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the nlgorirlrrrr is fririy general and performs rernerlrabiy
well with most types of longer. _.
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Compressing Still and Moving Images with Wavelets *

Michael L. Hilton Bjorn D. Jawerth Ayan Sengupta

April 18, 1994’

7 Abstract

The wavelet transform has become a cutting-edge technology in image compression
research. This article explains what wavelets are and provid a practical, nuta—and-
bolls tutorial on wavelet-based compression that will help readers to understand and
experiment with this important new technology.

Keywords: image coding, signal compression, wavelet transform. image transforms

1 Introduction

The advent of multimedia. computing has lead to an increased demand for digital images.
The storage and manipulation of these images in their raw form is very expensive; for
example, a standard 35mm photograph digitized at 12 pm per pixel requires about 18
Mflytes ofstorage and one second of NTSC-quality color video requires almost 23 Mflytes of
storage. To make widespread use of digital imagery practical, some form of data compression
must be used. '

three typeoofl - =.—

- almost all natural images, the values of nei
strongly correlated.

—S images composed of more than one spectral band, the spectral
values for the same pixel location are often correlated.

- Adjacent frames in a video.sequence often show very little
change. i

 

 

$11-l3C|1"iI!g pixels are

The removal ofepatial and spectral redundancies is often accomplished by transform coding,
which uses some reversible linear transform to the decorrelats the image data (Rabbani
and Jones 1991). 'I‘empora.l redundancy is exploited by techniques that only encode the
differences between adjacent from in the image sequence, such as motion prediction and
compensation (Jain and Jain 1981; Lin and Zaccerin 1993).

In the last few years, the wavelet transform has become a. cutting edge technology in
image compression research. Although the literature on wavelets is vast, most ofthe papers

‘The work in this pnpar wu supported by Summus, Ltd.
l‘I.‘o appear In Multimedia Systems, Vol. 2. No. 3
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dealing with wavelet-based image compression are written by specialists for the specialist-
The purpose of this article is to provide a practical, nuts-and-bolts tutorial on wavelet-
based compression that will (hopefully) help you to understand and experiment with this
important new technology. '

This paper is organized into three main sections. Section 2 discusses the theory behind
wavelets and why they are useful fonitusge compression. Section 3 describes how the wavelet
transform is implemented and used in still image compression systems, and-presents some
results comparing several dlfliarent wavelet coding schemes with the JPEG (Wallace 1991}
still image compression standard. In Section 4 We describe some initial results with a. novel
softwure-only video decompression scheme for the PC environment. We conclude the paper
with some remarks about current andfuture trends in wa.velet~ba.sed compression.

1.1 A Note on Performance Measures

Throughout this paper. numbers are given for two measures of compression performance

—- compression ratio and peak signal-to-noise ratio (PSNR). The results of both of these
performance measures can be used to mislead the unwary reader, so it is important to
explain exactly how these figures were computed. We define compression ratio as

the number of bits in the original image
the number of hits in the compressed image'

In this paper we confine our measurements to 8 bits per pixel (imp) greyscale images. so
the peak signal-to—uctlse ratio in decibels (dB) is computed as

255
RMSE

where RMSE is the root mean-squared error defined as

PSNB. = Zlllogm

I N M _ _ _ .
fi;Z):lf{1.J)-f(:.:)liI=1jzI

RMSE =   
2

t

and N and are the width and height, respectively, of the images inlpixels. I is the origiuil
image, and f is the reconstructed image. Note that the original and the reconstructed line;
must be the same size.

2 Wavelets

The purpose of this section is to provide an intuitive understanding of what wavelets are and
why they are useful for signal compression. For a more rigorous introduction to wavelets,
see (Daubechies 1992), (Chui 1992}, or (Jawerth and Sweldens 1992).

One of the most commonly used approaches for analyzing a signal f(z) is to represent
it as a. weighted sum of simple building blocks, called basis functions:

rs) = ):e.-we

where the iii,-(2) are basis functions and the c.- are coefficients, or weights. Slnoe the basis
functions, W; are fixed, it is the coeflioients which contain the information about the signal.
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The simplest such representation uses translates of the impulse function as its only bases,
yielding a. representation that reveals information only about the time domain behavior of
the signal. Choosing the sinusoicls as the basis functions yields a. Fourier representation
that reveals information only about the signal‘s frequency domain behavior.

For the purposes of signal comprsion, neither of the above representations is ideal.
What we would. liim-ta=bs'nsIrili*'s=re1ireseiitiiti’on which‘ contains‘ informatirm abtrosvbotb

the time and frequency behaving:-_9f-.ths»sigpal,. More specifically, we want to know the
frequency content of the signal at a. particular instant in time. However, resolution in time
{As} and resolution in frequency (Aw) cannot both be made arbitrarily small at the same
time because their product is lower bounded by the Heisenberg inequality '

1

2

This inequality means that we must trade off time resolution for frequency iesolution. or
vice versa. Thus, it is possible to get very good resolution in time if you are willing to settle
for low resolution in frequency, and you can get very good resolution in frequency if youusre
willing to settle for low resolution in time. ' _

The situation is really not all that had from a compression standpoint. By thr very
nature, low frequency events are spread out {or non-local) in time and high frequency events
are concentrated (or localized) in time. Thus,‘ one way that we can live within the confines
of the Heisenberg -inequality and yet still get useful tirnefrequency information about a
signal is if we design our basis functions to act like cascaded octave bandpass filters, which
repeatedly split the signul’s bandwidth in half.

'Ib gain insight into designing a set of basis functions that will satisfy both our desire
for information and the Heisenberg inequality; let us compare the impulse function and the
sinusoids. The impulse function cannot provide information about the frequency behavior
of a signal because its support — the interval over which it is non-zero —- is infiuitesimally
small. At the opposite extreme are the sinusoids, which cannot provide information about
the time bah
ace . ' - I ._

su1:tpu|t..oLp_.._ ’ ' The different support widths allow us to trade 0)? time and
frequency resolution in erent ways; for example, a. wide basis function can examine a
large region of the signal and resolve low frequency details accurately, while a short basis
function can examine a. small region of the signal to resolve time details accurately.

To simplify things, let us constrain all of the basis functions in {VIM} to be scaled and
translated versions of the same prototype function III, known as the mother wavelet. The
scaling is-accomplished by multiplying .1 by some scale factor; if We choose the scale factor
to he a power of 2, yielding ill‘(2"z} where tr is some integer, we get the cascaded octave
bandpass filter structure we desire. Because 1]? has finite support, it will need to be trans-
lated along the time axis in order to cover an entire signal. This translation is accomplished
by considering all the integral shifts of III,

lD(2"z—lr}, tez.

Note that this really means that we are translating ‘II in steps of site 2"’k.1 Putting this
all together gives us 5 traveler decomposition of the signal.

f(=): Z X cuk_'1'v.i'.(z)vfinitekflnite ‘

' nears‘;

"rant 2. because W(2':: — t) = s(:-'{; — 2""l:]).

twist of a signal because they have infinite support. ‘him
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where

‘I-",,;¢(x) = 2'”\I‘ [Eve — 1:]

(the muitiiiiicatifln by 2"” is needed to make the bases orthonormal). 90 farwe l'r'.5.i're'-nit!‘
not-hing aholblhe-aaeileienls» 9,5. They are computed'"By the wavelet tmnsfiir-rn-,‘-'whieh'i!'
jut thu.inner‘proITh\:t"l!f‘tiiie'sign‘al"-f(x) with the-ha.siu..functionu.wi-,;,-fix)-.»g.

The comparisons between waveiets and octave bandpass filters was not made just for
pedagogicai reasons. Wavelets can, in fact, be thought of and implemented as octave band
pass filters, and we shall treat them as such for the remainder of this paper.

3 Still Image Compression

A wide variety of wavelet-based image compression schemes have been reported in the lit-
erature, ranging from simple entropy coding to more complex techniques such as vector
quantization [Antonini et al. 1992; Hopper and Preston 1992), adaptive transforms {De-
sarte et a1. 1992; Wickerhouser I992), tree encodings (Shapiro 1993; Lewis and Knowles
1.992), and edge-based coding [Fhment and Mallet 1992). All of these schemes can be de-
scribed in terms of the general framework depicted in Fig. 1.
By appmre "m5né1s€€’m' fi$fi§ ng
ouafonn ‘eaIfii_¢i0!¢Oi**‘nnd'*'0n1iiug~‘the"qua:rrtfle::Y" vaIiié§T" "Ifi'E‘g’é“"reE'a'm‘i‘ffiEt1h‘ii‘"f€"§!(§!n1-

itI‘?e1'f!flg" tflfhofliifefikffifdpefifflflifih. We now dcribe each of the boxes in
Fig. 1 in more detail.

 
Figure 1: Block diagram of wavelet-based image coders.
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3.1 Implementing the Wavelet Transform

The forward and inverse wavelet transforms can each be ethciently implemented in 0(a)
time by a pair of appropriately designed Quadrature Mirror Filters (QNiFs) (Creisier st 'a.i.
1976). Therefore. wavelet-based image compression can be viewed as a. form of subband
coding (Woods end O'Neil 1986), Each QMF pair consists of s. lowpass filter {.H'l_and s
highpass filter {G} which split a signers bandwidth in half. The impulse responses of H
and G are mirror images, and are related by

9.. = (-1)?-"h.-.. ‘{1} _
The impulse responses of the forward and inverse transform QMFa — denoted (ii, (9') and
(ILG) respectively —-« are related by

Hal.9‘-I = -n [2]

hi! = -13' 7

To illustrate how the wavelet transform is implented, we shall use Dauhechie's We
wavelet [Dsirhechies 1958). We chose this wavelet because it is well known and has some
nice properties. One such property is that it has two vanishing moments, which means the
transform coeflicients will be zero (close to zero) for any signal that can be dcrib.-_a-I by

an

-[approximated by] 8, polynomial of degree 2 or less. The mother wavelet basis for We is
shown in Fig. 2. The filter coefficients for H of W; are

o.;;:I2a7oss295n
n.sn5s915o9311
0459377502113

—o.135o11o2oo1o

—o.us5441273sa2 __ _=
MJ35226291882 '

5.".°"::?'.."?‘.?.§" ItIIItIInu
from which the coeflicients for G, , and (3 can be derived using Equations 1, 2, and 3.
The impulse responses of H and G are shown in Fig. 3.

A one-dimensional signal 5 can be filtered by convolving the filter coeflicients cl. with
the signal values.- M

ii = E ck-’1'—J:- it:

where M is the number of coeflicients, or taps, in the filter. The one-dimensional forward
wavelet transform of 9. signal 5 is performed by convolving s with "both Ii and G‘ and
downsampling by 2. As dictated by Equation 1. the relationship of the Ii" and G‘ filter
coeflicients with the beginning of signal 5 is

E5 in E,
-in 83 54 3?‘ 38:33: 3.?’

9s 94 5'3 9: 9! 90

Note that the G’ filter extends before the signal in time; if .9 is finite, the ii’ filter will extend
beyond the end of the signal. A similar situation is encountered with the inverse wavelet
transform filters H and G. In an implementation. one must make some choice about what

5
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Figure 2: The mother wavelet basin function for W5.

Fnmmqrflcnomeumwulflnmeflwl -

‘I .4
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Nonnallznu Frnqunrtey

Figure 3: Frequency response of the We QMF5.
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values to pad the extensions with. A choice which works well in practice is to wrap the
signal about its endpoints. i.e.,

'-Sn-1 591 -lo 51 5: -In-2 3:-n—1 5n 5n 51

thereby creating a periodic extension of s. I
Fig. 4 illustrates a single 2-D forward wavelet transform of an image, which is accom~

pllshed by two separate 1-D transforms. The image f[:c,y) is first filtered along the :s
dimension, resulting in a. lowpass image f;,[:',y} and a highpass image fy(2,y). Since the
bandwidth of fr, and jg along the a dimension is now half that of f, we can safely down-'

sample each of the filtered images in the : dimension by 2 without loss of information. The
downaampling is accomplished by dropping every other filtered value. Both fr, and fg are
then filtered along the 3; dimension, resulting in four subimages: fun fur, fun and fgy.
Once again. we can downsample the subimages by 2, this time along the y dimension. As

illustrated in Fig. 4, the 2-D filtering decomposes an image into an ouemge signal (ILL)
and three detail signals which are directionally sensitive: f,r_,g emphasizes the horizontal
image features, fm, the vertical features, and fgg the diagonal features. The directional
sensitivity of the detail signals is an artifact of the frequency ranges they contain.

fitter)

 
Figure 4'. Block diagram of the 2-D forward wavelet transform.

