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Absiract. A general model for data compression which includes most data compression systems in the
literature as special cases is presented. Macro schemes are based on the principle of finding redundant
strings or patterns and replacing them by pointers 1o a common copy. Different varieties of macro schemes
may be defined by specifying the meaning of a pointer; that is, a pointer may indicate a substring of the
compressed string, a substring of the original string, or a substring of some other string such as an external
dictionary. Other varieiies of macro schemes may be defined by restricting the type of overlapping or
recursion that may be used. Trade-offs between different varieties of macro schemes, exact lower bounds
on the amount of compression obtainable, and the complexity of encoding and decoding are discussed, as
well as how the work of other authors relates to this model.

Categories and Subject Descriptors: E.4 [Data]: Coding and Information Theory—dare compaction and
compression, F.1.3 [Computation by Abstract Devices]: Complexity Classes—reducibility and completeness,
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1. Introduction

On-line secondary storage space is one of the most restricting resources in many
modern computer installations, particularly in those employing multiuser time-shar-
ing systems. Fast algorithms for compressing and restoring data files can do much to
alleviate this problem. Some of the more popular data compression schemes described
in the literature include statistical encoding techniques svch as Huffman codes [8],
which typically encode a block of source data as a variable-length string of bits
determined by various statistical properties of the source data; incremental encoding
methods (e.g., [21, 34]), which typically compress a file by recording only the
difference between successive records; and textual substitution or macro encoding
schemes (e.g., [6, 7, 12-14, 19, 20, 25-28, 30, 31, 33, 35, 37-39]), which factor out
duplicate occurrences of data, replacing the repeated elements with some sort of
special marker identifying the data to be replaced at that point. In addition, many
ad-hoc methods for handling data with certain known characteristics appear in the
literature.
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This paper is devoted exclusively to the properties of the macro model for data
compression. We study two major types of macro schemes, the types being differ-
entiated by the location where the factored-out text is stored. Section 2 contains a
discussion of our model along with some basic definitions, Sections 3 and 4 present
our results for the two major types of schemes considered, and Section 5 examines
the relative performance of the various compression schemes introduced in the
preceding sections. To reduce the size of this paper, NP-completeness results are
presented in [30]. However, the more important results of [30] are summarized here.

Before proceeding to the next section, we define the following notation:

(1) If s and s, denote strings and » = 1 is an integer, 5152 denotes the concatenation
of 51 with 53, [[~1 5. denotes s152 -+« 5,, and 5" denotes [[1 5. 5° denotes the
empty string.

(2) We use the term collection to mean multiset.'

(3) If sis a string, | s| denotes the length of s, and if s is a collection, |s| denotes the
number of elements in s (with each element being counted as many times as it
appears in s).

(4) We extend the min function to strings by defining

min{s, 52} = {

5 if s =|sl,
52 otherwise.

(5) For areal number 4, [ 4] denotes the least integer greater than or equal to A.

2. The Model and Basic Definitions

We shall treat the source data as a finite string over some aiphabet. With external
macro schemes, a source string is encoded as a pair of strings, a dictionary and a
skeleton. The skeleton contains characters of the input alphabet interspersed with
pointers to substrings of the dictionary. The dictionary is also allowed to contain
pointers to substrings of the dictionary. The source string is recovered by substituting
dictionary strings for pointers. With internal macre schemes, a string is compressed
by replacing duplicate instances of substrings with pointers to other occurrences of
the same substrings. The result is a single string of characters and pointers.

Throughout this paper let p = | denote the implementation-dependent size of a
pointer.? If x is a string containing pointers, the length of x, denoted | x|, is defined
to be the number of characters in x plus p times the number of pointers in x. We
shall treat a pointer as an indivisible object which, in some unspecified fashion,
uniquely and unambiguously identifies some string which is referred to as the targer
of that pointer. The way a pointer is written is not important; the only assumption
we make is that it is always possible to determine by inspection of a pointer the
length of its target.® For simplicity we shall write a pointer as a pair (1, m), where n
indicates the position of the first character in the target,* m indicates the length of the
target, and | (n, m){ is the pointer size p. Without loss of generality it will always be
assumed that m > p.

' A muliiset is a set in which repetitions are allowed For example {a, g, b} is a multiset.

*We assume that all pounters within a given strng have a uniform size. {Variable-length pointers are
considered in [30] ) We also assume p to be an integer, although our results generahize to nonintegral
pointer sizes

* It is not always necessary to make this assumption and, in fact, it can be useful 4o remove it See [30] for
a discussion of this,

* n can be erther an absolute location or a displacement. For example, with iniernal schemes, n could be
the distance from the pointer to its target,
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As an example of these ideas, let p = 1, and consider the string
w = gaaBecDaacEaccFacac,
which might be encoded under the external macro model as
x = aacck(l, 2)B(3, 2)I(1, 3}ER, 3)F 2, 2X2, 2),

where # separates the dictionary from the skeleton. For convenience, we assume
{#| = 0. The compression achieved by the string x (i.e., the ratio | x|/| w ) is §§. Using
the internal macro model, w could be encoded as

y = aaBecIX1, 2)cEa(4, 2)Fac(13, 2),

achieving a compression of .

Implementation considerations motivate us to describe a number of variations on
our basic models. A scheme is recursive if a macro body (i.c., a string that is a target
of a pointer) is allowed to itself contain pointers. Two pointers overlap if their targets
overlap. Whether overlapping pointers are permitted in the external model depends
highly on the implementation chosen for the dictionary.® An original pointer is one
which denotes a substring of the original source string, whereas a compressed pointer
denotes a substring of the compressed representation itself. The string y of the
previous example contains compressed pointers. Using original pointers, we could
encode w as

z = gaBccD(1, 2)cEa(4, 2)F(8, 2)(8, 2),

achieving a compression of §§. Original pointers are more natural for one-pass
decoding. Compressed pointers allow the recovery of portions of the source string
without requiring the implicit decompression of the entire string. A lefi (right) pointer
is one which denotes a substring occurring earlier (later) in the string. Considering
the strings x, y, and z presented above, only x uses overlapping pointers, only z uses
recursion, and none of these strings use right pointers. By using both left and right
pointers it is possible to save additional space over the use of just one direction. For
example, using both right and left pointers, the compressed forms y and z presented
above could be replaced by

¥ = (5, 2)B(10, 2)DaacEaccF(6, 2)(6, 2),
z = (7, 2)B(12, 2)DaacE(8, 2)cF(8, 2)(8, 2),

achieving a compression of § and ¥ respectively. We discuss recursion in relation to
original pointers primarily to study the “power” of various methods. With original
pointers, a pointer is recursive if all or part of the string it represents is represented
by a pointer.

Cycles cannot occur in compressed forms with compressed pointers, but using
original pointers, cycles can often make sense. For example, the compressed form
ab(3, 2)a(l, 3) uniquely determines the palindrome abagaaba even though the two
pointers in this compressed form comprise a cycle. Here the pointers (5, 2) and (1, 3)
are a cycle in the sense that each points to a portion of the string represented by the
other. An example of a degenerate cycle is given by the compressed form a(l, n),
which uniquely determines the string a"*'. Schemes which allow recursion but not
cycles are said to have topological recursion. From the above discussion it should be
clear that topological recursion is not necessary for a compressed form to be uniquely

% Cenain implementation considerations ¢an lead to the placement of various resirictions on the kinds of
overlapping permitted. Some of these restrictions are described in {30, 32}.
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decodable. However, it can be useful to consider topological recursion for three
reasons. First, authors in the past (such as Lempel and Ziv) have assumed this.
Second, study of such schemes leads to a deeper understanding of the power of
original pointers. Third, topological recursion may model some practical considera-
tions in the design of efficient original pointer compression methods.

The above discussion leads us to formally define four basic macro schemes and
three types of restrictions which may be placed on any of these schemes. Throughout
this paper, Z denotes the underlying alphabet from which the data in question is
constructed.

Definition 1. A compressed form of a string s using the EPM (exiernal pointer
macro) scheme is any string ¢ = so#s; satisfying®

(1) s, and s, consist of characters from X and pointers to substrings of so.
(2) s can be obtained from s5; by performing the following two steps:

(a) Replace each pointer in 5; with its target.
(b) Repeat step A until 5, contains no pointers,

Definition 2. A compressed form of a string s using the CPM (compressed pointer
macro) scheme is any string ¢ satisfying

(1) t consists of characters from T and pointers to substrings of 1.
(2) scan be obtained from ¢ by forming the string t#¢ and then decoding as with the
EPM scheme.

