
and insulated bompep s the outer surface nodes (M, n) for

(b) Obtain the stab;

i o 7 3 uaﬁom
S s g ty criterion for each of the finite-difference &

Testrictive criterion.
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5.81 One end of a stainless steel (AISI 316) rod of diameter 10 mm and length 0.16 m

-ation has bee
is inserted into a fixture maintained at 200°C. The rod, covered with an insulating
ned in part (3) sleeve, reaches a uniform temperature throughout its length. When the sleeve is
s for the wall removed, the rod is subjected to ambient air at 25°C such that the convection heat
Pict bl transfer coefficient is 30 W/m’ - K. Using a numerical technique, estimate the
power level b time required for the midlength of the rod to reach 100°C.
5.82 The cross section of an oven wall is composed of 30-mm-thick insulation sand-
yil, the effect of wiched between two thin (1.5-mm-thick) stainless steel sheets. Under steady-state
on as shown. conditions, the oven is operating with an inside air temperature of T , = 150°C
s well insulated and an ambient air temperature of T, , = 20°C with h, = 100 W/m’ - K and o
h, =10 W/’ - K. When the oven heater level is changed and the fan speed ()
changed to substantially increase air circulation within the oven, the inside surface —
of the oven experiences a sudden temperature change to 100°C. The insulation Fo
has a thermal conductivity of 0.03 W/m - K and a thermal diffusivity of 7.5 X n-rz:
"

10-7 n?/s. In your finite-difference solution, use a space increment of 6 mm.
Assume that the effect of the stainless steel sheets is negligible and that the
outside convection heat transfer coefficient h, remains unchanged. Estimate the
time required for the oven wall to approximate steady-state conditions after

the inner wall temperature is changed to 100°C.

—Circulating fan
I_:D_le'leater assembly —__)-|_30 mm !-e—
Tl:n a» hﬂ

.CH

L 8]
g

1. URBAN/

=
B it
l \ 5___ Tonis s Lie
e : &
ich s within \ | 7L Insulation .
—Sheet metal et
y-state temper® p...
g, is half bused wil
= vectiod : : s
o 3 TWO very long (in the direction normal to the page) bars having the prescribed I‘iﬁ
initial temperature distributions are to be soldered together (see next page). At e
time 7 = 0, the m = 3 face of the copper (pure) bar contacts the m = 4 face bises S
steel (AISI 1010) bar. The solder and flux act as an imerfas:i?l layer of negligible
thickness and effective contact resistance R!' . =2X 107° o' - K/W.
n e
Initial Temperatures (K)
n/m 1 2 3 4 5 6
: 700 700 700 1000 %0 800
§ 700 800 700 1000 900 800
yode (m, nh! 3 700 700 700 1000 900 800
the con¥

@) Derive the explicit, finite-difference equation in terms of Fo and Bi =
Ax/kR?, for T, , and determine the corresponding stability criterion.
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Interface with
lisoider and flux

Copper, —= s==}—— Steel,
pure AISI 1010
13 2,3 3.3
1,2 2.2 3,2
yn
L 1, 1 2,1 a3

x,m
Ax = Ay = 20 mm

(b) Using Fo = 0.01, determine T, , one time step after contact is made. Whats
Ar? Is the stability criterion satisfied?

Referring to Example 5.7, Comment 4, consider a sudden exposure of the surfi
to large surroundings at an elevated temperature (7, ) and to convection (Te: W)

(a) Derive the explicit, finite-difference equation for the surface node in termsd
Fo, Bi, and Bi,.