It is customary in wavelet compression to recursively transform the average signal.’ The
number of transformations performed depends on several factors, including the amount of
compression desired, the size of the original image, and the length of the QMF filters. In
general, the higher the desired compression ratio, the more times the transform is performed.

After the forward wavelet transform is completed, we are left with a matrix of coefficients

that comprise the average signal and the detail signals of each scale. No compression of the
original image has been accomplished yet; in fact, each application of the forward wavelet

‘A more sophisticated dcconspocition strategy is to use the moueiet packets of Coifmsn and Meyer'(Wicit-
erhouaer 1992; Coitmanaud Wiclserhouser 1992].
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\

transform causes the magrlitude of the coefiiciente to grow, so there has actually been an
increase in the amount of storage required for the image‘. Compression is achieved" by
quantizing and encoding the wavelet coefficients.

The 2-D inverse wavelet transform is illustrated in Fig. 5. The average and detail signals
are first upsampled by 2 along the y dimension. Upsampling is accomplished by insertirig
a zero between each pair of values in the go dimension. The upsampling is necessary to
recover the proper bandwidth required to add the signals back together. After upsampiing,
the signals are filtered along the y dimension and added together appropriately. The proces
is then repeated in the 2 dimension, yielding the final reconstructed image. -

 
"\

Figure 5: Block diagram of the 2-D inverse wavelet transform.

3.2 Quantization

The forward wavelet transform decorrelates the pixel values of the original image and con-
centrates the image information into a relatively small number of coeflicients. Fig. 6 (Left)
is a. histogram of the pixel values for the 3~bits per pixel (bpp) 512 x 512 Lena image, and
Fig. 6 (Right) is A histogram of the wavelet coefiicienta of the same image after the forward
wavelet transform is applied. The “information packing" effect of the wavelet transform is
readily apparent from the scarcity of coefficients with large magnitudes.

The sharply peaked coeflicient distribution of the wavelet transformed image has a lower
zero-th order entropy (4.24 bpp) than the original image (1.46 bpp), thereby increasing the

. amount of lossless eompression possible.
We can also take advantage of the energy invariance property of the wavelet transform

to achieve ltigh-quality lossy compression. The energy invariance property says that total
amount of energy in an image‘ does not change when the wavelet transform is applied. This
property can also be viewed in a slightly different way: any changes made to the values
of the wavelet coefficients will result in proportional changes in the pixel values of the
reconstructed image. In other words, we can elimirfate (set to zero} those coeflicients with
small magnitudes without creating significant distortion in the reconstructed image. In
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_Original Lena Image Transformed Lena Image
0.015 10

.2

§‘ 0.01 gm0} in

3- § ..
$0.005 .._1o“‘

0 1o‘0 100 200 300 0 5000 10000
Pixel Value Coefflolent Value

Figure 6: LEFT) Normalized histogram of the pixel values in the original Lena image.
RIGHT) Normalized histogram of the wavelet transform coeflicients of the same image.

practice, it is possible to efimlnate all but a. few percent of the wavelet coefllcients and still
get a reconstructed image of reasonable quality. The elimination of small valued coeflicients
can be accomplished by applying a iltresholding function

T(t,..-2] = {
to the coefficient matrix. The amount of compression’ obtained can now be controlled by
varying the threshold psrsmeter t.

Higher oornpression ratios can be obtained by quantizing the nonzero wavelet coefli-
cients before they are encoded. A quantizer is 3 many-to-one function 0(1) that maps many
input values into as (usually much) smaller set of output values. Quantizers are staircase
functions characterized by a set of numbers {d.-,1’ = 0,. ..,N} called decision points and
a set of numbers {r;,:' = 0, .. ., N — 1} called reconstruction levels. An input value 2 is
mapped to s reconstruction level n if .1 lies in the interval (d.',d.-+1].

To achieve the best results, a separate quantizer should be designed for each scale,
taking into account both the properties of the Human Visual System {Man 1982) and the
statistical properties of the scale's coeffieits. The characteristics of the Human Visual
System guide the allocation of bits among the different scales, and the coeflicient statistics
guide the quautizer design for each scale. Descriptions of various bit allocation strategies
can be found in (Mstic and Mosley 1993) and (Clarke 1985).

The distribution of coefiicient values in the various detail signals can be modeled rea-
sonably well by the Generalized Gaussian Distribution (GGD). The probability density
function of the coefiicient distribution at each scale :2, then, can be given by (Abrarnowits
and Stegun 1965}:

0' if in < 2
:1: otherwise

.Pv("-"J = exp f-[v(a»»0-r) |=|1“')2I'{1]nr,,)
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W 20, 33, 51, T3, 99, 128, 161, 201, 245

‘Table 1: Lloyd-Max quantizers generated using magnitude data from the W5 transformed
Lena image.

 

 

 
  

291,339,3ss,43s,5oo,591,73s,2n4s
2s,41,s1,s5,113,143,179,223.2s7
314,3s2,41n,4ar,s39,e44,334

where
Q I

We-r:::5.;1‘“
and W

nn=£ rw*n
cr, is the standard deviation of the coefiicient distribution at scale it and cr, is a shape
parameter describing the exponential rate of decay of the distribution et scale v. For
example, when or, = 1 the GGD becomes the Laplaciao pdf, while or. = 2 leads to the
Gaussian pdf. The an, appropriate for a particular class of images can be computed using -
the 1;’ test or by simple observation. Eat the W5 wavelet and the Lena image, several of

' the appropriate Values of try end 0... are:

as = [L53 03 = 5.118
01- = 0'7 =
:2; = 0.43 as = 14.33
CI; = 0.39 ct; = 20.17

The design of scalar quautisers will also depend on the type of encoder to be used. If
the encoder uses fixed-length codewords, the Lloyd-Mex algorithm (Max 1960) can be used
to design a quantize: that minimizes the mean-squared quantization error. If a variable-
length entropy coder is used, uniform quantization is optimal (in the mean-squared error
sense) when the coeificient distribution is Laplacian; for other distributions, the algorithm
in [Wood 1969} can be used to design an optimal quantizer. Vector quantization [Gersho
and Grey 1992) has also been used in wavelet comprsion systems, for example (Antouini
et a1. 1992) and (Bradley and Brislewn 1993}. '

Table 1 lists the decision points and reconstruction levels for as set of Lloyd-Max quan-
tizers generated using magnitude data from the W3 transformed Lena image. One extra
hit per codeword is needed to represent the sign of the quantized coefficient. The codeword
sizes were chosen by experimentation.
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3.3 Coding the Coefllcients

The encoder/decoder pair, or codec, has the trial: of lossleasly compressing and decompress-
ing the sparse matrix of quantized coeflicients. Codec design has received a tremendous
amount of attention, and a wide variety of schemes exist [Lelewer and Hirshberg 1987).
The design of a code: is usually a compromise between (often sonllicting) requirements for
memory use, execution speed. available bandwidth, and reconstructed irna.ge_qual.ity.

For applications requiring fast execution. simple run-length coding (Pratt 1973) of the
zero-valued coefficients has proven very effective. (The distribution of non-zero coefficients
is such that rarely is it profitable to run-length encode them.) The zero rumlengths can"
be encoded using either fixed-length codewords or variable-length entropy coding; entropy
coding is more expensive to implement, but can improve the peak signal to noise ratio
{PSNRJ of reconstructed images by -a.s much as 3 dB, depending upon the energy-packing
ability of the wavelet in use.

For applications requiring the best possible image quality at a. particular compression
ratio. a technique such as Shapiro's Zero Tree encoding (Shapiro 1993) is a. better choice.‘
The execution speed tradeofi” between these two coders is quite dramatic: our run-length
entropy coder takes less than one second to compress a 512 x 512 3 bpp image on a 66-MHz
80486 computer, and Zero Tree-like coders can take up to 45 seconds to compress the same
image on the same machine. However. the quality of the Zero Tree image is much better
— 36.28 dB PSNR (Shapiro 1993) vs. 33.2 dB PSNR at a. compression ratio of 16:1.

3. 4 Compression Results

The peel: signal to noise ratios of several different wavelet compression techniques applied’
to the 512 x 512 8-bpp Lena image are compared in Fig. i‘. The graphs show that both the
encoding technique and the particular wavelet used can make -a significant clilference in the
performance of a. compression system: the Zerotree coder performs the best; biorthogonal
wavelets (Antonini at al. 1992: Cohen 1992; Averbuch et a1. 1993) perform better than W4;
and variable length coders perform better than fixed length coders.

The performance of a baseline .1’PEG (Wallace 1991) image cornpressora is also indicated
in Fig. 7. At compression ratios less than 25:1 or so, .1PEG performs better numerically than
the simple wavelet coders. At compression ratios above 30:1, JPEG performance rapidly
deteriorates. while wavelet coders degrade gracefully well beyond ratios of 100:1. Figure 8
compares the visual quality of several image coders. -

4 Video Compression

The wavelet transform can also be used in the compression of image sequences, or video.
Video compression techniques are able to achieve high quality image reconstruction at low
bit rates by exploiting the temporal redundancies present in an image sequence (Le Call
1991: Liu 1991). Wavelet—bssed implementations of at least two standard video compression
techniques, hierarchical motion compensation (Us et sl. 1991) and 3-D subband coding
(Karlson and Vetterli l.939).hzwa been reported {Zhang and Zafar 1992; Lewis and Knowles
1990). However, the computational expense of the wavelet transform has so far prevented
its use in resltime, software-only video codecs for PC—class computers. In this section, we 

‘The JPEG coder that is included in Version 3.21 of John H-‘:ndley's xvin‘ program was used to generate
the JPEG performance data shown in Fig. 1'.

11
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zflffllfflfl -0--
JPEG -+---

rthog=onal¢VLO -a---ah-FLG -It-
WB+VLC -I»-

P3NH(£) 
' 16 :2

Compression Ratio

Figure 7: A comparison of the image reconstruction quality of several different wavelet
coders and JPEG. The tests were performed on the 512 x 512, 8-‘opp Lena image. “VLC"
means Variable Length Coder. and “FLC” means Fixed Length Coder.

describe a new technique for rapidly evaluation the inverse wavelet transform and illustrate '
its use in the context of a software-only video decoder based on frame differencing.

4.1 The Basic Idea

The playback speed ofa wavelet-based video coder depends in large part upon how long it
takes to perform the inverse wavelet transform. A 66-Mhz 80486 computer takes about 0.25
seconds to compute a complete inverse wavelet transform for a 258 x 256, 8-bpp grayscale
image. Unless one finds a way to avoid periormirrg a complete inverse transform each time an
image frame is reconstructed, wavelets are not viable for software-only video of reasonably
sized images.

Fortunately, it is not necessary to perform the complete inverse transform for each
frame in a. slowly varying image sequence. The value of an arbitrary pixel p in an image
is determined by a weighted sum of all the basis vectors in the wavelet decomposition that
include pin their region of support. If the weights 0.2., the wavelet coéfficients) of these
basis vectors do not change between frames in an image sequence, then the value of pixel
p will not change either. Therefore, it is not necessary to compute the inverse wavelet
transform for those regions of the image that have not changed between frames. This idea.
was first put forth in (Andersson et a1. to appear).

The basic idea for rapidly decornpressing image sequences, then, is to only compute the
inverse wavelet transform for those pixels influenced by coefficients that have change by ‘a
mearfingful amount between adjacent frames in the sequence.

12
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Figure 8: Rgcanstructed images for the W¢+VLC, Biorthogona.H-VLC, and JPEG image
coders. -
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4.2 A Simple Frame Differencing Video Coder

The simple video coder described herein is shown in Figs. 9 and 10. Let us consider a.
sequence of images {f,'},‘.g'1____, where each I} denotes the ith frame in the sequence. The
diflerence between two adjacent frames is given by

fi+1'— fi-

Af; is called a dufewme image. and it contains only the change in image content between
frame f; and f,-H — it does not contain any redundant first-order temporal information.
There is spatial redundancy in Afr. however, and this redundancy can be reduced by
application of some wavelet transform W.‘ Thresholding can now be performed on the
transformed difference image W(Af.-) to eliminate image changes that are considered too

small to be mea.nin_g§ul. After thresholding, we now/have an approximate transformed
difierence image W(Af.-} that is extremely sparse. W(Afi) is then analyzed to determine
which portions o_l’__the inverse wavelet transform will need to be performed to reconstruct an
approximation Afr of the ith diflerence image. This information is then encoded and sent

to the Video decoder. ‘

.Af‘_

 
Figure 9: Block diagram of the video encoder.