Definition 3. A compressed form of a string s using the OPM (original pointer
macro) scheme is any string ¢ satisfying

(1) t consists of characters from T and pointers representing substrings of s.

(2) s can be obtained from ¢ by replacing each pointer (n, m) by the sequence of
pointers (n, 1), (n + 1, 1), ..., (n + m — 1, 1) and then decoding as with the
CPM scheme, with the stipulation that pointers are considered to have length 1.

Definition 4. A compressed form of a string s using the OEPM (original external
pointer macro) scheme is any string ¢ = so#s, satisfying

(1) ¢ consists of characters from Z and pointers.

(2) so may be decoded using the OPM scheme to produce a string ». Furthermore,
pointers in 5 point to substrings of r.

(3) s may be obtained by replacing each pointer in s5; with its target in r.

A contraction of a string s for pointer size p according to a given scheme is a
shortest compressed form of s using that scheme with pointer size p. A contraction of
a string s will be denoted by A(s).” We shall refer to the process of replacing a string
r by a pointer as factoring out r and often refer to a string that is a target or potential
target as a factor.

Definition 5. A CPM (OPM) pointer ¢, depends on pointer g if the target of ¢,
contains ¢z (all or part of the string represented by ¢2) or if there is a pointer ¢ such
that g, depends on g and g¢s depends on ¢ A macro scheme is restricted to no
recursion if dependent pointers are forbidden, and to ropological recursion if no

% For convenience we assume throughout this paper that [#| = 0.
" A string may have more than one minimal-length compressed form. For formal discussions we can
always ensure that A(s) is unique by assuming a lexicographic ordering.
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pointer may depend on itself; that is, it must be possible to sort topologically® the
pointers of a compressed form according to their dependencies.

Definition 6. Two pointers overlap if their targets overlap and strictly overlap if
their targets overlap but neither target is a substring of the other. A macro scheme is
restricted to no overlapping if overlapping pointers are forbidden.

Definition 7. A CPM (OPM) pointer g points to the left if the lefimost character
of its target is to the left of ¢ (the leftmost character of the string represented by ¢).
A right pointer is similarly defined. A macro scheme is restricted to unidirectional
pointers if all pointers must point in the same direction (of course, with the EPM and
OEPM schemes, this only applies to the external dictionary). As a special case of
this, we can restrict a macro scheme to have only /eft or right pointers.

The different combinations of the four basic macro schemes we have defined and
the recursion, overlapping, and pointer direction restrictions provide us with a large
number of data compression methods. The combinations are sufficiently general to
cover virtually all of the text substitution schemes proposed in the literature.
Discussion of the utility and appropriateness of various restrictions to the models are
deferred until later in the paper.

We have not discussed the concept of adding to pointers arguments which allow
the specification of modifications to be made on a factor before it is substituted.
Macro schemes with arguments generally have more power than ones without. Also,
a few data compression methods presented in the literature require a macro scheme
with arguments to model them, for example, the subsequence and supersequence
compression methods discussed in [16]. Macro schemes with arguments will not be
discussed in this paper, but it it should be noted that the macro model can be
extended to allow this generality.

3. The External Macro Model

The external macro madel views the collection of macro bodies as residing outside
the remainder of the compressed string. This makes external schemes ideal for
compressing collections of strings wsing a common dictionary. There are several
reasons why it is more natural to treat all pointers as compressed pointers when
discussing this model. First, authors in the past have used the EPM scheme and not
the OEPM scheme (the authors mentioned in the introduction who used external
schemes all considered variants of the EPM scheme). Second, it allows us to
decompress arbitrary portions of the data without first having to produce the entire
string. Third, compressed pointers often require less space than original pointers. For
these reasons, we concentrate our attention in this section on the EPM model and
then indicate how our results can be extended to the OEPM model. As we shall see
in the next section, there are advantages to using original pointers over compressed
pointers that justify consideration of the OEPM model. In many cases the extension
of results to the OEPM scheme is trivial, since if recursion is forbidden, original and
compressed pointers become equivalent in power. Similarly, if overlapping is forbid-
den, unidirectional and bidirectional pointers become equivalent.

TueoreM 1. For all strings s, if only topelogical recursion is allowed, then (assuming
s is compressible) both | Agpu(s)| and | Aogru(s)| are

(2} =p log:(|sl/p) + 1.9p.

8 For a discussion of topological sorting, see [10].
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(b) =3p loga(|s|/p) — 0.02p when overlapping is forbidden.

(€) =2(p)s!)*? when recursion is forbidden.

(d) =2(pis|)'* when both recursion and overlapping are forbidden.
(e) (a)—(d) hold even if pointers are required to be unidirectional.

If nontopological recursion is allowed, then
(f) The bounds of (a)-(€) hold for the EPM scheme.

But

(8) |Aoerm(s)| = 2p + 1, independently of what overlapping and pointer direction
restrictions are made.

Furthermore, all of the bounds in (a)-(g) are tight; that is, each is attained for infinitely
many strings s.”

ProoF. For (a)-(e), since | Aoppm(s)| = | Aeem(s) ) it is sufficient to show that the
OEPM scheme satisfies these bounds and the EPM scheme can attain them infinitely
often,

First let us consider (a). We can assume that s = a!*! (for some a in ) because
J Aoepm(a'*)| < | Aorpm(s) | Tt is easy to show that for some p < k < 2p and n,

Aoepm(s) = a* ] qi#gna,
-]

where ¢,, 1 < i< n, points to the string represented by everything to the left of it and
gn+1 points to some substring of length |s| in the dictionary. Since ¢ points to a
string of k characters, we must have k > p, or else a shorter contraction of s could be
produced. Similartly, if £ > 2p, we could produce a shorter contraction by representing
a* by a* P~ followed by a pointer to this string. Thus we have

|Boepm(s) | 2k +np +p
zplog(|sli/k) +k +p
= min{ pf log2(|s|/D)1 + i + p:p < i = 2p}
= p loge(|s|/p) + min{p(1 + h — logzh): 1 < h < 2}
> p log:(|s/p) + 1.9p.

For any p < i < 2p and n, the bound min{ pjlogx(|s|/i)| + i + p1p < i =< 2p} is
achieved exactly by the EPM scheme on the string s = a'%".

We now consider (b). Again we can assume that s = '\, Since overlapping is
forbidden, the pointers of Aozem(s) can be divided into a sequence of sets 51, ..., Sm
such that the pointers in §,, 1 < i =< m, have targets whose compressed representation
consists of pointers in some s, j < ; in fact, since we are concerned only with worst-
case performance,'® we can assume that j = i — 1. We can also assume that S;, 1 < i
= m, contains at most three pointers. This is because for any &k = 4 there are an i and
j such that 2i + 3j < k£ < 2"3”, and so we can replace a set S, of four or more pointers
by a sequence of sets having at most three pointers, where the last seét in the sequence
will represent a string at least as long as that represented by the original sequence of
four or more. Hence, for some x <= 2 we can assume that for all / > x, S: contains

? Actaally, the bound in (a) 15 just an approximation for the expression min{ p|logs(|s|/D|+ i+ pip<i
= 2p), which is attained exactly infinitely often. Similatly, the bound in (b} 15 just an approximation for
the expression min{3p|logsf|s|/i} |+ i:2p < 1= 4p), which 1s attained exactly for infinitely many strings.
¥ Jt 15 not necessary to consider a compressed form of length x for a string a” if there is a compressed form
of length <x (=x) for a string a” where z = y (z > y).



934 J. A. STORER AND T. G. SZYMANSKI

exactly three pointers. This is because we can assume that the sets of two come first
and a sequence of three two-pointer sets can be replaced by two three-pointer sets.
Given this, it can be assumed that for some 2p <k =dp, 0= M <L < l,and n,
AoEpm(S) is of the form

a*(q?»)L(q?)”(Il q?)#qf‘»u
=2

where ¢o points to a* ¢, points to g3, g points to a¥, g3, or g}, depending on the
values of L and M; and for 3 = i< n + |, ¢, points to ¢i-1. Thus we have

iAOEPM(S)I =k+ 3Hp + ZLP + ZMP
= 3pllogs(|s|/k2"2™) 1 + k + 2Lp + 2Mp
= 3pllogs(|s|/k) + &k + 3p(} — loge2)(L + M)
= 3p[logs(|s|/k)] + k
= min{3p[logs(js|/DH1 + i:2p <i=<4p}
= 3p loga(|s|/p) + min{ p(h ~ 3 logsh):2 < h = 4}
> 3p loga(|s)/p) ~ 0.02p.

