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The Normal Distribution and
Confidence Intervals

Described as a “bell shaped” curve, the normal distribution is a
symmetrical distribution which 1s one of the most commonly occurring
outcomes in nature and its presence is assumed in several of the most
commonly used statistical tests. Properties of the normal distribution have a
very important role in the statistical theory of drawing inferences about
population parameters (estimating confidence intervals) based on samples
drawn from that population.

The Normal Distribution

The normal distribution is the most important distribution in statistics.
This curve is a special frequency distribution that describes the population
distribution of many continuously distributed biological traits. The normal
distribution is often referred to as the Gaussian distribution, after the
mathematician Carl Friedreich Gauss, even though it was first discovered by
the French mathematician Abraham DeMoivre (Porter, 1986).

Mean
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116 Chapter 6

It is critical at this point to realize that we are focusing our initial
discussion on the fofal population, not a sample. As mentioned in the previous
chapter, in the population, the mean is expressed as y and standard deviation as
.

The characteristics of a normal distribution are as follows. First, the
normal distribution is continuous and the curve is symmetrical about the mean.
Second, the mode, median, and mean are equal and represent the middle of the
distribution. Third, since the mean and median are the same, the 50th
percentile is at the mean with an equal amount of arca under the curve, above
and below the mean. Fourth, the probability of all possible outcomes is equal to
1.0, therefore, the total area under the curve is equal to 1.0. Since the mean is
the 50th percentle, the arca to left or right of the mean equals 0.5. Fifth, by
definition, the area under the curve between one standard deviation above and
one standard deviation below the mean contains an area equal to approximately
68% of the total arca under the curve. At two standard deviations this area is
approximately 95%. Sixth, as distance from the mean (in the positive or
negative direction) approaches infinity, the frequency of occurrences
approaches zero. This last point illustrates the fact that most observations
cluster around the center of the distribution and very few occur at the extremes
of the distribution. Also, if the curve is infinite in its bounds we cannot set
absolute external limits on the distribution.

The frequency distribution (curve) for a normal distribution is defined as
follows:

1

ov2m

/= ¢ (s 2a? Eq. 6.1

where: 7z (pi) =3.14159 and e = 2.71828 (the base of natural logarithms).

In a normal distribution, the area under the curve between the mean and
one standard deviation is approximately 34%. Because of the symmetry of the
distribution, 68% of the curve would be divided equally above and below the
mean. Why 34%? Why not a nice round number like 35%, 30%, or cven
better 25%? The standard deviation is that point of inflection on the normal
curve where the frequency distribution stops its descent to the baseline and
begins to pull parallel with the x-axis. Areas or proportions of the normal
distribution associated with various standard deviations are seen in Figure 6.1.

The term “fhe bell-shaped curve” is a misnomer since there are many bell-
shaped curves, ranging from those which are extremely peaked with very small
ranges to those which are much flatter with wide distributions (Figure 6.2). A
normal distribution is completely dependent on its parameters of 4 and &0 A
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Figure 6.1 Proportions between various standard deviations under a normal
distribution,

Figure 6.2 Example of three normal distributions with different means and
different standard deviations.

standardized normal distribution has been created to compare and compute
variations in such a distribution regardless of center or spread from the center.
In this standard normal distribution the mean equals 0 (Figure 6.3). The spread
of the distribution is also standardized by setting one standard deviation equal
to +1 or -1, and two standard deviations equal to +2 or -2 (Figure 6.4).

As seen previously, the area between +2 and -2 is approximately 95%.
Additionally, fractions of a standard deviation are calculated and their
equivalent areas presented. If such a distribution can be created (with a mean
equal to zero and standard deviation equal to one) then the equation for the
frequency distribution can be simplified to:
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