Using the ln,form_a_tion sent by the encoder, the decoder can reooostruct Because of
its sparse nature. A)‘; can be reconstructed very ‘quiclrly by computing the inverse wavelet
transform for only those pixels influenced by the coeflicienta sent by the encoder. We assume
that the decoder has available some approximation f,- of frame -i, so the next frarne in the

sequence can be constructed as _ _ __
fu‘+1 = fa‘ + Afr‘-

We have implemented a. prototype video compression system based on the ideas de-
scribed above and achieved promising initial results. The results of an experiment in which
we compressed 30 framm of the standard Miss America. video sequence (the images were
firs: rescaled to 253 X 256 pixels) are presented in Table 2. The experiment was performed

on a 56 MHz 80486 computer running the 05/2 operating system, and the entire video
‘We note that because the rnvelet transform is linear. it does not matter {no I theoretical standpoint

if V: Mm Wtflfil hr WU-1:) - W(J'.') or by WU-"+1 - fi)-

14
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Figure 10: Block diagram of the video decoder.

Threshold Compressed Compression Transform Decompression Speed PSNR.
Size H es Ratio (sec) sec fps) dB}

0 6.4 .
ID - 66

40.73
38.03
35.06
32 .22

172.2273
150,977
107,351
91,365
 8:3 '

8.6
20
30

Table 2: Results of Compression experiments on 30 frames of the Miss America video
sequence. The original, uncompressed sequence requires 1,966,080 bytes of storage. All
times and PSNRs are mean values for the entire sequence.

coder and decoder are written In the C programming language. The wavelet we use is all
integerized version of Dauhechies’ W3.

Performing the complete 2-dimensional inverse wavelet transform talres 0.25 seconds per
frame. Our experiments indicate that at compression ratios of around 20:1, the partial 2-,
dimensional inverse transform technique is more than four times faster than the full inverse

- transform, and is capable of transforming over 16 image frames per second. This measure
ment is only of the time required to perform the inverse wavelet transform —- it does not
include the time it taken to decode the image data or display the reconstructed image.

Our eoclec currently uses a combination of fixed and variable length codes for represent-
ing the video data. Our primary concern so far has been increasing the speed of the inverse
wavelet transform, and we have not paid much attention to coding issues. The development
of codes which can be quickly decoded is of major importance, because the time required
for decoding the compressed image data is presently the performance bottleneck of our
experimental decompression system.

5 Concluding Remarks

Basic and applied research in the field of wavelets has made tremendous progress in the last
five years. Image compressionyschemes based on wavelets are rapidly gaining maturity, and
have already begun to appear in commercial software]hardware systems. The reconstruction
quality of wavelet compressed Images has already moved well beyond capabilities of JPEG.
which is the current international standard for image compression.

Video is the next big challenge for wavelet-based data. compression. Our laboratory

15
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‘experiments ung three dimensional wavelet transforms to compress at 64 >< 64 x 64 color
video sequence indicate that visually lossless video compression is possible at compression
rates near 10D0:1, but the memory and processor requirements are presently too great to
make such it scheme practical. The technique presented in Section 4 of this paper is a small
step towards ii. practical video compression scheme, but much research remains to he done.

It is also interesting to note that wavelet research on image compression has had at strong
impact on several areas of numerical anslysi, especially in the solution of partial differential
equations (Alpert 1992; Alpert et al. 1993; Beylkin et al. 1991). The compression of an
image, which is just in matrix of intensity values, is not really dlfierent from compressing _
the kernel matrix of a functional operator. The compressed operator is a sparse matrix,
and sparse matrix operations can often be performed orders of magnitude faster than their
non-sparse counterparts. Undoubtedly, this will lead to new results in numerical analysis
that will impact image compression, leading to better algorithms in areas such as computer
vision.
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code and I.l‘ten dt.-terrrtitte lhe rt.-dunctttncy or the code .tt=.tt.
respect to the distribution of the quantized dattt. at ntcttsun.-it
by the ditteriminttlfon 1'4]. -

Results For the model-based quantization and rtuitelcsw
coding system are given in Section W. The general ennciusitut
is that [or it wide class of images. the simpler Luplnci.-ut
I'l'l0d€1-hlhtd coding is quite robust. The generalized Guussittn
rttode!-hosed coding is niwuys superior but by no man: than
0,011 htpixel. W.-t-_r little is lost. in u rtttc versus diettnttiott sum-.
by btt.-ting the quantization and noistelest ooties ran the simpli-
Luptttcittrt model. Tttese 9b?i¢r\t':tlI(l(l't t-erify the .\tJt'|tIi'tiitl_\ nt
pyntniitl tutles i.‘i|-|Jli| For DCT or .-iuhhuntl tntttot.‘ ctittinp.

"\
1!. CODE! 5TRL['l'L'Il.E. MODELS. .\."i|'.I UL‘.-\.\'TiZ[.-‘RS

This paper considers two inu-uI't:tme trnuge t:urJer structures.
Aliiscrete cosine trunslbnn lDC'l'tcotter it I | uses It K it pi\t:|
blocks and l.‘TQ‘s ttt::tigttet| for each t:oel'iiL‘iI:rtl. A suttttutttt
cadet‘ I2]. IIZI. [I3-I mes ti seven-bond ttctavc dccurnpttutttutt
obtained using Mullttftt wavelet-hosed exttct reconstruction
Iiiter bunt: [I4] I: recornutttetzl 32-tup version ot‘ M:tl|ut'~

--._I'tlt:r with Cacflicicnls Iifitcd in Appendix Al. The lnucst
frequency subbttnd lone sixteenth the. -;i7.e 0|" the :)rit_:itt'.t|
tntttget in DCT encoded using it x it I>tncIn.. with l.."‘l”Q'~.

|[1.'|?—'.|l-l‘1."l§SII-t,(l‘I :. twgt 15::
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' again designed for each coefficient. The remaining subhattds
are unifomt threshold quantized. Because the xublrund coder
uses the DCT to encode the lowest frequency band. this code:
wtlt hereafter he referred to as at hybrid coder. The use of
the DC!‘ for encoding ol‘_the lowest Ercqutrtcy subbtuul is
motivated by the fact that most of the energy in natural images
is contained in the tower frequency bands. The line: frequency
resolution of the DCT is thus panieularly well suited for
coding the lowest frequency subhond. in contrast with the
higher frequency bands. where there is less variation in energy
content with respect to frequency. Both coders use optimum
rate allocation for the mean -square error distortion meattttre.based on the coeflicient models. as we will discuss later.
Three different geometric models are studied for eachucoder.
These are Latplacian. filed generalized Gaussian. and adaptive
generalized Gaussian models.

fl-.‘ Lapiariatt Madeline
in order redefine the Laptaelan disu-ibution approximating a

given empirical distfilxttion. Ill estimate of the mean ztbitelate
value of the data is computed. The correttponding distribution
is then given as

_lti;r| = gfr‘"Al"' I3]
where

l
A = . . (4

E1-\tl_ '
assuming X is zero mean. This model is simple and mathemat-
ically tractable. The more complicated generalized Gaussian
distribution will. however..t.t|wayr; provide at learn as good ii
iii to the empirical distr'rl:tuIinn1o_|he extent that mean altntoiate
value and variance can be accurately etstimated.

8. Gene.-':rit':rd Gairssimr Mrrdeiirtg
The family of generalized Gaussian distributions is given

by (it artd.i3l. A genentiized Oatrstzcian model can be chosen
by matching the estimated mean ahtinluti: value and variance
of the data set to those of: generalized Gaussian distribution.
This is aeccttnplished |l4| by ttolvirrg

' as Pig) (5)

Fl‘!/tr]Fri =Ir

{ J ;ril;tlil"{3_/tr}
lo)

and :15 is the estimated variance of the input signal. The
values of it and (7 comptelely specify the generalized Gaussian
distribution having the same first two moments as the cmpiricai
distribution. In practice. a. Ioolt-up-mile is used to invdn
Fl-fl to solve for tr with reasonable precision. The software
implementation studied acee‘s.-red rt Iii tttltt-point table to cover
:2 values from D.l to 205.

C. Mtlrt'¢‘t'irl_t: of l')H'.']

[I1 |_-|l'IllDt"I'It |l1!'t::'.l1ultl qttanlilr.:tii(ttt_It'ith :i IL'I‘|I uutltut |.-wt
la-midtread quarrtizutinnt and an arttitrarlly large l'ti.IttIl'Ie'r rat
“WP”! it-‘Vflll the step size completely lirlt.‘l.'llll.'.\ :tlt tltresinrltl
levels of the ttuttntittcr and ptarantotcriaes [hr r~.:n- .|i,.umjui.
P9|'l|'|"F|'|i1l'|C'E- The l}t.tIpl.I.l entropy can he cttttlihttcrl l‘t:Iwt| on
the probobiiity of each output Ictter Itshainctl he im._-l_umi.'n.
of the source deatityt. simiituty. Ira t.'3tpt:t:lL'I.l ai.iu.1t.m is
Clllilllflblfl firm‘ fir!‘ ¢‘D|'|'IPuii|1i,' the ccntmitl til" each tlt:CI\llIl'l
region. The centroid is given by list.,__|

I J?_|‘|(.'I'IrIl;r ' ' t
1;; =

] ,pia'iri'.r
WHEN It M4 11+: are the lower and upper threslerlrl:-.
respectively. of an arbitrary decision region. The est-nctcrl
distortion is then {for an L-level quantiecri llll

1-] M.

D = E (It? '3 rt.-]"'.p{.r):._l.r. ill-l.-an '-

An analytical solution for the centroids and for the cttrtectetl
dlstonion exists for the Lttplttcian distribution. as ¢ltt.VL'(i—|itrlrt
rlntldetivatives can be found using standard techniques IISI.
Numerical integration is required for solution of thr: gem;ral-
ieed Gaussian ease. The quantize! distonion-rate function can
be modeled by {I ll

D(u. R) a 1-{u_-R)rr:2"m. '['-ll

where -y(i2.R.t depends on v. attach it the free parameter of’
the unit-variance generalized Gaussian probability density (site
II] and (311.

D. Rare .-lffnturinrt

In order to compare the impact ofthe ct-mice at murlei on tllt.‘
pertonnance or the coding system. wnftwttrc ill1]'.|l¢'l'l'lt.‘l1liIIlllI1$
were performed for the three modeling method:-. For each rat-
speetive model. the optimum eneotling rates for the respective
UTQ are computed as follows.

Nnreu"att:_ The rate allocated to a DC!’ coeflieicnt will
be refened to its 11,-. Similarly. a DCT cocflicicol variance
will be shown as ail. The dc nocftlcienr is assigmd indcit
zero.‘ The order of assignment at‘ the renctininu emfiiciurrts
is unimportant to the following devciopnicnl. IIJ uftlflr Itt
index DC!’ coeflicieras and stdrhutrtls itllIln|Jl|'.|ttl.‘l'Iu.'t\l_\'. DE'T
coefficients will be assigned i-lnglc indiccs and snhlttttttls
doable irtdices. that is. the kth sttbband of the jth level til it

sublaand decomposition will have variance H}, and all:-taint!
rate R”. The lint level ardemrnpmititm 1; =11 L'nt'n:.ii'|¢IItL|--
to the three largest subhattd.-s lltll are n-nu tnunlr the Sim.‘ oi"
the on'gtna.l image. Tire second level is t:t'.tttt|'tttttt.‘d trl Ilh: ll'Il't.‘t‘
salabands that are Iitfith or the original image size. Within
a level of decomposition. the lirst ttuhl'|ttfll.l IJ»' =tt t.‘a['I|tIn:-
tier-r'te.'t| edges. the second captures: horizontal I.‘<.la't'=-. '-Illtl "It"
third diagonal edges and corners. The !ItIII1h.'T at‘ lL‘|'C|\ n|'
tleoornposiiiurr is given by J. and .V' is the length III" at -it-It-'of a DC!‘ block. '
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(5 ‘.h!Ig'fHI'|‘(' Gt-rt:-mlt':t'n' Gartulutt Model
'I'lIIv at the must complicated-ut‘ the three apnmncltes.