For any 2p < i =< dp and n > 1, the bound of min{3p|logs(|s|/i)| + i:2p < i = 4p}
is achieved using the EPM scheme with no overlapping on the strings = a*'

The proofs for (c) and (d) appear in [30]. All of the proofs of (a)-(d) make use of
left pointers only, and so (¢) follows. (f) follows trivially because compressed pointers
cannot form cycles, and hence with the EPM scheme all recursion must be topological.
For (g) we may again assume that s = a!*! for some a in Z. If 5 is compressible using
the EOPM scheme, then s must contain at least two pointers and at least one
character. Hence 2p + 1 is a lower bound. It is also tight, since a(l, |s| — 1)#(1, |s|)
is a compressed form for s = a'*.. [

For topological recursion, Theorem 1 says just what one would expect; there is an
( p log| s|) lower bound on the size of a compressed string when recursion is allowed
(loge with overlapping and logs without) and an 2((p|s))"%) lower bound when
recursion is not allowed. For nontopological recursion the bound of (g) may seem
unnatural. Clearly we cannot represent a string of arbitrary length using a constant
amount of space. The bound of (g) simply illustrates the need for the pointer size to
be a function of the string size to model situations where pointers may indicate strings
of arbitrary length.

It should also be pointed out that the bounds of Theorem 1 apply primarily to
“pathological” strings; in practice, reducing the size of a file by a small constant
factor may be very significant. However, much of the utility of Theorem 1 comes
from the fact that it provides exact bounds which are needed in several of our NP-
completeness'' proofs.

The next theorem considers encoding algorithms for the EPM model. Wagner [35]
presents a polynomial-time algorithm for compressing a string, assuming that the
dictionary of macro bodies is given as input to the encoding algorithm. However, no
mention is made as to how the selection of the best possible dictionary is accom-
plished. Several heuristic methods for constructing dictionaries have been presented
in [20] and [25]. Neither of these guarantees optimal compression or even provides
bounds on the compression that is obtainable. The reason for this gap in the literature
is the NP-completeness of finding Agpm(s).

Y For a definition of NP-completeness and related terms, see [17. All of our proofs show NP-completeness
in the sense of Karp [9] (which inplies that of [3]).
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THEOREM 2. Given a string s and an integer K, it is NP-complete io determine
whether | Aprm(s)| = K in any of the following situations:

(a) both recursion and overlapping allowed,
(b) recursion allowed, overlapping forbidden,
(c) recursion forbidden, overlapping allowed,
(d) both recursion and overlapping forbidden;
() unidirectional pointers and any of (a)-(d).

Furthermore, the above are true regardless of whether p is part of the problem input or
is constrained to be a fixed integer greater than 1. In fact, we show (b) and (d) to be
true even if p = L.

Proor. It should be clear that no one part of the theorem directly implies any
other. Thus several reductions are used. The reductions employed include the node
cover probiem [9), the restricted node cover problem [17], the K.node cover problem
{301, and the superstring problem {4, 17]. As mentioned in the introduction, proofs of
all NP-completeness results appear in [30). However, we shall include the proof of
(b) and (d) as a “sample proof.”

Proof of (B and (dYforp>1. LetG=(V={v,...,m}L, E={e,...,en}) K
be an instance of the node cover problem, and let p = po. Let § be a special symbol,
and let @ denote a new, distinct symbol each time it occurs. For v,in V, let ¥, =
$v27'$, and for ¢, = (v, va) in E, let E, = $v{ '$v4 'S, Now let

P n m

- (1 1 ve) (i )
=1 y=1 =1

We claim that G has a node cover of size <K if and only if |A(s)| =< |s| + K - m.

First suppose that G has a node cover X C V of size K. We shall construct a
compressed form ¢ for s (having length |s] + K — m), where ¢ is'of the form
so#([B=1 [17=1 ¥, @)([[ 121 E. @), where 5, contains those ¥, for which %, is in X, and
7,is V, if v; is not in X and a pointer to v, in s if v, is in X. If E, isSv77'$v{7'S,
then E, is either rv4™'$ or $v#7'g, where r is a pointer to v, in s and g is
a pointer to vx in so. Since X is a node cover, this can always be done. If we now com-
pute the length of 7, |so| = K(p + ), [Tl [~ ¥, @| = 1B [I%1 V, @] — pK,
and |[[% E@| = |[[% E.@] — m. Hence |A(s)| = |t| = |s| + K(p+ 1) = pK —m
=|s| + K = m, as was to be shown.

Conversely, suppose that |A(s)| < {s| + K — m. We shall show that G has a
node cover of size at most K. First observe that since overlapping of pointer
targets is forbidden, no pointer in A(s) can refer, for any strings x and y, (0 a string
of the form xv$v,y, x@y, or x@y, since such a string can occur at most once
in s and no gain can be achieved by factoring it out. Thus A(s) is of the form
so#([[o=1 [I7=2 ¥, @[] %1 E. @), where s, is a dictionary of macro bodies and the
7;s and E/’s are the shortest compressed forms of the ¥;’s and E/s, respectively,
using sp. As mentioned eatlier, without loss of generality we are assuming throughout
this paper that every pointer references a string of length at least p + 1. Thus, since
| V.| = p + 1, we can infer that each ¥, is either V, itself or a pointer to an occurrence
of v, in so. Similarly, since | E;| = 2p + 1, each E, must either consist of E, itself or else
be a string of the form rv j""$ or $vj,"'1r, where r is a pointer to some ¥, in so. Now let
L be the number of E’s such that E, = E,, that is, the number of £’s that have not
bad a factor removed. Then |[[i2; E@| = |[[i%1 E.@| — (m — L), since removing a
factor from an E, saves one character. Let J be the number of Vs in 5. Then
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[so] = J(p + 1) and |[Fou1 [T21 ¥ @] = |[]%: [1 =1 ¥V, @} — Jp, because each v; that
is replaced by a pointer saves one character. Thus [A(s)| = J(p + 1) + |s| — Jp —
m—Ly=|s{+J+L—m andsoJ+ L=< K Wenow claim that G has a node
cover of size J + L formed by taking the J nodes represented in s and one node
from each of the L edges not factored in A(s). Therefore G has a node cover of size
K, as was to be shown.

Proof of (b) and (d) for p = 1. The following proof is similar to the original proof
of this result [30] in that it employs a reduction to the node cover problem for degree
three graphs. However, although the actual the actual construction is slightly longer,
the proof of its correctness is simpler. This simplified proof is due to J. Gallant.

letG=(V={v,...,w}, E= {e, ..., en}), K be an instance of the node cover
problem for which all nodes have degree 3.1* As in the proof forp > I, let $ be a
special symbol, and let @ denote a new, distinct symbol each time it occurs. For v,
in Vlet

V,=$v$ and W,=§%§’,
and for e, = (v, va) in E let
E; = $%v$*ms%
Now let

5= (g V@ lﬂ@)‘)(:ﬂl E@).

The claim is that G has a node cover of size X if and only if |A(s)| < |s| + K — 14n.
The first half of the proof argues that if X is a minimal node cover for G, then a
compressed form for s can be constructed as follows:

(I} The two copies of each V, go to a copy of V; in the dictionary and two pointers
in the skeleton.

(2) The two copies of each Wi go to two copies of §$ followed by a pointer to V;
followed by a $ in the skeleton if v, is not in X; otherwise the two copies of W,
go to W in the dictionary and two pointers in the skeleton.

(3) Each E; representing e, = (v;, v3) goes to a pointer to $?$* followed by a pointer
to $ns followed by § if v; is chosen to cover the edge; otherwise E; goes to §
followed by a pointer to $,$ followed by a pointer to $*»$°.

A compressed form for s as constructed above saves one character for each pair of
F.’s for a total of a: four characiers for each pair of W;’s when v, is not in X, three
characters for each pair of W/s when v; is in X for a total of 4n — K, and six
characters for each E; for a total of 6m. Since m = 2n, this yields | A(s)| =< [s] -
n—4n+ K—6m=|s|+ K — l4n.

The other half of the proof requires more work. Here it must be argued that the
method of compressing s as described above is the best possible. This is done by
considering several cases that rest heavily on the fact that all nodes in G have degree
3. The degree-3 restriction makes it unprofitable to factor out many strings that might
otherwise be factored if nodes with large degrees were present. We leave the details
of this half of the proof to the reader. Note that the above reduction is for the case
where recursion is forbidden. If recursion is allowed, the same construction may be
used, except that one copy of W, should be used instead of two. O

12 Using a result from [5}, it is easy to show this restriction of the node cover problem to be NP-complete;
see [17).



Data Compression via Textual Substitution 937

In [30), cases (b)-(e) of Theorem 2 are shown to hold for the EOPM scheme. Case
(a) is shown for the problem of compressing collections, but the single string problem
remains open at the time of the writing of this paper. In addition, in [30] it is
conjectured that all of (a)-(e) of Theorem 2 can be shown for p = 1.