(b) Obtain the stability criterion for the surface node. Does this criterion chs¥
with time? Is the criterion more restrictive than that for an interior node’

(€) A thick slab of material (k = 1.5 W/m - K, a = 7 x 10~7 a/s, ¢ =09
initially at a uniform temperature of 27°C, is suddenly exposed 1 larg
surroundings at 1000 K. Neglecting convection and using @ space incfem
of 10 mm, determine temperatures at the surface and 30 mm from the ¥
after an elapsed time of 1 min,

Consider the system of Problem 4.58. Initially with no flue gases flowing, 1% -
(ﬁc:]j= 3.5 X 107° m /s) are at 2 uniform temperature of 25°C. Using the imphe”
: t?'dlﬂ_-ercnce method with a time increment of 1 h, find the T
distribution in the wall 1, 2, 5, and 20 h after introduction of the flue gas& §
i?jmd_er the System of Problem 4.66. Initially, the ceramic plate (& ='1.5 X llﬂmg
. emse)’J 1;’ at a uniform temperature of 30°C, and suddenly the electric2 hi: the
time u?::de?erglzed Using the implicit, finite-difference method, esnm;ﬁ .
reachr;csl% or the difference between the surface and initial e uier
of the difference for steady-state conditions. If you wnte 2 i
Program, use a time increment of 2 s: otherwise use 50 .
Consider the bonding operation described in Problem 3.79, which %8S m:fﬁ
uatic®

the walls

under steady-state conditions, In this case, however, the laser will be

the film for a prescribed per: ing §
i : ient heating ¥
shown in the sketch_ period of time, creating the transient b
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Problems 309

qgt
Laser source, g7 -

Plastic film — L l i l li le—
- e
Metal strip e 'f—l wy— g d
77 777 T —
|_.. wa -—3_#_
x

—>
( oy A
—>

The strip is initially at 25°C and the laser provides a uniform flux of 85,00

W/nr over a time interval of Ar,, = 10 s. The system dimensions and thermo-

p_hysical properties remain the same, but the convection coefficient to the ambient

air at 25°C is now 100 W/n? - K.

(a) Usin.g an implicit finite-difference method with Ax =4 mm and Ar =1 s,
obtain temperature histories for 0 < ¢ < 30 s at the center and film edge,
T(U, 1) and T(w, /2, 1), respectively, to determine if the adhesive is satisfacto-
rily cured above 90°C for 10 s and if its degradation temperature of 200°C is
exceeded.

(b) Validate your program code by comparing it against the steady-state results of
Problem 3.79. What type of analytical solution would you seek in order to test
the proper transient behavior of your code?

388 Cirens :
88 Circuit boards are treated by heating a stack of them under high pressure as

llustrated in Problem 5.32 and described further in Problem 5.33. A finite-
difference method of solution is sought with two additional considerations. First,
the book is to be treated as having distributed, rather than lumped characteristics,
by Using a grid spacing of Ax = 2.36 mm with nodes at the center of the
mdl:"dl_'al circuit board or plate. Second, rather than bringing the platens to
190 C In one sudden change, the heating schedule T,(1) shown below is to be
iSed in order to minimize excessive thermal stresses induced by rapidly changing
thermal gradients in the vicinity of the platens.

190 —

7,(°C)

AN

Y U.OFLUR
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(a) Using a time increment of Asr = 60 s and the implicit method, find the
temperature history of the midplane of the book and determine whether
curing will occur (170°C for 5 min).

(b) Following the reduction of the platen temperatures to 15°C (7 = 50 min), how
long will it take for the midplane of the book to reach 37°C, a skt
temperature at which the operator can begin unloading the press?

(c) Validate your program code by using the heating schedule of a sudden change
of platen temperature from 15 to 190°C and compare results with those from
an appropriate Heisler solution (see Problem 5.33).

5.89 Consider the thermal conduction module and operating conditions of Problen
4.71. To evaluate the transient response of the cold plate, which has a thema
diffusivity of @ = 75 X 10~° n? /s, assume that, when the module is activated &
t = 0, the initial temperature of the cold plate is 7, = 15°C and a uniform best
flux of g’ = 10° W /n? is applied at its base. Using the implicit finite-difference
method and a time increment of Ar = 01 s, compute the designated nodd
temperatures as a function of time. From the temperatures computed af &
particular time, evaluate the ratio of the rate of heat transfer by convection 10 the
waler to the heat input at the base. Terminate the calculations when this a0
reaches 0.99. Print the temperature field at 5-s intervals and at the time for whid
the calculations are terminated.

Intel Corp. et al.
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