Ii ti. "utlttprive" ‘in Ihal it models the itnageitignals to be
t.'tl«L‘UI1L'I.| hélailtd on their estimated statistics. First. a generalized
(itttmiatt parameter I! is computed for each stibband and each
nun-tlc DCT cocflicient hatred on estimated mean absolute
urine and variance as described in (51 and [|‘Jl- Th! fit‘
t-at-tttt-tum is modeled to Gaussian tu =10). as recommended
hy Rcitttnger and Gibson III. Since (I: coefficlenttt represent
nrtly 1.46-lllt of the 'D1'.'l' ooefficienta to be encoded. any
a|t'|.-:tI'I:lIl.'h that exists In the modeling of the or: coieffieient does
not have a significant impact on-performance.

we eontirntetl that distottion is a decteasing function or
output entropy for uniform thruhold scalar quantization of
g\:nt.‘r'dfi‘J'.cd Gnui5ifln‘lOIIrUll. by numerically computing rate-
dislunlon curves for output entrnplea ranging from 0.01 to 5.0
hjpitcl in irtcrert'tent.s1't't' 0.0l~Npi:tnl.' This was done for values
of P from 0.] to _l.3 in step: of 0.025 and for u =10. which il:l total or 42 different values of v. The furtctions ‘tin. R) were
lI'I|.'I'l available by rnnnipttlatirtg [9]. fit reprcienlativeset of
lhtriic functions is plotted in Fig. l. The ftotctions are modeled
as I:_(ll'lNll.lI'|l for rates above 5.0 wutut. Since the tli.-ttoniot-t-
nttu functions are convert. the Kuhn-Tucker conditions itol
are satisfied. Thus. the rate allocation can he derived using
Lagrangian technique: III]. With the 9 prtiori assumption that

I H“ -_-10. the rate allocation equations are found to be1

fl, =R+§|og,

‘ tartan. am».-. R,-J - 8-rim. tt,.};wt.—]rr?:r“ Hm
I A

“,1 = R+ 5:03!
i'-3““t'sr ?i“r[i';.t:- Ru} - 3,‘1lVj.e- R;.k}.t,flRj.lr}”ip'2“A

(ll)
where

.\'-'-t

.t= 1'1 ([2tIns..2ht»..a.t.-u

_"-hi‘-'t'-“ii ;I,,3_| UNI,“
UR,‘ fli-

J I _ t‘J'''ira- H J
- II G-ztIratt..;*t'i(t/;.t.!?;'.t——-J:-mg‘""],=tt—-t I-it

t.r-.--'-

-r","_t‘-""0 - tilt
in the event of u nerutiive tat: ia.-esigtttatenl. the most flcgutivc
rate is not to zero. and the role allocation is recalculated For
the remaining itianttlth

Given the computed rate aiitmtlittn. step size; on-, -gglgcggd
.-uvh that the output of each UTC 1 have entropy equivalent
to it». aliocated rate. This is auto. tished by fonning u took.
up tahie lhnl gives the step size necessary to achieve a given

' output entropy for each itouroe rnodel. The qaantizor output
level: can then be cornputed ID: the centroids of the decision‘

 
 
o M I u I :3 I 5.! t I.‘ |

lntlpytluvpmlr

Fig. I. Ouanliztlllm (.'uIl'|It:l¢JII'- for ration: girltn.'rttIizttul'li:tuit\t.'et| tltnlrlllllrGIIIPLI.

regions. For the software implementation. step sizes have liceh
calculated to achieve entmpies front that to 5.0 blpixet in
steps of D.Ul hrpixel for each of the 42 values: 0|‘ it mentioned
previously. For allocation: greater than 5.0 l:fpitte|."tht: ttep
size cart be approximated using the relation |1‘l'|

H =-'t{.Yt'}-l:It;._;.\ II}:

where H is the entropy of the output at the quuntizer. and .\
is the uteri size. Since the entropy of the genurnliaed Guuttiun
souice is I3]

. _ ttultnrrl l _
rtt.\ I - —l<-it, + Mug‘ 2 IN:

the value of J. to achieve u given if is lottrtd to-be
. tn. , 3;:

A = 3' mm 't'”. H5)H l'lIJ]t»]‘”'
The UTO step size is then available by multiplying .\ by the
source standard deviation.

F. Hm!‘ Gem-r.n.‘i:ed Odrtasiarr Meade}

The fixed generalized Gttuswitln approach |!| H3-.\ILITI'IC.\ ‘.|
constant distribtttion shape for each tu.tbl:tartt.l and non-dc DCT
coeflicir.-nt. Following Tannbe and Farvardin |2|_ we .Veit:r.'I I‘ =
0.‘! for the suhhiti-ids and it = 0.8 for the non-or: it x It DCT
cuefficientst of the lowest frequency suhhanri for the lt_vhrt'tI
coder case. in the It x ll whole-image D(.'l' t:a.vt:. we will ulna
use to’ = 6.8 since the DIST size is the tiamtt. 111: Ill: coefllt.-icnt
is again modeled an Gaussian. 'l"hl.». modeling '.tpp10ut:It thu~
uses only the tables. for tr values of 0.1‘. 0.3. and III that
were used for the adaptive generalized Gaussian case in l}l‘L|t.'I
to select the step >i:e yielding output enlrnp)‘ equal to the
allocated rate tor the given generalized Guustsian source.

The optimum rate allocation equations are available :I\ .t
-\ special case of IIU}-H11 as

t’f., = J? + éillflg
l-sting, 2t—.t2_tt, tr”: — t'hl‘_’.it. R1p:{a.n[|ilT.‘]"--‘J

-1 llhr
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n, = R + Ioga
, I‘-"inn. ?l'tln.tt. rm -b‘1ilJ.8.Ii.-ll!-if?-.ltr.’2"' M. I; I

1

R“. = 1?+ 5103;,
I [2l!t>tt,. 2)-no.7. R,-_.t — a«,tu.r. rt,_..t,rzlrt,—,tla,=._.2=i
._...___._j’t_.__.__.__.__

us:

where
 

.4 .—. [1'llt)[r, 2)-.t2.u. '12..) - ”“;;;.m"Jn32”,\'-'-1

- [[ (['2|‘_Iog, 2hlli.tl.l'2,-)- '03;

U9)

C. Lopiacian Model‘
Under the Laplneirtn assumption. ttll strhltttnd and not-t-dc

DCT eoefiiclent dishibutiolu are modeled as Lttpiacinn. The
dc coefficient is rrtodetotl as Cllttstlan for purposes of selecting
the step size from the table. It is. however. grouped in with
the rest at ttte ooeflteients (modeled as Laplaeiant for the
computation of rates. To ftrrther simplify the equations. it is
ass-.tmed that -tilt) in (9) is cottstattl for all rates. The rate
allocation become: I highly simplified trerttion at tIOHl2l

;r 21

rt,- -.l'?+ %tug, not
1 I 3!;

n,.=-n+§log,-'5k:‘;-— (211
where

'\-J_| -1 24 J I - 1

.4 .._ t«§2")=»‘-" 3 _]'[“;I_'lln}..2’Jl"". (22).. ,- .

Oniy the tables for v = L0 and tr = 2.0 are used by this
modeling metttod. Forrate allocation: greater than 5.0 bfpittel.
the step size is again contpttted ttslrtg i iii. For it unit variance
Laplaetun sourse. the eqttatlort reduoett to

.1 - t/5:2-". tzst

lll. MODELING FOR EN'|'ll0i"t' CODING

One approach to entropy coding is to bttse a code on I
model of an empirical distribution. This approach rodttees the
side inronnation that must be rramn-titted in that only me
parameters defining the model need he sent. Assuming an ideal
entropy code is designed for the rrindel distribution. excess bits
will be used for data transmission due to imperfections in the
model. The redundancy due to the use of the model can be
quaitlified using the discrimination [4|.

A. QItantifirart'rut of its-tt‘rtrttl':rtrt*_t‘: Tim {Jim-m,,',,,,;,,,,,

_ Tm’-' d1'5*'i‘"'|‘|‘|i'|l|1'l0|1 ii U535?‘ 70!’ Iilt:tt'llil'_t'iI‘I;'. tilt: l'L‘l.ltli'l.tl:lllL'_\
Incurred in using it geometrit: tlitttributiun ltt ntudt-I u \lit|I't's‘
d55"'3l3"l3°“ 70' E|'|"DP!t‘ €0i-’ll|‘lB- Till: t.lllil.'flrI'llI1.:Illt.It'I. in LIIIIII ul
bits per sotnple. is deitned as i-ll

L[tr:r]'l = Err,-lug, (24:I J

-'Wh¢N 0 “M5515 “'0 flliéfllfl diltrihuliun of the tluttt. tutti
‘ti is the vectta of bin probabilities ohtttincti by [|tll'iitiur|itI_t_:
"'9 EWWW illwibul-5°11 "sins lite same step size us win
mind for thc I-Iiifwm lhttshold quantization of the tttturw. The .
discrlminuiart is nonttegtttive |4l and provides it rntra.-tutu til‘
the difference in bits between the ttrtuppy or the giant“ and
ill! lvlflfi ottdeword llfflglli Of lhl ideal noiseless ctttlc httscd
on the tttdel. The best 8 model of the source ditnribttlittrt I."-Ill
do it to introdtaee no additional redundancy to the entropy
encoding.

3. Formation of Model:
The ntodeito be used fotlhe noiseless encoding in consistent

with that epplietl for purposes of quuuiution in the pI'ct:t.‘t.lt'rIg
section. For imtartoe. the Laplacian coder um ll l.apl:u.-ittn
model ftrlaotit qttarttialtitttn and tmtropy coding. The tmtpiricni
dist:-ibutiorts are fon-nod in each one by simply counting
dte number at ooeurrenoes of each output quurttlzntiun level
for the fitrett ttouroe. A Laplaeian at gene:-uliaod Guutotiuu
distrlbutlonthflttcdbydteveltzaofvotd IJ'tttI were Ltsttd in
the motlelirl; for quattrtiratlott is then applied to model each
source 'l'Ite geometric distribution: are cnnlinudult
and must he pertitloned in order to l"orrrt the upproprittte
probability tutor. A vector oi’ "bin" pnobttbililiett. which are
suitable tor etnnpaaisott with the nteaatrred discrete d.i9€lr'llZll.lIiI.'||'I
of the sotaee. is thus obtained. Bin probabilities are l:ra|t:|.l|ult:d
analytically for the Laplattittn model and by using. numericnl
integtatilll for the gertetallztod Gaussian models. The discrim-
ination it then given by t24t

C. Side lnfonatrrfon
All tnnIt'ot'rrt and suhlnttd vat-tarteeu and the DCT dc

coefflciettt ntearr are assurrfetl known. uniformly quttruizcd
with I6-bit aoeuraey. and trattamittetl in side inton-n-.ttiott. An
additional 6 it are required for ettcit non-do DCI‘ cot-fricienl
in order to specify which of the ellowable vttlttert ol' tr hut‘-
been ustal to Form the genentlieed Gtaluslttn model. In the
hybrid coding case. the rtnn-dc coeffloientt are p|aeed_ into
four groups based on mean ttbttolute value. and :t single value
loft: is assigned to each gI'0|-|P- Two hits are Ml‘-|l1'¢d W ‘"511
non-de Dcrooetficient to specify to which or the roar grout“
each coelfioiutl was assi[I1ed.TlIe worst case occurs For DCT
coding or no at 36 images. utter: the overhead in ll-03”‘
bfpittel. Since the side infonnatiort in small. it is inctutlt-ti unit‘
in the ligttttea.di3p|.Iying PSNR perform-ttnee tttec Figt. 1. .1.
9. and lot. ‘
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Fry. 3. PSNII performance at qnntttntlun tor MUM coding.