Throughout this paper we assume that the alphabets over which strings are written
are unbounded in size. However, results concerning lower bounds on encoding
complexity are stronger if they apply to the case where all strings are assumed to be
written over some fixed size alphabet, and, although unbounded size alphabets model
many practical situations (such as when entries in a system dictionary are taken to be
the basic characters), there are certainly many situations in which it is more realistic
to consider strings to be written over some fixed finite alphabet. Thus it is worthwhile
to consider the complexity of compressing strings when it is assumed that all strings
are written over a fixed size alphabet. Since our motivation for doing this is to model
practical situations, when discussing fixed size alphabets we also require that pointers
of a given size can only encode a finite amount of information. This requirement is
met by stipulating that the pointer size p be dependent on the string being processed.
Because complexity results concerning fixed size alphabets are more technical, we
shall only state a few sample theorems to indicate the flavor of these results and only
for the case when both recursion and overlapping are forbidden. Suppose we allow
pointers to be able to indicate any substring of the source. Then a pointer’s length
must be some implementation-dependent multiple of the logarithm of the string
length.

TueoreM 3.  If recursion and overlapping are forbidden, then, giving a string s over
any alphabet with at least three symbols, an integer K, and a real h > 0, it is NP-
complete to determine whether s has an EPM compressed form t satisfying |t| = K
when the pointer size is [ h logs|t1].

Two other natural ways to determine pointer size are either to require that the
information content of a pointer be sufficient to distinguish all the pointers in an
encoding or to require that a pointer be able to identify any substring of the
dictionary. To this end, if ¢ is an encoding of some string using the EPM scheme,
let 8(r) be the number of distinct pointers in ¢, and let d(f) be the dictionary
portion of 1.

THEOREM 4. If recursion and overlapping are forbidden, then, given a string s over
any alphabet with at least three symbols, an integer K, and a real h = 1, it is NP-
complete to determine whether s has an EPM compressed form & satisfying |t| = K in
the following situations:

(a) pisThlogd(].
(&) pis[hlogs|d®)|]

In [30], results similar to the above are shown for other combinations of restrictions.
Although Theorems 3 and 4 apply only for alphabets of size 3 or greater, we
conjecture that these results can be strengthened to apply for two-symbol alphabets.

The proofs of the last two theorems involve an extra level of complexity over the
corresponding proofs for the unbounded alphabet cases, because when one attempts
to embed, say, an NP-complete graph problem in a data compression problem, one
is forced to encode nodes of the graph as strings. Care must be taken to ensure that
the integrity of these strings is maintained during compression.

As was indicated at the start of this section, external macro schemes are useful for
compressing collections of strings. Many of the NP-completeness resuits of this

10
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section can be strengthened when applied to collections. For example, some results
concerning bounded-size alphabets, when extended to collections, apply for two-
symbol alphabets. Storer [30] also contains results concerning limitations on the size
of strings in a collection and factors in compressed forms.

4. The Internal Macro Model

In the internal macro model it is rather unnatural to forbid the use of recursion or
overlapping. We shall therefore concentrate on the four combinations provided by
choosing between compressed and original pointers and choosing between unidirec-
tional and bidirectional pointers. In addition, we consider the topological recursion
restriction, not because we are necessarily claiming it to be a natural restriction for
the OPM scheme, but because studying topological recursion appears to lend insight
into the relative power of compressed and original pointers. As done in the last
section, we first start with some performance bounds.

TuBorReM 5. For all sirings s (assuming 5 is compressible),

@ |doru()| = p+ 1;
(b) for topological recursion,® both |Aceu(s)| and |Aoru(s)| are =plogs(|s|/p)
+ 0.9p.

Furthermore, the above bounds are tight™ and hold regardiess of whether unidirectional
or bidirectional pointers are used.

Proor. Similar to that of Theorem . O

The next theorem deals with the relative power of compressed and original
pointers.

THEOREM 6. For any string s, |Aoru(s)| = |Acem(s)|, independently of what
restrictions are made ( provided the same resirictions are used for both). Furthermore,
Joranyreal h > 0.

(@) Using any alphabet of size =1, there are infinitely many strings s for which

| Aoru(s)|
—<h
| Acem(s)]
(&) For topological recursion, using any alphabet of size =2, there are infinitely many
strings for which

|Aoru(s)| _ 1

———<z+h

[Acrm(s)| 3

Proor. Since a compressed pointer may always be converted to an original
pointer, it follows that for any string s, | Aopm(s) | = | Acem(s) | independently of what
restrictions are made. (a) follows trivially from Theorem 3, since for the string 5 = 2",
[80rm(s)| = p + 1 but | Acem(s)| is o(plogan).

Let us now consider (b). For 7 a multiple of p define

np
sa = a"b" [ (a¥6™0-0P),

=1

* Remember that with compressed pointers, all recursion must be topological.
™ Similarly to Theorem I{a), the bound of B is just an approximation for the expression min{p-
|toga(] sl/8)| + i:p < i = 2p}, and it is this value that is achieved exactly by infinitely many strings.

11
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Using the OPM scheme, s, can be represented by the compressed form

n/p
t[fJn—ip+1n+p),

=]

where 7 is the best compressed representation of a"b”. Since |¢| = O(plogsn), we
have | Aopm(sn) | = p(n/p) + O(plogan) = n + O(plogzn). On the other hand, if we
attempt to factor s, using the CPM scheme, a shortest compressed form is

n/p

ab"[[(n—ip+1,n+p),
1=l
that is, the leading factor of a"b" is preserved intact. Here the n/p pointers to the
right of ¢”b" that point into a”56" “chop up” a"b" so that it cannot be factored with
compressed pointers; that is, if a"b" were factored, then at least some of the pointers
to the right of a"5" would be pointing to “part of a pointer” which is not allowed for
compressed pointers. Through the analysis of several cases, it can be shown that the
above compressed form is the best possible, and thus | Acpm(s,) | = 3n. Hence, for any
real h > 0 we have, for sufficiently large n,

| Aopm(sn)| _n + O(plogzn) <_l
| Acpm(sn)| 3n -3

We do not yet know whether the bound in (b) is the best possible. Also, it should
be noted that although |Aopm(s)| = |Acem(s)|, in principle it is possible for a
compressed pointer to require less space than its corresponding original pointer since,
for a given string s, compressed pointers may point to smaller strings.

We now consider performance bounds concerning pointer direction. First, it is
abvious that using either the CPM or OPM schemes, for any string s,

(1) |Aw(s)| = | Ar(t) | where ¢ is the reverse of ;
(@) |8, [Ar(s)| = |Aun(s)| = | Als) [

In view of this, we shall not bother to state “dual” theorems, that is, theorems that
may be obtained from a previous theorem by changing all occurrences of Ar(s) to
Ag(s), etc.

Before proceeding we present a short technical lemma that allows us to relate
results concerning left versus right poiaters to results concerning unidirectional versus
bidirectional pointers.

+ h. d

Lemma 1. Using any macro scheme, for a given alphabet Z, if there are infinitely
many strings s over X for which |Ar(s)|/|Ar(s)| < h, then there are infinitely many
strings 5" over an alphabet T, where |Z'| = 2| 2|, for which

|App(s’}| » 2h
[Aup(sy] 1+ 4
Proof. Given a string s over an alphabet T = {a,, ..., a5} for which |Aw(s)|/
|Ar(s)| < b, let ' = {ai, ..., a5} be new symbols not in T, and let 5" = sz, where ¢

is the reverse of the string obtained by replacing each symbol a, in 5 by ai. It is easy
to check that

|8en(s)| _ 2 min{[Au(s)], |Ar(s) [}
|Aun(sH| ™ 1Au)] + [Ar()]
o
L+n
and that s’ is written over an alphabet of size 2|{Z|. O

12
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THEOREM 7. Let OPM/TR denote the OPM scheme restricted to topological
recursion. For any real h > O:

(@) There are infinitely many strings s for which

| Aceayr(s) | = 1 + i

|Acran(s)] 2
(b) Using any alphabet of size 2 or more, there are infinitely many strings s for which

ool (12 )

| Aopaye(s) I 5’ ?2;—4--_2
and
18orwmapl 1,
I AOPM/TR/L(S) l 3
PrOOF

(a) For any integer n > 1, let

n=-1 n—=1
()
=1 =1
Jti . p

where 1, ; = [];., a%. Using right pointers, each 1, , except #»-1,1 can be replaced by a
pointer into ¢, 1,;. Hence we have

n—1

[ Acem/r(sn)| < (Z ap) +np+n—1

=2

= }pn® + O(pn).

Using left pointers, the target of a pointer must be a substring of the compressed
form of 1,, for some i and j. This is because for each 1., and ¢, .4, if @ is the last
character of ., and b the first character of ¢, ;.,, the string ab occurs nowhere else in
S (in addition, the b,’s separate 5., and $;41.1). Thus, since f,, cannot be a substring
of t.,ifi<xori=x& y<j, we have

n—1
|Acpmalsn)| = (Z 250) +n—1
=1

= pn + O(pn),
and hence for sufficiently large n,

| Acem/m(sa) | _ pn/2 + O(pn) = 1
|Acema(ss)|  pn®+ O(pn) 2

(b) Let us first consider topological recursion. For n > 0 let

+ A

n+1
se = [[ a®b®.
=l
Since S, can be factored by replacing each string a¥b%, 1 < i < n, by a pointer into
the string a**02p®+DP it follows that

[Aopm/r(sa)| = pn + O(ploge(pn)).

13
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The key observation for calculating |Aopm/L(s»)} is to note that the largest possible
factor to the left of #Pb%, 1 < i< n+ 1,is a*"V?p" V7 From this reasoning it follows
that | Aopm/(ss)| = 3pn + 2p. Hence,

| dorm/r(sa)| _ 1

1Bormmls)l 2 4 i
|Aopm/i(sa)| 3

for sufficiently large n.

The construction for nontopological recursion is the same, except that we now
have the option of writing @'’ as aqibg:, where ¢ and ¢. are the appropriate
pointers. []

CoroLLaRY 7.1. The bounds § + h, max{}, p/(2p + 2)} + h, and % + h stated in
Theorem 7 are for left versus right pointers. If, instead, unidirectional and bidirectional
pointers are compared, then the bounds % + h, max{}, 2p/(3p + 2)} + h, and } + k
follow. Furthermore, the alphabet sizes needed are at most double the sizes stated in
Theorem 7.

Proor. Follows directly from Lemma 1. [

We do not yet know whether the bounds of Theorem 7 are tight. One technique
for deriving lower bounds on ratios concerning pointer directions is to consider the
overlapping content of a compressed form. We have not been able to use this to prove
or disprove that the bounds of Theorem 7 are tight, but the concept of overlapping
content does lead to some interesting ideas. We digress and consider this in relation
to the CPM scheme.

Definition 8. The overlapping content of a pair of pointers ¢, and ¢, for pointer
size p is given by
0 if ¢ and ¢, do not strictly overlap,

OVCON(g,, g) =<k if ¢ and ¢, strictly overlap by <p characters,
P if ¢ and g, strictly overlap by =p characters,

and the overlapping content of a compressed form ¢ is given by

(gpq )t
THEOREM 8. For any string s,
IACPM/L(S)l < |Acem{s)| + OVCON(Acra(s)).

ProoF. For a string s, given Acpm(s) (or any compressed form for ), all strict
overlapping can be removed to obtain a new compressed form ¢ for s as follows:

while there 1s a string wvw such that wv is the target of sore pointer g. and vw is the target of some
pointer ¢, do
Replace ¢, by qugu where

u if |uj=p,
qu= ; i
a pointer (o u otherwise,

Jv i vi=p,
*1a pointer to v otherwise.

The reader can check that |7] < | Acpm(s)| + OVCON(Acem(s)).

We now describe how to convert ¢ to a left pointer CPM compressed form for s
without increasing its size.

14
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Sort the pointers in 7 topologically as 41, ..., ¢n 50 that ¢, 1 =i < n, is not poinied to (directly or
indirecily) by any ¢,, i < j = n. Since we are allowing substring overlapping, we assume that if ¢ points
to uvw and g; points to v, then § =< j. Now, stariing with ¢i, do the following to each pointer ¢.. If g, points
to the left, do nothing. Otherwise, if ¢, points to a string w to its right, swap ¢, with w and adjust all other
pointers accordingly; that is, all pointers that point to some substring of w must be changed to point to this
substring in the new position of w.

The key point in verifying that the above procedure works is that at the ith stage,
pointers ¢, through ¢.-, are not disturbed. ]

Since OVCON(Acpm(s)) can be as large as O(}s|?), it is possible for Theorem 8 to
yield very poor bounds. However, this is not always the case, as seen by the following
example.

Example 1. A CPM compressed form ¢ has simple overlapping if each pointer in
¢t strictly overlaps with at most one pointer to its right and one to its left. Let
CPM/SO denote the CPM scheme restricted to simple overlapping. A CPM/SO
compressed form with n pointers has at most # — 1 strict overlaps. Thus, since the
construction of Theorem 8 preserves simple overlapping, for all strings s,

[ Acem/rsofs) | = | Acemyso(s)] + OVCON(Acrm/sols))

<mp+(n—1lp
< 2|Acemyso(s) |- O

We now turn our attention to the complexity of optimally compressing strings
using the internal macro model. Unfortunately, like the EPM scheme, optimal
encoding for the CPM scheme appears to be intractable.

THEOREM 9. Given a string s and an integer K, it is NP-complete fo determine
whether | Acem(s)| = K even when any combination of the restrictions to unidirectional
pointers, no recursion, and no overlapping is made. Furthermore, this is true regardless
of whether the pointer size p is part of the problem input or is constrained to be a fixed
integer greater than 1.

Proor. First let us assume that overlapping is forbidden. In this case we can
use a construction similar to that used for Theorem 1{b) and (d). Let G = (V' =
{v,..., v}, E={e1, ..., em}), K be an instance of the node cover problem and, as
in the proof of Theorem I, let $ be a special symbol, and let @ denote a new, distinct
symbol each time it occurs. Now, for e, = (v, w) in E, let E, = $v} ~1gy27'8 | and let
§= H;’:1 E;@.

We claim that G has a node cover of size K if and only if [A(s)| = |s| + K—m. If
G has a node cover X of size K, then for each node in X we can associate an E, in 5
(which will not get factored), and for all remaining m — K E.’s we can replace exactly
one string of the form $v,$ by a pointer. Thus | A(s)| < |s| + K — m. The proof of the
converse is very similar to that used in Theorem 1(b) and (d), and we omit the details.
As with Theorem 1, the above construction works independently of whether recursion
is allowed (since the largest factor has length p + 1). In addition, the left, right, or
unidirectional pointer restrictions cause no problem. For example, if we are restricted
to left pointers, we consider nodes in X one at a time and associate each with the
leftmost “unassociated” E, containing it

When overlapping is allowed, we can use the same construction as above, except
that we let G, X be an instance of the 1-node cover problem which is defined as:
Given a graph G and integer X, is there a set of K or fewer edges in G such that every
edge in G is adjacent to at least one of these edges? The 1-node cover problem can
be shown to be NP-complete as follows. For G = (V = {v, --- w}, E =
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{e: +++ em}), K an instance of the node cover problem, construct the graph G’ =
(V', E"), where V" is V together with the new nodes x, and y,, 1 =i=K,and E' is E
together with the new edges (v,, x;) and (x,, y), | <i<anand | = j<k. Then G has
a node cover of size K if and only if G’ has a node cover of size K.

The only remaining case is the CPM scheme (with or without recursion) with one
of the pointer direction restrictions. This requires a separate construction which
appears in [30] for the case p=5. O

The situation for the OPM scheme is much better. Although, at the time of the
writing of this paper, the status of the encoding complexity of the OPM scheme with
bidirectional pointers remains open,'® we shall show that the unidirectional case can
be done in linear time.'® Lempel and Ziv in {12] (and also in [39]) have developed a
data compression algorithm that falls within the framework of our OPM scheme
restricted to left pointers and topological recursion. (As we shall see from the proof
of Theorem 11, a linear-time encoding algorithm for left pointers implies a linear-
time encoding algorithm for unidirectional pointers.) Rodeh et al. [24] have presented
a linear-time implementation of the Lempel-Ziv algorithm using the techniques of
[15]." Their implementation can most simply be described as a one-pass greedy
algorithm. At each step the longest possible prefix of the remaining input that
matches some substring of the previously read input is removed from the input and
replaced with a pointer. For example, if we have already processed ababc and the
rest of the input is abed, then we would output the pointer (3, 3) and delete the next
three characters of the input. The Lempel-Ziv algorithm is asymptotically optimal
for ergodic sources as the length of the source string tends to infinity; however, for
individual finite strings the compression achieved can be far from optimal.