IV. RESUIJS

Sy.-stem perfom-mttue was computed by running the algo-
rithms on four differem tut images. The images were taken
from the USC Image DIII Bale |l8|.‘l1te gin‘ (Image No.
5.! .|j and we t5.|.6l :re1S6 x 256. and gin'{Lertrtal (5.1.-it
and hurmrut t!.‘.’..1lare JI2 I ll: irruges. The images were
received in the 1-H: red. gmemhlue color format. The standard
linear tntntronttation followed by B-b linear quantization was
applied to yield the lutllirlmce (black and white} images that
were used in thin study.

zl.. Qt1urrt!i:at'rrtrI

Thu Laplacian. fixed getteralized Gaussian. and adaptive
generalized Gaussian techniques all provide nearly identical
peak SNR perllzrtnancc at a given average output entropy
over a wide range of design rates. A close look at Fig.1.!
and .1 reveals that the largest performance gap between any
Iwtt ol' the modeling techniques is on the order of U.l'.|l5 '
hfpittel for both DCT and hybrid codertt. {The three techniques
urt‘: uhhren-iated on the graphs as AGO. F06. and LAP rat-
aclaptive generalized Guastsitm. hxed generalized GIIl.I?t!il.lI\.

" II-:1-:I.- l\t.\~..\'.\t.'1'tn\\tnt\:.AtaI£trrt:;t't;t!at'\t;. tut. ;. xn :. i-I.-ttttt tr

.IL‘IIIbill“W Qfiflflflfikfivlfifl \era umpnnuutmuntu.
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fig. 5. Actual fllllflfl’ vefntrt flsiglt mu for h_\‘l‘l‘td trotlirry.

and Laalaei:tn.sespec1ive|y.tOne interesting cam: is: the DCT
coding uf the girl ‘marge. Here. the tilted generulired Guns.-.i-.:tr
apprtzach is obsefled lo outperrcnn the adaptive generalized
Gaussian npproldt. This unusual case uccum because lltt!
adaptive approach requires an additional 0.005? hfpirtel r-hide
information and because of the uncertainty in the estimates. at‘
the mean abmluteraluesand variattces ofthe DCT Eoefllklfflln

forthe 356 x 250 ‘Inage. Ifrltich dcrinethe adaptive generulirudGuuxsim I1‘|0I§eTs.

Although the more complex adaptive generalized Gaussian
model does not result in a signlllcunt guilt in PSHR. ll'I.l(P(.'h
provide rt system that more accurately predicts the uutput
entropy obtained by using particular step atzeu to quantize the
input signals. ‘nu’: results in an overall output entrogay clum-
to the design tale. :2: observed in Figs. -1 and 5. See also Tttlrlca
1 and ii for Elfilttllenlmplcli at a design rate at‘ 1 btpirtel.

All three l'I'Kll'|fli:| had slightly more difficulty hitting ll1L‘
desigrt rate For the hybrid Coding care than for the whole-image
DCT coder. This it. again likely to be due_totl1c uncenuinly in
parameter estimates that is brought on by the smaller number
a_l' data point.-t on wltich to base etttirnatest. Differences l:tetu't.'I.’I'I
the design rate and average output entropy arc atlrihutahle
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TABLE. I
M‘i'I.ivu. Exnorr Pm DCT Como at at Dawn. Rnraor I Nbixel
—II!'i'.lEEl:fll..'E!l

Laplaéu ll MOI JIM
Nil M16 Ill
.I‘l'|| JIIT .595_ ' fixed Geaanliud Oaueian

TABLE II

Adamiw Generalised (lamina

net-mu. Emnrr mt: Hmto caoixu an new: hunt I htpinel

IHIEIEEZBLepiuan .II:|I JIM
fitted Ill! .I|8E
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to mismatch between the respective tnndcis and empirical
distributions. 'l11e- adaptive generalised Gaussian approach
clearly provides the best match to Ill design rate of the
mice modeling approaches. lniapplicaliona whale tolerance
for variation from the detignntte is low. the more oompleit
adaptive generalized Gaussian modeling technique may prove. useful.

8‘. Et-rrmpy Cnding

The choice of model has a more aiptiflcant impact on the
perramtnrrce unite noiseless encoding than on the perfat-rnnnce
ol' the quantization. However. as ween in Table: III through
Vgthe advantage of the edaptive generalized Gaussian model
at it design rate of l bfpixel teacltct tt muirmtm of only
0.0-Si] hfpriaei. Examination of Figs. 6 and 1' allows that the
perfonnrtt-we gap between Laplaeitut and adaptive generalized
Gaussian models never exceed: 0118 Hpiael. The maximum
gap occurs for hybrid coding or the girl‘ image II a rate of
about 2 blpiatel. '

Fig. 8 displays discrimination observed in DC? coding of
the -lowest frequency suttbtlnti for the hybrid coder. This case
mun! be treated separately from the whole-it-t-rage DC!’ as it
occurs at a higher average entropy and because there are only
|f|6‘Ih us many sampitis available on which to base parnmeacr
estimates. It is this added uncertainty in the estimation of

 
Hg. 1. Dltcrlntitetioa for hybrid coding.
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the panztteierl lira! is responsible for the behrtvinr or the
disci-irninations for the babav-in image. The udnplitrc gener-
alized Gaussian model incur: tt greater discrimination than the
fitted generalized Gaussian model because of the tan:t:riuiI'||)'
in the parameter eatirrtates that define lI'l.e uduptivi: generalizedGaussian model. '

it is also seen that the discrimination: are not t:iI'it.'ll'}'
increasing with increasing output entropy. aithnugh they on:
nearly so. This appears to be ll consequence nfllu: fuel that the
aampie hisaagnms are not strictly decreasing with increasing
signal tttnplilude but are nmrly .-to.

C. Oi-mill 5_t-stern Perj'nrrricmt'r _
The overall quantization und cnttupy coding :-)‘='|-‘W l"*'4'~

SNR cnn'now be examined with the {.rlM'.'riI\|l|'I'.lIIl>l‘l \iIIlIt.'\
included. Through studying the cl'l'et:t:t of iliI'l‘cn:nt tlvl_'-ITIIWJ-"1""
rngdgling methods on overall nerfonnunec. the n.-I:irit-..- I\M.l'||\
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Fry. 9. Overall BC? outing sy-nut par pesformnn.

of the modeling schemes can be enrnirted. In all cities. Ideal
entropy coding of the dc DCT ooefllcient is sssorned.

Comparing the dlfieses-it modeling technlqtlee in Figs. 9 and
I0. il is observed that genes-slleed Gaussian modeling saves
only on the artist of 0.0l to 0.08 blpixel over uplacisn
modeling. Fitted genenlinsl Gsuuisn modeling mes at most
0,03 btpixel over Llpllcllrt modeling. Nearly all of the savings
in rule occttnt in the noiseless emoding.

V. CONCLUSIONS

Modeling of source distribution; is an effective way of
simplifying quantize: and entropy code design for pct‘ my
l1‘.l‘h|'i¢l '-itlbhanfl imlgc Coding. Adaptive generalized Gaussian
trtooelirtg has a .-«light udvatllge over Loplscitn modeling.
ranging from about 0.01 to 0.03 bfpixel. Fixed genenlimd
Guussittn outperforms Lttplocinn modeling by an even smaller
margin {at most 0.03 blpiull. Since Loplacisn modeling. has
such at small cost relative to more complex uppronchets that
apply the generalized Gaussian distribution. motivation is
found For selecting pymrnid codes for tmnsfontt and .iubl:l3iI'ld
image coding applications.
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APPENDIX A
Finn-t-: IMPULSE Response l-‘tt.'t't:n Cot:t=Ftcts.v:s

Table Vllcorttttins the hnitt: impulse response film coeffi.cients.

Al’l'ENDlJi BIMAGE SOURCES

The images wete taken front the USC Image Dat:t..§:t.-.e
Hill. The grrf {Image ND. 5.I.Il and turn i5.l.6l one 256
it 256. and girl‘ rtrnnat £5.14) and hubtlnll t5.1.3t are 5|)
)1’ Si: images. The images were received in the 3-1-1) red.
green. blue color 'il)l11'lI.l. The ststsdnrd Iinettr transformation
followed by the 8-b linen! quantization was applied to yiuld
the Iumirtttstce {black and white! images used :15 input to the
algorithms studied.

ActutowL.£DGMEN1'.

The authors wish to thnnk S, Miller of Ampex Corpursttinn
for his assistance in providing test images and image tlispltty

. software.
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seven-barld any! I6-hind-dammaosidonl. In ncielv. the
lowest fmquency sub-irui;a'(LFB) is enondnd -nah 1 1-D
discme cosine uwfonn»{DC'l') encoder (with I Hunt in
up; x 4) wlniluihsotber-uh-imlnuuuawuidming
TCQ for mcnloryleud:tI;1\nIum;fl1ru|nmm!ngfi:lilhm
[21] is empioyed In allow: in avdhbll bit-rate qduully
.|n1ongIlInsuhband.I.AsuuJ1amnuutol'sideiu1l70II.
cgngmingoffl-am:-pleuanafd:e“DC"amlfi:iuud1he
ample suududdzviuflun-avrall wbllalqu tn be milled. is
1mnuuitr£t1.'111epln¢a‘hIlIJfl0I'fwco|orlmI;eIiIln|iiIr.
sleep! for mu cmvudun 0! lb RG8 pllllfl E NTSC
muutniuiun primnifl-'O»'. 1. III! Q).

our p::Ii_n-.\in:.ry mul1|'IriI:h1C‘Q nfimapmhlnda were
nponadinllil Indptnudnbuquiuoompefivewith
odm encmflng bchniquqt h'nII'.l_dIa lhltlnlre. In H» Walt.
13-up films band on Mann‘: wlvckt [I3] wcnunployed

-forIh¢subbInddamInpmiu'on.'fl5ewIv:I:£|.1flcudur
mpmedin[lT]uu,:dfiu1-lnglhfllmnhnudonhilflaognnd
wav¢leu|1'l].lnIi:hwulk.wIu|e:h:n|na-Ilpflulfllcuu
su5gestediII[?3]Ind[11]lu'ItIrIflI|¢t&I:on'|IflcI|.We
flwcompamfinubuhuflsflulcnhfinaandafijecdw
judymnhtlwpufarlnunaofnlno-flplpflmfllualfllh
ndmoma our: at Johnston [5].

fl. Dtscum: wgvnrrnaunmu

ADW'1‘u1Iuz.uI_m!nncdau:fl:-mmhuwsvfiqfinnd
.m1ingmncm..¢.1uuIhgranuauJa.|.:uun
I51 suuhnnnnactfliulilp-uiutafiolu-of-(dflndvd.munl)
¢l'o¢1'n ubui:lm'nv_ectwI1!IflI-Ilf“¢‘...l.:uhvnvu'y
Icsuluinauquelnotufmnoanlunppmximuimqnnntz.

'--C\-":CV7nC\"uC\7'-1C’0'T—:--'- (I)

1?... lIsa,i<I|n|na3rea:uoI|tIhiIof2"'.‘1‘:IallItlo|Idf;IpnI
alzguotspeoe W...|tnhflummpbnunofiV..iV_-;.

Tlunppmimuon-ot'nI '1-Ilfluillmcunfua
resolution 2"" (SI! 1|-_-.(f])i:-givcu by no pmjqiou off

.onIoIhevtctorapIceV,..11winfw'nIlIicnloOtIHI[Din¢
[mu-tan uppmxjmulon of-f Irid:rIwluu'm2"" when-ur
IPP|'°IiF|“-“DH A-n+L(9) with ruoluflon 1""““’ in Hand to
as Ihe _:raoI'. or "dew!" D...+.(!). Inc] can lnabtniued
5}’ ‘he P'°j°‘fi°”°[ r “W wm+l-“W kl“ liF"on+l{n
I: typically ulflflhplsl wu-lion nflwlrlle 1,.“ (I) inlowpauveulon. -

Le!-‘lilldfibeihcirnilullorupmmfotdefinsilion
{ct amlysis) iowpau Ind hlghpun flllen. rupxthvdy. Bivan
ma nppmxinntiuu of f at _l molulion of 2"‘ (l.e..A,.(l)),
A,,.,_,_[f) Ind D,...1[f] can be-cunaued by fllteflg A...(l')
withhandjalidflunkaeplngevuryodnrnnqhafflse
Output. This nlgorilhm is illuimlted by the block diagram

 
 

flhckfllqxunoflwrtdnuinurqnulnin.

-haul’! E E

D-«I10 E n Mm -ma. nlouduauunmaumquumu

91“.

shown in FiI- 1- Appmlmlflons a: lower reaolmans nu
olnlnedhy manned applicuim ofthis algorithm.

Lu\bIIgddabeIhsw|vda:ndrh:anJin|hunfinflna::a-
sIryfnrracon:1ructiou.GiveutI-.+[{f)I.ndD.....;[f).J...{f}
H|1b¢P°If=€1J!I°°°flIfl|i=U=dbYin0=1P°|I¢iIl4lm+1(f)md
D...+1(f) by I facturafnvonnd runlflng sigmls
with h and g. In-pucdwly. Th: that dhyun IIIDWII. in
Fl§.2i!IIunue:d|i:aIgodfl1u1.Figa.Iutd2rI1iulIlIal
dLicl:!ewave|uln1n:forn\suBeIun5jallyanbbIuIldowoII|po-
mionsysIamI.HInm.I!utntun“mbbanddeoompouition":nd
"uv=Jatd:compouittun"uuuedln1ndnu;uhly|hrnu;hmI
Ihis ptper.
-1Ii:ldvunnoI:ImhIvcvm¢Iathn:uIiIuratIfl:onor-
m|Llnd:ucne.IiIanl:-ixuuuuanu-Ihogou:1.InIddition.
forLuunpI'oeud:IllPvllcIio!l.nnavuuJd|nf:rnnuy:in
md:yn|hahfl1|H1tnh|vcl|neI;i:uc.Unfamn.Iu:ly.d|aa
ee:|ununuauivi:Lil:dte-Ia:na.ud:ngun:lllnnn-phnenlnntu
wldnhp¢IfoclreconI1rnui.oup'qe:1y[l7].hp-|c§u.|hia
dimcultyllovuuomabyeilhaldnnppingtlteneeeadlyfw
petfaIa:anmImcI!nnorbyIduh|n1hocauIbIm[23|.-
1171- .

Bionhononnihuufutuveleuwaanoullylnuoduead.
indqzemwly. by Calm. Duhchlu. and Feuveun [13}
uuhyvauer11u¢Hakv[24}.u£23i.hwumoun
thuitispanflblumcoumnotbunulhuylaldhile-lu;1h.
Emu-flmafilmlwimmapcfoumunflnnflmpnpuyby
|ul|.xin,|d:eoI'rhoncI1u|JtymullIII|eI1LDecnmpoliIionI1Id
remumlalon flII:nl'otIhatuulfing'1sionhngun11"haaeun
mlinadby

1-:

;:(...):;'(...} = mm/:1” E C ‘ ;+ 9)

’I1'h(wf9}"'+ 5'U=(Ul2}"R(w}] (2)
ma .

ytn) =(—:)'M—a+1).a(nJ =£—I)'ht-n +1)

wtnzexrmdrimunramiuumrurnuorhgndfi.
fl(u)-is an add polyqomial in c-oa(r..;), gt 2 J: +.l-., md
I119 fullcliolll I9 Ind xi! an (i:—l} und_(k—1}I:onIinIlotIaly
diflenndable. respectively. Km) and H(w) can be chosen
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(bl

fig. J». A roar-am: uellu I-uh mun hauling {I}: coduand. and puutlon
fir two-bin per umplu TCIJ [B1

in severai dificreat my; [23}. W6 have chnoqm me the
sp|.iI1e‘va.ri:.n: fmaily of filnen tugggmd In [11] and [23] win:
is =Ic=4.Fmthl|aeLection.hInd.‘h|renEne-luplud.
seven-up filters. rupectiwly. ennwniencl. use films
an mtenedtounhu-nplpllnallliatludiarcutinduof
thin gape:-.

III.‘ 'I'nm.Is-.CoDIi:D Qflunmnou

.4. Fixed-Rm: rca
‘HI: motivation for 1'CQco|ne| from UnpI'bocr:.k'I im-

nsuluuinnufmllil-coA‘bd|nndu||I!,on('TI3M‘;|I9].lnth:
:i;up1enc:u,forcncodin:nn::nnm1:l¢uwnrca.nsingTCQ
name nfHbil.|fIIII'|plB.lICllltocIbbanth|vlng2M"
abcnuuuiupuiiuouediuuaaunhutstuchcnnaining
2"'1oodewuId.I).1'heIeu|hInt|I|IdImu.tedlo|nbelfl!e
bnnn!Iecofan|iubtychoI:nu'e.i1lLMaxau|7hohfo|u'-
stlln |:lBlli.lI'ilI|cu'II:I|)wdiII§fl)flDfi-IIl1‘pIt11fi.oII(fot
R=.2bils!aampl¢)iIshaw'nlnF1;.3.‘I'hnjIIi&c|§onfur
t!m2epa.|'tic1|l.|rchoie::l|puvi¢iIIlln[1l]. _

Forngivannaqueneem"dIn.Ihn\fflnlIiI1|urlflun[2lJ}I1
'uIedtoflndLhasaqIwn¢aufuod:wuIl|(u.dluwadbyd:au':|H.Isn'ucI'Ine)lluln'Li:timiul1i:nM'.‘l'Eh|lIrannIh:d|t|
md1hoselecIodundewmiInquuwe.Dnaubvhu:m:dIodto
ancnd:IharuuJdn§:aqtn1oeaf1'CQoo:lewudsiunnbit
Iequancuiltoullncllwubllllunpbfttlpodfyingipani
thmu;hmatraI1i:(:qulvuJnn:fly.ucI:I::nnInInbuus)wh1ln
u:ina¢h::::1:ninLn:R—1hH:II|n|:|IIaspec|l':(Innd:wo|11
rrumflnuubnetchouaatel-:hpoiu1nIim;AmoluhIailed
descuipflonu!TCQ|ndu'¢:pln1:|I‘|:|:lur-uiuyluclzizves
uullempqinrmmnaumllgulthmfirdaueumlualon
cinbefoundlnllil.

B. Eurmpr-Cansrmtud TCQ
Entropy-consmiaed 1'CQ(ECICQJ wan inlroducod 11:12:].

In Ihatwork. muopfimaljnflwnncaiin nlllulimruon
theory unn) tor encoding mamourksu names um nchlaved

.1: enoodmg mu greater Ihan Ilnut 1.5 bisfnmpla. M
uplainedin Ibept:viouIIubIacflnn.onobiIwuuIedm
spmifyupammtwghthaudlilwimflanmuiningnflihble
ngebeingulocatedmnpaclly-lngmelunnuifiuneachmubsel.
Theenuopyofduecodevtotdelananninachsubmwu-e
ctwnwmpatmdumoaflmshmfllllzemahhgpolfionol
the rate. Obviously. encoding men for Iclllnoudehooh are

721' 
llBIIenhmanebitFn|wlafatIhiI|d:e|rn.Lawernneswa|'e
l=HW_€dllIiI|v1I=enteodahoah.'

1n_m_mempttnnchi:veancu!ia{rIIubIIwau:0.O:nd
l.0b1uluampL:wi1h|uhrandnbooh|.|dlfl'u'ultI119tnadz
wIIfo|Jowudin[26]th:uInb|dECl1'JQwad1.ievennr'
o9fimIlpa'lon1anee‘faunmd!n;muuxyInununcuauu
W|I1!fl8IliVG=fl=0d1nlruaa.11als|u-unwruelnnallssuna
°'¢1=fI=|||=I=lIIIIrtlvnnn:i:.Ihenuneudmumd'musz
|'ch°“nfiumd%3lI‘D0uD'3U'3[=D|,UD‘1,.
ForaunIpb.whu:inH:emq:uu(oua.ueuinni1;.3).
d::n:ucndewtd:unnhac|n|u!:unS..s¢ann1S;__uu
¢|11°I1fl‘P¢?l¢l5«W1ItlIlInInin¢anabi:fsnmpleIuapecily'
Ifl.IhIhl'DllflII1flh'Il1HI‘HhflIfltnIDdIIlngruII:|1lucud:o
ulecdn§elumnutrmuduchn|q:mbam.;11u.ggm|¢1.
rnncanbeunod1o:paeifymdanuatftmua|upu'|et.Slnpe
dnnnhII1II1adisjoinI.Ip9=iMlI¢tIehnuu:fl'nmnm;aen¢t
uniqudydutumhuvhkhulbnaihucudauwudnomelflum.
Indmnforn.flunmuuIlh|mn.Dnnvuinb:¢.lnn;chcodc
I-‘PN‘Hlhdf0t_OIc!Iof‘|hII0lwl‘¢.Ill¢Inc8fl.l1l.|!I0f
Hunnrqnhedhmounflnmhfihldxmuflvmhy
mncoIdiflnu1eIuupyofIhseodchookgivend|::upanu:'

Ems: = -)3 E Ptti-9:)-"(3a)1°sa -"(il5'u)» anin us.

IV. bnnacaomuunmnwu

A bloddlqrnilhnmin; flu naadnnl llmvfu n
unnocl:unuTCQwlnlnIeuuII|hoIm|n5g.4.1'ha
hpuximpinhwupoadlmnuiudmb-Imlaeauing
I2—DDWI'.SimaiI|IguIlnI|IIiIlly|in1|tAd.!ltaI1tc¢lng
IrddodmdounuIJthua:pu|innold.nu.'1'od.:eumm.1
ahispuubluuinhunuodnpnsalhnumotuuaymmcuic
cnunsionnchuqnadnnuibodinfllandml dmullowl
flaanmuuntofcmmberadmetlwluaiglnnlduwialla
-lnnnduuingnninllian.

AdnflhuyunnudngJahustm‘:QMF'|[5]wumdiadln
{lG].LnItuIIrnItbfl!IDHIlIludDCTwa-euulnnulncodn
Ihalweufiaqln-cvwbim-I-(L!m.1heocrbuadsy:un
wuiclndlnhuqn-in. Vahllvafnllnwaflflnt
lnduleai-DxTI'I1l:IbbekIl.uut4x4fweaeod]n;
:h:l.FS.A!l“llh"DCfen:flduudd:al..fiI:InnllecmIl
iuouquueeII:ahonoodeduIin|BC!‘CQ.E:choffl:ahi;h-
fiuaucyalh-lnputllfislhalnuuudunuspuuwbo
e-wodofl(wiIhml|utIrvrou-du;)n|ngscrvoQ.1nuen
uue.fou:=-mnB(':l\3Qn-numuanua.

A wall mount of nib infouuflnn. cauaiuin: oi’ the
umbmmdhfifuuuhnmmehmuuunnmph
unnd:rddavl|flnno(|1lu#hnuaudDC'1'cmficluuI.
i|n1nuniflnd.Al1DCI'ooIma|:nnndnb-imaneureuorv
Iulhad by uulmcthz nhairmen(|J1danexn:ptu:e DC
u1.u!urmcoafl|dI:uIm|u1mIxlmb¢mvm:n).:ndIh:u
divid.Ia;hyuInknnq:udve:undaudeunnou.Thg~nmmu-

nun; BCICQ I ma dumnlnul hy aha opmnmn me-
ulou|ion:d1:m:duaibodh||wl:ooqu:nIsocI§on.AIIIw
|'l°IiI'i|!§-end. fllezudlinjbltusqucnneandnrlinllulion
pa:ameuu(Iidelnfum:flI:n)l:mndtareom.m1ac1Ihe
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H34. Bln:Id1nuun9t:nuudnns'l'C|:Im|I_eadII'.

~-DullhDc0¢DuDaDn'DiDuDnD|---
-IL-ll-Iluulfiodl jflflllll

Fig.5. Ul||lnImcodfl:I1kfifil'IfiII:II‘InE(.'|'CQIylau

quunciudl coemcae'nu.11aeinvam Dena puformcdto chum‘meracmauucnedlfshefuumcflnuwnvduruemauucfion
mam '

-4. Codlboak Duiga
In[25]Ind[26|,itw|uhon-nttmforuwodingnlmmrylcu

sourcu with unnoIhd:uhIu(u:i|[ E£."l'DOJ.nnr-opunnl
performancuttnanla-d1InrflnnIhea'y|:u:)¢Inhoobulned
by em1Ilnrin|1hocoddInokdui|n alguiihnaulaannding
ru1afrDm(1E].T'h|II1nIiflIIIuuq:uwminiaun1uI\-ISE

.ut‘aneucnd1n5(huuh§s:t'wunnnupynn¢m-.int)by
minimizing am can function _

:=r:m=. :)1+A£irts:1 (4;

whmxisdudnu.-iiltbuwohdvu-Iiunaf=.p(:.:!)
i|:h::oa:(unnJJyMSE)atIwq:muIm;zhy£.Ai:a
Llgllslggluaulpliel-.uldl(£)lIIi|I,III:IIi:erd'liIIilIell|a3f
tiaeurinhis-lcntdnnodsmmolunue.