TueoreM 10.  Let LZ(s) denote the compressed form of s obtained by applying the
Lempel-Ziv algorithm. Then for any string s,
f p=1 then |LZ(s)|=|Aorssrz/(3)|,
P | Boewrat _ |
p-1 ILZ| ~

Furthermore, for any real number h > O it is possible to construct a string s over a two-
symbol alphabet such that | Aoessyra(s)| /| Buz(s)| < (p + 1)/2p + h.

if p>1,  then

Proor. Without loss of generality we can assume that in any minimal-length
compressed form, any substring that is represented by a pointer to an earlier
occurrence is as long as possible; that is, if s.. - - - s is represented by a pointer, then
Sm == Sa+1 18 NOt & substring of 51 - - - sm—1. Otherwise we could obtain an equivalent
compressed form of the same or shorter length by changing the pointer to represent
Sy ++ - Sp+1 and then either deleting a character (if the pointer was originally followed
by a character) or changing the following pointer (if the pointer was originally
followed by another peinter).

Let s be any string, and consider ¢ = Aopwm/tr/(s) and u = Arz(s). Form the finest
partition of ¢ and u into segments ¢ =, - -+ fn and ¥ = w1 - -+ u, such that for 1 =

!5 Recently, 1t has been shown by J. Gallant (in lus Ph D. dissertation, “String Compression Algorithms,”
Princeton Umniversity) that this problem 1s, in fact, NP-complete

1% Note that as with the CPM scheme, encoding for the OPM scheme with exther or both of the recursion
and overlapping restrictions (with umdirectional or bidirectional pomnters) 1s NP-complete. A proof of this
may be found in [30]

' In addiuon to [15], the mierested reader should refer to [2, 11, 18, 22, 29, 36]. Also, a good introduction
to the above work 15 contained 1n [1]
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FIGURE 1 AR Y I TR 2 I N EY X
U | f ¥} Tz T (P

Jj = m, t; and u; represent the same substring of 5. In order to establish the bounds
quoted in this theorem, it is sufficient to show that

[al=|wm]=1,

Y || PO S

p-17 |u /
By definition of the Lempel-Ziv algorithm, it is impossible for some ¢; to begin with
a pointer while v, begins with a character. We therefore have one of the following
cases:

(1) ¢ and 4 both consist of a single character.

(2) ¢ and u, both consist of a single pointer (which represent identical strings by the
optimality principle siated at the beginning of the proof).

(3) ¢ begins with a character, and w; begins with a pointer.

In the first two cases, |4;| = || = 1, and their ratio falls within the desired bounds.
We must therefore establish the bounds for case (3). Let us write

L = XiaX2q2 * * *+ Xu@nXn+1,
W=ryira): <« Imlm

where each of the x,’s and y/’s is a string of zero or more characters and the ¢.’s and
7.’s are pointers.

A key observation is that any substring of 5 that is represented by characters (as
opposed to pointers) in either 4 or 4, must be represented by a pointer in the other.
This is true because of our definition of ¢, and #; in terms of a finest possible partition
of # and u. Figure 1 suggests the structure of that portion of s represented by ¢ and
u,. Notice that for each i, | <i=< n, ¢. represents at least the last character represented
by #:, all of y., and at least the first character represented by r.+,. Also, for 2 <i=<m,
r, represents at least the last character represented by ¢.—., all of x,, and at least the
first character represented by ¢.. To verify the above facts, depicted in Figure 1, it is
sufficient to observe that except at the end, if ¢, starts within r,, then g, must go
beyond the end of r,, since if ¢; ended earlier, then ¢; would not be as long as possible
{as we assumed at the start of the proof), and if ¢; ended at the same place, we would
not have the finest possible partition. Similarly, if 7, starts within a g,, then r, must go
beyond the end of ¢, since to end earlier would imply a violation of the Lempel-Ziv
greedy rule, and to end in the same place would violate the finest partition.

Let us summarize some important observations about Figure 1:

() Eitherm=norelsem=n+ 1.

(2) For 1 <=i=n+1,|x,| = p, or else we could replace x; with a pointer to some
earlier occurrence in s, thus reducing the length of ¢ by at least one in contradic-
tion to our definition of 1 as a compressed form of minimal length.

(3) Forl =i<m,|y|=p— 1, or else the Lempel-Ziv algorithm would have used
a pointer instead of y,.

@ |yml=p.

A number of cases now arise.
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Case 1. Suppose that #n = m. Since ¢, contains exactly n pointers and at least one
character from x;, we have |#| = np + 1. Now consider u,, which also has exactly n
pointers. Since each of the y, (except possibly y) has no more than p — 1 characters,

lyl=np+r—-1{p—-D+p=n2p—-1D+1
Thus

Wl mrl g
|| n2p—1+1 2p~—1

Case 2. Suppose that m = n + 1 and x4 is the empty string. Thus both ¢ and
w, end in a pointer. It is not hard to see that y,-; must also be empty, or else the
Lempel-Ziv algorithm would have replaced the string represented by ym-irm by a
single pointer. Thus , contains exactly n + 1 pointers, | ys| < p — I, for 1 < k&
=n—1,and | pu| = | pa+1| = 0. Hence,

| =+ 1p+@m—-Dp—-D=02p—n+l
Once again we have

By mHlL  p

] n2Zp-D+1 2p-1

Case 3. Suppose that m = n + 1 and x,.+; is not empty. By our definition of ¢ and
u in terms of a finest possible partition, it must be the case that y,41 is the empty
string. Also, since the string represented by g, extends at least (p + 1) ~ |xnu1l
characters past y., it must be that | y.| < |x.+1]; otherwise, the presence of ¢, implies
that the Lempel-Ziv algorithm must place a pointer directly after 7, (i.€.; | ya| = 0).
Thus we have

|  ap=D+|p|+1 w2p~-D+1 2p—-1V
In all of the above cases we have shown that |1, | /|4 | = p/(2p — 1). Since we are
using left pointers, it must be that # and u; contain no pointers (and so |f1 ] = [ ]).
Thus [t} = |ul for p =1, and |¢|/|u|> p/@2p — D for p> 1.
For any p > 1, using only a two-symbol alphabet, we can approach the lower
bound of p/(2p — 1) as follows. For k=0, let n = (p + 1)2* — 1 and

4] - np + [xna) + 1 Hp+ 1 o _P

n-p
sn = ab™'ab™" [ (ab™*ab™™).

=0

It is easy to check that

|A0pu/m/]_(sn)'[ - (k + 2p + 1) + (n — P)(P + 1)

| 8rz(sn) | k+2p+ 1)+ (n—p2p
_np+rhH+ O(ploga(n))
n(2p) + O(plogz(n))

p+1l

Forp=1,p/2p—1)=(p+ 1)/2p =1, and as p gets large, both quantities converge

to 4. Nevertheless, for p > 1, p/(2p — 1) is strictly less than (p + 1)/2p, and so we are

left with a small “gap.” At the time of the writing of this paper, this gap has not been
resolved. [

as n— w,
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Theorem 10 shows that as p gets large, the worst-case performance of the
Lempel-Ziv algorithm does not compare favorably with that of Aopm/Tr/L. The next
theorem shows that if we compare the performance of the Lempel-Ziv algorithm
with that of Aopma., the disparity becomes even greater.

THEOREM 11. For all strings and any pointer size p,

| Aorryr(s) |
00— <y,
[Arz(s)|

and the above bounds are tight.
Proor. This is a direct consequence of Theorems 5 and 10, [

Although the Lempel-Ziv algorithm is not optimal for the OPM/L scheme even
when it is restricted to topological recursion, the next theorem shows that a linear-
time algorithm does exist for optimally compressing strings using the OPM scheme
restricted to unidirectional pointers of any size (independent of whether topological
recursion is used). In view of the number of NP-completeness results presented thus
far, this is a pleasing result, especially since the OPM scheme has many practical
applications.

THEOREM 12.  For any string s, Aopmsup(s) can be constructed in linear time (on a
RAM).