1'n[2fi!.it was found that fix mu grass dun 2.5
bltafumplafluupfl-mtndmnnhmhdunmpmvidnn
djnluciutimpruvunuatbhlsfiovunniibuucndebooku
(nishnu-min-H;.5}.ThIn.hma-d:nuInflam.whhinugu.
aptimiudcodehouhvalnuledfwtacadingu-nulauxhan
otequltnmrneblllhmipinnhilsnnifiimeoddaoahwa-n
uudforlllulltarencndingrnu.‘

Aco|l:cddna{3DlmI|H(If|ifl'auutfi\InLhe'1.cnm"im-
ag¢)wereu.neduu'Iinia|g!n_afo_¢13unpdmi::dana1gnrld1m.1hruseuofcodubooh—mefar1inDCoo¢fnciuI.onefor
maol1:urDf.'l'oqefflc1ouIIIId.If|e'dIh1lfor|1IaIb~imn;cs
‘odur1iLInlheI.FSe~wInnnd.Furunhlat.oodebnohwe::
,desi|11ed fnrintejw muldp1adD.l hiEI_Iumple.'I'|nnmfl:er
othinnquhedwragnucntapnrflculneodewnldéwu
computeclu

I(i|3’.-} = $[—1u log. PKEI-ml (5)

when PM-9i) (If! Fuhlhilibr of using 1 given till: the I
supussg.5]iIuIed)isefl:|maindfiumfl:ominJngdan.

L.nl.P(£|3¢) be Ihcrulnritefieqnnncydi (givennpmet
3.; furencodlng mm Similarly. lat .*''(s.-} he an umm

wru.1fof.S',-ftl'eI\0Ddin[!eItdIlt.l£lIflI£!I¢aI}"noIhnw

F =22 P<s1s.JPrs.->rt&!a.:

ilanuppetboInIlwd:eatcodingnu(fa'Ihe1uthu)
raquiradbytIruHufl1umepdu(dni£nadf:omIiuu|.i|dn;
dltsfor-5'nIJ|dl3:.Iflpectlvely):Ichoperam|gonbIacksofcodsuruthwidulclmllmu.

A.|poi.nu:dmube!on.:hn1UQdeeodu-almyslmawn
wheIhntItIauex1codawaIId:hnuIdonu:e!rnm3.;nr.9;.T!:us,
Ih:3¢oudawutdsn:h:ual|au.adlutoauquu:cs.Hu£FmIn
cndcd.lIdIInnn1IIId.hun-wadhytiuulneptnnadutcfor
Ih31wd:wwd:.A.II!udaondu-.1hstwoaqIndu:cnnbe
l'III.fl1nInchflndnd.'I'haTllQdac|xie1'cIn1hentaq'qa:|Ii:Jly
HndatI:ednIhydrIwin;audmmdIflumrhISoudS;
uqnenouulppmpdac. -

8.RnuA!lqcm'an
Thalhlliollvaniiouofuyruaallucafiflllcheuleish

‘PF'°P|'|I|§JyIIlncu¢1hebIuhobeuudforonanding|mnug
Iheimuquncubhealmdodnunonslinizauu
pe|'fnrm|ncaIncoIdin§InJonIIobjec‘flveomtfnncdon.[n
-!hilW0fl!.wlu.IGIbiI|JbeIflunIJ[cIifl!mInwh.|dII|Ie
dmmton-me pedormmca: of dlflbut quminas In used
[2ll.Tltls:J;oIiIhmpmdun=|:nogd:nI1urvu'ynurIy
flflimlllflwllhll. W‘Mhl11lI|W'iIl|IhIfl(flflIIl|.IlflIl0hi‘lx
IlJoelIion'rl1\leItob¢ennln‘n|edta|Eni1::uofnnnnnp1ivanumbell.

S1=ec1'fiuII:«.m-ewenu Mxfiineumdhy om-auang schenn
in given by .

K

E = E cmz.(-.3 ca)i-|_

where E.-(n) is used to damn fin dinudou-rue pufomnncu
fat encoding the ill: dm sequence II‘. 1-; blnnimple. K In the
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.!l.|lAMAN!l|lAI£I.LIN'=||lo$UICfl&L|!II1WAVI1lTfIA.fllWIll

Ilumber utdau aequ:IInfl'.Ind cu in wei;m1'nn“eoeIlicient
IoIceounIfordwvut|bili1yin1h|aiuofIhMWlIaa|oe:.AlIo.
al.nca:hehioI1JIogonal Iynflnninfiltenhaadgdonothavc
I3u:uneene:'gy.III=qunIiuIiounni:alnvuiouaIubband:
will not be equally Imiphul in ms lmua reoonsmmdun.
The scaling factor Ia;-is inflodueod In cl'l'u: Ihil dilPI1'I"l3r.
Adeuiledlrauuneraofthflprocadmamfindflzcuweightinz
ooelflcicnm Inngiveaaetofflitmunhefonndinllfll.

InprIc1ic¢.thnrllcIlloclIlrDl.wcl1or.B-('1'. "!s"':FK)
irchooenwumminiulizafluabjecttathecmtflainilhat

K

2 am 5 shin/pixel. (7)i-I1

In [21]. II is shown dutch: solution B‘ = (PI; F5. ‘''.!‘3;}
tom: unconstrained pruhlun ‘

. K K

min I'.l.‘ll-‘jE((l'.‘) + 12 am}{:3 ill
(8)

n1inimi.r::.E}nuh}ec1Izrgzf_1agrg_<_ £,?‘_,a.r,-.'rI-.us. lo
fiudaw1udonw1hecuuuiudpu:b1unuf(6)nd(7).
it suffices to find-A and: that an nnluion to {I} yield:

Efilatrfsfladstlbdnumemduflmflmmwfim
fluptuperlclnbefunbihfill.

Foragivenkflacsdluflnnhntlunlneousulinedpmbleulln
obuinadbymini.mi:inguchutmclm:twnin{3)l¢P|fl‘=1Y-
ffVg={p;..--—,q;}i|ItnutufaI1oIrIhIumn1fcrth¢kIh
qumtiur. than 1-; solve:

mi-fl {¢lWhE.i(1'Ja) + Minn]. (9!I'5EVn

C. Siduhgurumian

Thcsldcinlumaliuneniuiludlhnunqilannlnoflhc
Dcmufbumweffldaludrhauspksududduvhdmuf
I1ldahsequancuaahsnua|.’nd.Al6-Htunflformqunliut
wumadtnqnannnudidmas mnllingia
l6(K+1)bIuJIu:naaofuidaiufu'mI:|vu.lnaddiIiun.Ihnix:i:i:l
Inlliasulsfnlelchdausaqliuanauuillnbclrllamilud
todt:rueeiver[3D].Fuufa|u'-::|.aeIulllI.IhlIraquIn¢1!\’
hinJlma;e.HetIce.ItnowtalIdIlIh!u|-mlflonunmmnto
{l3J'I.'+16)biuf'mupfi:nev:rupuId|tnfl.l!)2 biuipiui for
1 I6-handdecaxrqrncitionohmonmhuumellzx S12 In-nu.

.V. Rasualnun Coumuanous

A. Manochmmtlhlflxccidfilg
C0dh:fl:hnuh'fl.cIuwuIpn'fwnflforlbIumiu|nc:anm-

punmt oflhe 512x 512 "Luna"
ourin1ag'ucud£riIwp9tudh3!III1u1Ilin[d:u|!Bll3'|D"1"°-

)..s.
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AN OVERVIEW OF Vl-VAVIELET BASED
MUUTIRESDLUTION ANALYSES’

niéns .TAWEB.‘1'li" AND Wm SWE.E..DENS”

Abstract. In lhis paper we present an overview of svsvslel based maitiruoluiioa nu];-res.
First, In brisly discuss the Ilontinsons vrsveisl Iranslorin in Its simplest form. Then, we give the
definition of s Inslliresolnlicn salute and shcrsr how wavelets It Into it. We take e closer look at
artliogoaei, hiortlogossl and semiurtluogonl wavelets. The fall. Irevelst lruslorm. vsaveists on an
intern], multidimensional wnvsisls and wavelet psrkels are discussed. Several-ersnmles oi wsvoiet
families are intro-dueed and compared. Finally. the seventh}: of mo msjor lpplicltions on outlined:
date compression and communion of linear openton.

Key vvnrds. wavelet, mnltisasolstion s.ns.Iysis.nnmp:us1'on
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1. Introduction. Wavelets have generated a tremendous interest in both the-
creme! and applied areas. upociaily over the pest few years. The number of re-
searchers, already large. continues to grow, no progress is being made at a rapid pace.
In fact, advancements in the area. are occurring st such 9. rate that the very meaning
of “wavelet snslysis“ heaps changing to incorporate new idess.

In a rapidly developing field, overview papers are perticularly useful, and several
good ones concerning wavelets are already available, such as [50, 83, 115, I22, 123,
125]. Of these, [122] contains a. brief introduction to muitiresolution analysis, [SD]
describes wavelets from an spproncimstion theory point of view, [Sal discusses contin-
uous and discrete wavelets. [125] Eocneee on the construction of wavelets. [[15] looks
at wavelets from a. signal procing point of view and E123} compares wavelets with
Fourier techniques.
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Our paper dilfera from these in that it contains some more recent developments
and that it focuses on the “multiresolution analysis" aspect of wavelets. The emphasis
on multiresoliition analysis allows us to look at a number of different constructions
of wavelets such an orthogonal. somiorthogonal, and hiorthogonal wavelets. By ex-
amining these construction in s unified setting, we are ideally positioned to make
comparisons between them. The recent developments contain wavelets on an interval.
multidimensional wavelets. and wavelet packets.

We have-selected an expository style and a level of rigor that we hope will present
the ideas without obscuring them in too much detail. Instead of giving exact, detailed
statements in n “theorem-stnictured” way, we have opted for a more informal style.
References are given throughout, pointing to more details‘ when needed.

For example, this paper occasionally contains statements of the form “A is (es-
sentially) equivalent with B". The interpretation that we have in mind is that, for
“all practical purposes”, A is equivalent to B. Strictly speaking, the equivalence may
only hold under some extra technical conditions. Good examples are when a formula
is guaranteed to be true only “almost everywhere" or in a “weak sense“.

The style we have chosen is motivated by the intended audience: Pfioplc with"
s more theoretical interest as well as those working in various applied areas. For a
reader in the lirst category this paper might provide some of the theory, and point to
some of the right references for further study. A reader in the second category could
use the paper to make comparison. and find connections to related material.

The paper is organised as follows. After a briel sketch of the history of wavelets
we introduce the “continuous wavelet transform.” The discussion of the continuous
wavelet transform is mainly included for historical purposes and for comparison with
the multirssolution analysis wavelets. Next. we give the definitions of “multiresolu-
tion analysis” and “scaling Function” (Section 5}, derive some basic properties and
illustrate these with some examples. In this section we also give the basic definition
of “wavelet.” Wavelets are then studied in more detail in the next sections. Section 6
discusses orthogonal wavelets, while Section '1’ treats biorthogonal wavelets, a gener-
alization of the orthogonal ones, and semierthogonal wavelets, a compromise between
the previous two. In the following section we study the connection between wavelets
and polynomials, and show how this relates to the approtrirnationlpropertios of wave-
let expansions. In Section 9 we allow how a. “last wavelet transform” can be derived
from the multiresolution analysis properti. In the appendix, the reader can End a
poendocods implementation oi this algorithm. At this point, he. after the study of the
basic properties of rnultiresolution analysis, we are ready to single out some desirable
properties of wavelets. This is done in Section 10. We also give several examples of
wnvelet fatnillu, such as Daubechies‘ and spline wavelets, and compare their prop-
ertiee. The next three sections focus on more recent developments such as wavelets
on an interval, wavelet packets and multidimensional wavelets. These sections can
be read independently. Finally, in the last section (Section 14) we consider‘ the basic
ideas associated with two irnportant applications: data compremion and analysis of
linear operators.