Proor. Given a string s = 5, - - - 5, Sopm,1(s) may be computed by performing
the following steps (note that SHORT][ ] and MATCHYI ] are arrays of strings):

A: Let MATCH[X], | < k = n, be the longest string 5, -++ s;such that <k and 5, -+« =5 ++ + Shajese
Also, let g4 denote a pointer to MATCH[.].
B: SHORT{n + 1] = {empty string)
C: doi=n—1tolby—I;
if MATCH[#] = (empty string) then SHORT[i] = x.SHORT[i + 1]
else SHORT]/] = min(sSHORT(i + 1], ¢ SHORT[i + [MATCH[:]|]}
D: Aopma(s) = SHORT{1]

The algorithm is a dynamic programming algorithm which utilizes the optimality
principle stated at the beginning of the proof of Theorem 10. Each string SHORT[/]
computed by the algorithm is the shortest compressed form for s, - - - s,, given that
51 ¢+« 5 is available as a “dictionary.” By using the appropriate data structures,
step A can be performed in linear time using a slight generalization of the algorithm
described in [23]). To perform step C in linear time, we note that the array
SHORT can be represented by storing at SHORT]{]s: (or ¢:) followed by a pointer
to SHORTYi + 1] (or SHORTY}i + | MATCHIi]|]). In step D we can easily write out
SHORT](1] in linear time by following the sequence of pointers through the array
SHORT. Hence the entire algorithm to compute Aopm/(s) runs in linear time.

To compute Aopm,up(s), we can compute Aopm/r(S) using the above algorithm on
the reverse of s and then Aopm/un(s) = min{Aopm,/L(s), Aopmm(s)}. O

It should be noted that the Lempel-Ziv scheme uses the same decoding algorithm
as any other unidirectional OPM scheme, and so the decoding complexity of our
method is the same as that of Lempel-Ziv.

5. Internal Versus External Schemes

Although a number of bounds have already been given on the relative performance
of various pairs of compression methods, we have yet to compare the effectiveness of
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the external schemes to the internal schemes. We shall now present a few results of
this kind. In order to avoid trivial comparisons, we shall require that both schemes
under comparison allow recursion if either does (otherwise the refative performance
goes to zero). This will cause us to consider schemes that are not particularly natural
(internal schemes with nonoverlapping pointers, etc.). The purpose of comparing,
say, the EPM scheme without recursion or overlapping to the CPM scheme without
recursion and overlapping is not to propose the CPM scheme without recursion and
overlapping as a useful scheme, but rather to give some insight with regards to the
relative performance of internal and external schemes. The first theorem of this
section considers schemes without restrictions.

Tueorem 13.  For all strings s,

(@) 3l Acem(s)| < |Aren(s)| = |Acem(s)| + p,
(8} 1| Aors(s)| < |Aosru(s)| < [Aoru(s)| + p,

regardless of whether topological recursion is assumed. Furthermore, for any real
h > 0, there are infinitely many sirings over a two-symbol alphabet for which the bound
of 3 + h can be achieved for (b) and infinitely many strings over a K = 2 symbol
alphabet for which the bound of (2K — 1)/(3K — 2) + k can be achieved for (a).”®

Proor

(a) The proof of the second inequality is trivial since Acpm(s) may be used as the
external dictionary. Let us now demonstrate the bound of  In what follows, for
strings uv and vw (v may be the null string), #v — vw denotes w and uv + yw denotes
v. For a string s, consider Agpm(s) = so#s,. Write so as so = [[ 11 ;, Where 7, is the first
factor in sp and r,, 2 < i < k, is -1 — z, where z is a substring of 5 satisfying the
following two conditions:

(1) zis a factor in s, that either overlaps with r,—; or starts directly after . (i.e., z
15 a factor in sp and 7., — z is well defined).

(2) There is no other factor in s that satisfies condition 1 and e¢xtends further ¢o the
right in 5 than z.

Since (by definition) Agpm(s) is a minimal-length compressed form, the partition of
5o as described above is well defined. Furthermore, by construction the following two
facts hold:

(1) The set {R.:r is a compressed form for R.} is a set of nonoverlapping substrings
of s.

(2) Each factor in &, is, for some i, a substring of the string r;, 7,41

It is possible to construct a CPM compressed form ¢ for s from 5 as follows:

All characters (1.c., nonpointers) in s, are i¢ft intact. Find a pointer g in 5, with ry as its target, and replace
gby rn For2=i=k, find a pointer ¢ in 5 with a target z satisfying r. = r., ~ z, and replace ¢ by ¢'r.,
where ¢’ is a pointer to r,-) + z. All other pointers 4 in $ point to a substring of r.r..: for some f and may
be replaced by two pointers in the obvious way.

It is possible that for some strings, the substitutions described above cause some
pointers to have targets of size p or smaller. If this is the case, we can reduce the size
of t by deleting pointers of this kind and substituting in the targets. Similarly, it may
be possible to reduce the size of 1 by finding adjacent pairs of pointers that we created
as described above and find a new target such that the pair of pointers can be

18 Note that thus implies that the bound of 2/3 is tight for unbounded size alphabets.
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replaced by a single pointer together with less than p characters. Since we are looking
for a worst-case ratio (which we show to be tight shortly), we can assume that it is
not possible to shorten ¢ in the two ways described above. Having made this
assumption, it is not hard to show that for a worst-case ratio it must be that | 5| = pn,
where n denotes the number of pointers in s1. Thus, if we let m denote the number
of characters in 5, we have

| Arpm(s) | . FAppm(s) | L pntm+ EY

|Acem()| —  |t] 2pn+m+ 5|
S ont|sl (2
2pn + |s| 3

A more careful analysis shows that the above inequality must be a strict inequality
(i.e., >, not =).
We now show the bound of 2 10 be tight. Let us first see how a bound of § may be
achieved with a two-symbol alphabet. For n a multiple of p let
Sn = ﬁp a®pr-ip,
i=1

Using the EPM scheme, s, can be written as

R/p

at"# [[(n—ip+1,n+ p),

=1
and so it follows that | Azem(s»)| = 3n. On the other hand, if we attempt to factor s,
using the CPM scheme, a shortest compressed form for s, is

n/p—1
a’b” ( H 41,|92,;)a"bp,
=2

where ¢, denotes a pointer into a” and ¢, denotes a pointer into 5". Hence
| Acem(sa) | = 4n + O(p), and a bound of § follows.
For a K = 2-symbol alphabet we can generalize the above construction by defining
K—1 n
Sn = a’.”a!"”_”"),
l-l-li (1—1 +1
and the bound of 2K — 1)/(3K — 2) follows. In addition, if we let K = f(n) for any
unbounded function £, then the bound of § follows for an unbounded alphabet size.
(b) For a string s we can consider Aogpm(s) = so#s; and proceed in a fashion
analogous to the proof of part (a), the only difference being that this proof is a bit
simpler, since we cannot make any claims about |so|. This is because with original
pointers, pointers indicate the decompressed form of so, not s, itself; thus s, can be
very small compared to the number of pointers in s51. Hence, using the notation of
part (a),
| Aorrm(s) | >ﬂ =1
| AopM(S) I 2pn 2 )
This bound may be shown tight (even for two-symbol alphabets), as follows. For
n>0let

a/p
gn =[] a®p™¢V2,
1l

Using an external dictionary of a"b”, it is easy to see that |Aoepm(Sn)| < n +
O(ploga(n)), regardless of whether topological recursion is used, whereas it is easy to
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check that j Aopm(sa) | = 2n, regardless of whether topological recursion is used. Thus
the bound of { is approached arbitrarily closely as n gets large. O

We now turn our atiention to bounds concerning restricted schemes, In particular,
we consider overlapping and recursion restrictions.

TuroreM 14. Let Ainr denote an internal scheme (CPM or OPM) and Agxr an
external scheme (EPM or OEPM). Furthermore, if Aivr and Agxr are used together,
then both refer to compressed pointer schemes or else both refer to original pointer
schemes. Then for all strings s,

(@) % <|Bexr(s)|/|Ainr(s)| < % when recursion is forbidden.
b) 1= |Asxr(s)|/ ]| Anr(s)} = 3 when overlapping is forbidden or when both recursion
and overlapping are forbidden.

Furthermore, these bounds are tight.

ProoF

(a) When recursion is forbidden, compressed and original pointers are equivalent,
and so without loss of generality we consider the CPM scheme. The fact that 4 is a
tight lower bound follows from a proof very similar to that of Theorem 13. We now
show that 3 is a tight upper bound. It is not hard to show that we need only consider
strings s such that for some string r and integer k = 1,

k
Acem(s) = r [] ¢.,
=1

where g, denotes a pointer to some substring of r. Using r as the dictionary for the
EPM scheme, s can be factored using k + 1 pointers. Thus we have

[dexr(s)| _ [dzem(s)] _ || + (K + p

lAwr(s)|  |Acrm(®| ~ |r|+ kp
i+ _4
Trl+p T3

The string a* attains this bound.

(b) 1t is easy to see that 1 is a tight lower bound. Given Apxt(s) = so#s;, a
corresponding internal compressed form ¢ for s may be formed by “hoisting up” so
into 5, with the following algorithm (this works independently of whether topological
or nontopological recursion is present):

A: Let 7 = g and label all pointers “unmarked.”

B: while theze is an unmarked pointer g in 7 do
Replace ¢ by its target and replace all other unmarked pointers in ¢ that have the same target as
¢ by a marked pointer 1o their target in 7.

The (tight) bound of § follows by an argument similar to that given in the proof of
part (a). O

6. Conclusion

We have investigated various aspects of the macro model for performing data
compression by text substitution. Results have included NP-completeness theorems
on the complexity of finding the most compact encodings for several different macro
schemes, relative performance bounds on many pairs of schemes, and a linear-time
algorithm for performing optimum compressions for one of the more practical
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schemes. All of the schemes we have presented have efficient linear-time decoding
algorithms,'® and many restricted forms of these schemes have real-time decoding
algorithms that require only a small amount of random access memory. The same
decoding algorithm may be used independently of whether the compressed form is
of minimal length. Thus, NP-completeness results indicated in this paper should not
discourage further investigation of these schemes. It seems likely that fast and
effective approximation algorithms for compressing strings exist for many of the
macro schemes with NP-complete encoding complexities. In addition, a number of
further results that we have not discussed in this paper lead to polynomial-time
compression algorithms for various restricted forms of these problems.

ACKNOWLEDGMENTS. The authors are grateful to J. D. Ullman for helpful comments
and to J. Gallant for his critical reading of the paper and for providing a shorter
proof of Theorem 2 for the case p = 1.

REFERENCES

1. Ano, A.V., HOPCROFT, J.E, AND ULLMAN, JD. The Design and Analysis of Computer Algorithms.
Addison-Wesley, Reading, Mass., 1974.
2. Bover, R.S. A fast string searching algorithm Commun. ACM 20, 10 (Oct. 1977), 762-772.
3. Cook, S.A The complexity of theorem proving procedures. Proc. 3rd Ann. ACM Symp. on Theory
of Computing, Shaker Heights, Ohio, 1971, pp. 151-158.
4. GALLANT, J., MAIER, D, AND STORER, J A.  On finding minimal length superstrings. J. Comput. Syst.
Ser. 20 (1980), 50-58
5. Garey, M.R., Jounson, D.S., AND STOCKMEYER, L.  Some simplified NP-complete problems. Theor.
Comput. Sci, I (1976), 237-267.
6. Hagamen, W.D.,, LINDEN, D.J,, LoNG, H.S,, AND WEBER, J.C. Encoding verbal information as
unique numbers. IBM Sysi. J. 11 (1972), 278-315.
7. Haun, B. A new techmque for compression and storage of data. Commun. ACM 17, 8 (Aug. 1974),
434-436
8. HurrMaN, D.A. A method for the construction of minimum-redundancy codes, Proc. IRE 40 (1952),
1098-1101.
9. KarP, R M. Reducibility among combinatorial problems. In Complexity of Computer Computations,
R.E. Miller and J.W. Thatcher, Eds., Plenum Press, New York, 1972, pp. 85-103.
10. KnutH, D.E. The Art of Computer Programming, Vol. I: Fundamental Algorithms, 2nd ed. Addison-
Wesley, Reading, Mass., 1973.
11. Knuth, D.E,, Morris, J H,, AND PRaTT, V.R. Fast pattern matching in strings. SIAM J. Comput.
6, 2 (1977), 323-349.
12. LEMPEL, A, AND Z1v, J.  On the complexity of finite sequences. JEEE Trans Inf. Theory IT 22, 1
(1976), 75-81.
13 Lesg, M.E. Compressed text storage. Unpublished Tech. Memo., Bell Laboratories, Murray Hill,
N.J, 1970
14. McCartHY, J.P. Automatic {ile compression. In International Computing Symposium, North-Hol-
land, Amsterdam, 1973, pp 511-316.
15 McCrreiGHT, EM. A space-economical suffix iree consiruction algorithm. J. ACM 23, 2 (Apr. 1976),
262-272.
16. Maer, D The complexity of some problems on subsequences and supersequences. Conf on
Theoretical Computer Science, University of Waterloo, Waterloo, Ont., Can., 1977, pp. 120-129
17. MAIER, D., AND STORER, J.A. A note on the complexity of the superstring problem. Proc 1978 Conf.
on Information Sciences and Systems, Balumore, Md., 1978, pp. 52-60.
18. MaysTer, M E.  Efficient on-line construction and correction of position trees. Tech. Rep. TR79-393,
Dep. of Computer Science, Cornell Univ., Ithaca, N.Y., 1979.
19 MARRON, B.A , AND DE MAINE, P.A.D. Automatic data compression. Commun. ACM 10, 11 {Nov.
1967), 711-715
20. MAYNE, A., aND James, E.B. Information compression by factorising common strings. Comput. J.
18,2 (1975), 157-160

' The decoding algonithms presented m Definttions 1-4 are used because they are simple to state, not
because they are the most efficient algorithms

23



Data Compression via Textual Substitution 951

21.

22

23

24,

25
26

27.

28.

29.

30

31

32,

33,

34,

35.

36.

37.
38.

39.

MoRR1s, R., avD THompson, K. Webster’s second on the head of a pin. Unpublished Tech. Memo.,
Bell Laboratories, Murray Hill, N.J., 1974,

Pratr, V.R. Improvements and applications for the Weiner repetition finder. Lecture notes, 3rd
revision, 1973,

Ropei, M, PratT, VR, AND EvEN, § A linear-time algonithm for finding repetitions and its
application to data compression, Tech Rep. No. 72, Dep of Computer Sci., Technicon, Israel, 1976.
Ropen, M., PRATT, V.R,, AND EvEN, S. Linear algorithm for data compression via string matching.
J. ACM 28,1 (Jan 1981), 16-24.

Rupiv, F Experiments in text file compression. Commun. ACM 19, 11 (Nov. 1976), 617-623.
RuTH, 8§ S, AND KREUTZER, P.J. Data compression for large business files. Datamation 18, 9 (1972),
62-66

Seery, J B, AND Z1v, J. A umwversal data compression algorithm: Description and preliminary
results. Unpublished Tech. Memo., Bell Laboratories, Murray Hill, N.J., 1977.

SEErY, J.B., anD Ziv, J. Further results on universal data compression. Unpublished Tech. Memo.,
Bell Laboratories, Murray Hill, N.J., 1978,

SEIFERAS, J.  Subword trees Lecture notes, 1977

Storer, JA NP-compleieness results concerming data compression. Tech. Rep. 234, Dep. of
Electrical Engieering and Computer Science, Princeton Univ., Princston, N.J., 1977,

StoRreR, J.A. PLCC—A compiler-compiler for PL1 and PLC users. Tech. Rep. 236, Dep. of
Electrical Engineering and Computer Science, Princeton Univ., Princeton, N.J., 1977.

Stomer, JJA. Data compression: Methods and complexity 1ssues. Ph.D. Dissertation, Dep. of
Electrical Engineerng and Computer Seience, Princeton Univ, Princeton, N.J., 1978,

STORER, J.A., AND SzyManskl, T.G. The macro model for data compression. Proc. 10th Ann. ACM
Symp. on Theory of Computing, San Diego, Calf, 1978 (extended abstract).

VisvALINGAM, M. Indexing with coded deltas—A data compaction technique. Sofiw. Pract. Exper
6 (1976), 397-403.

WAGNER, RA. Common phrases and minimum-space text storage. Commun. ACM 16, 3 (Mar.
1973), 148-152

WEINER, P Linear pattern matchung algorithms. Proc. 14th Annual IEEE Symp. on Switching and
Automala Theory, Ames, lowa, 1973, pp. 1-1L

Zv, J.  Coding theorems for individual sequences JTEEE Trans. Inf. Theory IT 24, 4 (1978) 405-412.
Ziv, T, ann LEMPEL, A. A universal algonthm for sequential data compression. TEEE Trans Inf.
Theory IT 23, 3 (1977), 337-343.

Zrv, J, AND LEMPEL, A. Compression of individual sequences via variable-rate coding. JEEE Trans.
Inf. Theory IT 24, 5 (1978), 530-536.

RECEIVED JULY 979, REVISED JUNE 1980, ACCEPTED JUNE 1981

Journai of the A for Comy Machinery, Vol 29, No 4, October 1982

-3

24