It goes without saying {almost} that this short overview is still highly incomplete.
It is unfortunate that we were unable to cover many other important and interesting
developments in the area, some of which are more significant than the ones we have
included. For example, we hardly mention the significant volume of worl: done in the
direction of approrimatlon theory, and the efforts in the field of fractal functions and
the more applied areas are left out almost entirely. We apologize to the people whose
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results we were unable to discuss due to the oonetrainte imposed by the overview
format.

Finally, let ue point out that, although wavelets are a relatively recent phe-
nomenon, there are a. number of useful sources of information about them. First
of all, there are three new journals. with on empltaaia on wavelets: Applied Compu-
tational Harmonic Analyaia, Journal of Fourier Analysis. and Advances in Compu-
tational Mathematics. Secondly, several journals have had special issues on wave-
lete. such as Constructive Approndmation, IEEE Transactions on Signal Processo
ing, IEEE Transactions on Information Theory, International Journal of Optical
Computing, Journal of Mathematical Imaging and Vision, and Optical Engineer
in. Also, an electronic information service exists on the Internet, the Wavelet
Digest, with the Iddrees waveletOrnath.sca:olina.edu. Last but not least. several
books on the subject exist. monographs as well an edited volumes. The list includes
[13, 2D. 21. 43, 49, T4. 92. 96. 106. 103. 116, 119].

2. Notation. Moat of the notation will be presented an we go along. The space
of square integrable functions, L’(R.), is defined an the space of Lebesgue measurable
functions for which

urn‘ = _/M rrlzmrhu < oo-we

The inner product of two fllzlctiona f,g E Lz(R] is given by
+oo

U-9} = . fl-’¢l9_l:l¢=.-no

and the Fourier transform of a function f E L’{R] is defined ea
+..=

ft.) = N :(z1e-‘"'dz-
The Poison summation formula in need in the following two form,

2f(z — 1) = 2f(2r.«) em".1 i.

and

2 {mt — I): e-M = Zf(w+ wczwifitfwsriI I.

If no bounds are indicated under a. summation sign. 6 Z is understood.
A countable eet -(f,,} of a. Hilbert apace is a Rica: boss‘; if every element f of the

epaoe can be written uniquely as 1 = Sue, f,., and positive conetents A and I] existsuch that

Ailrll‘ s Eleni’ s 3 ll!!!‘-

3. A short hlltonr of mwalete. The history of wavelets could beithe topic of
a separate paper. Let us give}: short, subjective account.

Wavelet theory involves repruaenting general functions in terms of simpler, fixed
building blocks at diflerent scales and positions. This has been found to be a. useful
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approach in several diiferent areas. For example, We have subband filtering techniques.
quadrature mirror filters, pyramid schemes, etc., in signal and image processing. while
in mathematical physics similar ideas are studied as part of the theory of Coherent
'States. Wavelet theory represents a useful synthesis of these dilferent approaches.

In abstract matheuratics, it has been known for quite some time that technique
based on Fourier series and Fourier transforms are not quite adequate for many prob-
lems and so-called Liflleroood-Paley techniques often are eifective substitutes. These
techniques were initially developed in the 30's to understand, among other things,
surnmability properties of Fourier series and boundary behavior of analytic functions.
In the 50': and fll]’s, these developed into powerful tools for studying other things,
such as solutions of partial difie1'entis.|'equa.tione and integral equations. It was real-
ired that they fit into Calderén-Zyymund theory, ‘an area of harmonic analysis that
is still very heavily researched.

One of the standard approaches. not only in Calderon-Zygmund theory. but in
analysis in general. is to break up a complicated phsomenon into many simple pieces
and study each of the pieces separately. In the 70's, sums of simple functions. called
atomic decompositions [35]. were widely used, especially in Hardy spare theory. One
method used to establish that a general function f has such a decomposition. is to
start with the "Calde1'6n fortnula”: for a furtion 3‘, one has that

!(=) =- “fin-r)cr)$.t=—r>dr%.
The no denotes convolution. Here Wit) _=_ t“\t{reft), and 1fi.(z] i.s defined similarly,
for appropriate fixed functions 1;? and 1!». As we shall see below, this representa-
tion is an example oi‘ a continuous wavelet transform. In mathematics! physics the
Aslakssn-Kiauder constnsction oi’ the (us +h]-coherent states can be seen as another
independent derivation of the Calderon formula [7, 91].

In the early 50’s. Strdmberg discovered the first orthogonal wavelets I126]. This
was done in the context at trying to further understand Hardy spaces, as well as other
spaces used to measure the size and smoothness of functions. Aidiscrets version of
the Calderon formula has! also been used for similar purposes in [E6] and long before
this nm. were results by am [31], Franklin [7o}, Ciesielslci {es}, Peetre [1l2],a.ndothers.

Independent from these developments in harmonic analysis, Alex Gressmaan.
Jean Morlet, and their ouvvorkers studied the wavelet traustonn in its continuous
form [78, 79, 80]. The theory of “Runes” [51] provided a suitable general framework
for these investigations.

In the early to mid 80's, several groups. perhaps roost notably the one associated
with Yves Meyer and his collaborators, independently realised, with some excitement.
that tools from Calderon-Z3-ground theory, in particular the Littlewood-Palsy repre-
Beutations. had discrete analogs and could give a unified view of many of the results
in harmonic Also, one started to understand that these techniques could
be efiectivs substitutes for Fourier series in numerical applications. (The first named
author of this paper came to this understanding through the joint work with Mike
Frasier {T1, 72, ?3|.) As the emphasis shifted more towards the representations them-
selves, and the building blocks involved, the name of the theory also shifted. Alex
Grossrnsnn and Jean Morlet ‘suggested the word “wavelet” for the building blocks.
and what earlier had been referred to as Littlewood-Paley theory, now started to be
called wavelet theory. n.
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Pierre-Gilles Lernarié and Yves Meyer [97], independent ofstriimb erg, constructed
new orthogonal wavelet expansions. With the notion of nrultireeolution analysis, in-
troduced by Stéphane Mallet end Yves Meyer, a systematic framework for under-
standing these orthogonal expansions was developed [103, 104. 105]. It also provided
the connection with quadrature mirror filtering. Soon, Ingrid Daubechiee [47] gave a
construction of wavelets, non-zero only on a finite interval and with arbitrarily high,
but lixed,Vreg1.1la.rity. This telnet us up to a fairly recent time in the history of wavelet
theory. Several people have made substantial contributions to the field over the past
few years. Some of their work and the appropriate references will be discussed in the
body of the paper.

4. The continuum wavelet transform. Since we are going to be brief, let
us start by pointing out that more detailed treatments of the continuous wavelet
transform can be found in [20, 71', TB, 83]. As mentioned above, a wavelet expansion
osea translations and dilutions of one fixed function, the wavelet it E L'(R.). In the
case of the continuous wavelet transform. the translation and dilation parameters vary
continuously. In other words, the transform makes use of the functions

3-5

fi“‘[:):t ¢l( a ) with o,bER.,o7‘.-D.
These fonctioneiare scaled so that their L3(l‘t) norms are independet of rt. The
continuous wavelet transform of a function 1' E L’(l‘-L} is now defined by

(I) Wf-1.5) = l!.il.;al-

Using Pereeva-I‘: identity, we can also write this as

(2) 2st W'(o.b) = ()?.$.;;}.
where

$..»tw) = e-‘~*$(mJ-
We aeeums now that the wavelet qt‘: and its Fourier transform :3 are functiona with

finite centers 2 and D and finite radii A. and A... These quantities are defined by
4-no

2 = —— f xI~.t(=)|‘dz.Ilwll‘ -..-I-on

A‘. = W‘? ]_m (2 — 2)‘ Iutzll‘-12.
and similarly for El and A... The variable 2: usually represents either time or space;
we shall settle for the first and refer to a: as time. litorn [1] and (2), we see that
the continuous wavelet transform at (o,h] picks up Information about f, mostly from
the time interval [fa + at - ¢r3.,h + 433 + 4.13,] and from the frequency interval [(5 —
AU)/o. {D + A...)/tr]. These two intervals determine a lime-frequency window. lts
width, height and position are‘ governed by u and la. Its area is constant and given by
-ra.a.,. The Heisenberg uncertainty principle soars that this area. has to be greater
than 2. These time-Eraquetltcy Windows are also called Heisenberg hates.\
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Suppose that the wavelet qt satisfies the ndrrtiseidiliiy condition
+-an "' 2

0.5:} -I1!-H-fl-dw<oo....,° W

Then, the continuous wavelet transform W(o,ll) is invertible on its range, and a.n_
inverse transform is given by the relation

(3) n=>—Gi_" +°°w(a.bw...(z)““‘°oo —oo “'1-

From the admissibility condition. we see on $(o) has to be 0. and, in particular, «.1»
has to oscillate. This, together with the decay property. has ¢ the name music!
or “small wave‘ (French: omielette). This shows that the frequency localization of
the wavelets is much better than pointed out above. In most cases E: is zero and_the
frequency localisation in really in a band [—wgfo. --cu;fo.]U [L01/a,wg/a], because 1fi{U]
vanishes. This can help to understand why a reconstruction formula of type {3} is
possible. -

The transform is often represented graphically and plotted as two turn-dimensional
irnages with color or grey-scale value corresponding to the modulus and phase of
Wlo, la). This representation has been used extensively in areas such as geophysics.

In applications. it is of interest to find inverse transform that do not males use
of W over the whole range of o and tr. 'I‘rs.usl'orn1s exist that only use positive valu
old or even only discrete values for :1. Furthermore, using the theory of frames it is
possible to study the case where only discrete Values for o and b are used, see [33]
for an excellent overview. The most common choice is to use a dyadic grid, i.e. to
let a = 24 and Mo = I with 5,: e 2 [43, 73]. In general, the ram values or a and
b one wants to use. the more restrictive the condition on the wavelet becomes. The
continuous wavelet transform allows us to use a very general wavelet. At the other
extreme, we shall see that much more restrictive conditions hold for a wavelet need in
multiresolution analysis. This allows us. on the other hand. to prove powerful results
such as the construction of orthogonnl bases.

The transform that only uses the dyadic values of n and 5 was originally called
the discrete with At this moment, however, this term is asnbiguous,
since it is also used to denote the transform from the oequonce of scaling.fI.tnction
ceelicients of is function to its wavelet cooficients {see Section 9).

The case when a. and D belong to more irregular sets have also been covered.
Such irregular sampling results can be found in [14, 39, 68. 67].

The continuous wavelet transform is also used in aingaderiiy detection and char-
acterization [T1, 100]. A typical result in this direction is that if as function {is Holder
[Lipachitz) continuous of order [I < a < 1, so that |f(:: + h) — f(:]l = O(h°'), then
the continuous wavelet transform has an asymptotic behavior like

W(o, in) = 0(o"“"') for o —o 0.
The converse is true as well. The advantage of this characterisation compared to the
Fourier transform is that it does not only provide information about the kind of ein- ‘
gularlty, but also about its location in time. There is a corresponding characterization
of Hiilder [Lipsc.hitz) continuous functions of higher order or ; I; the wavelet must
then have a number of vanishing moments greater than or, i.e.-i-«on

q£v(:c)z'd1:=0 for Ofipsa and p52.-as
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We note that the number of vanishing wavelet moments limits the order of smoothnessthat can be characterized.

Ennmple. A clrmicel example of a wevdet is the Mexican hot function.

Me) = (1 — 2:r‘]¢"".

Being the second derivative of I Gaussian, it has two vanishing momenta.

5. Multiruolntlon nnolyele.

5.1. The scaling lhnctioo and the subspaces V,-. There are at least two
ways to introduce wavelets: one is through the continuous wavelet transform an in
the previous section. and another in through multireeolutinn nnniynis. Here we start
by defining niultireaolntion analysis, and then point out some of the connections withthe continuous wavelet transform.

A muiflmolufion nnalyain of L‘(R) is defined as e sequence of closed subrpoces
V} of L3{R-lr .5 E 2, with the following properties [47, 103]:

l. V} C “(+1.
2° Vi?) E ¢'# 1'l25l 5 lG+|.

3. 9&1) E H; 9 1.-[:5-I-1) E Va,no +ou

4. U I4} in dense in L'(R} and H = {O},

5. ihachling function 50 E Va, with_h°i.Ion-vanishing integral. exists such that
the collection {<p(a= - 1) He 2} is 3 Rice: heels of Va.
The reference: H22, 123] contain an introduction to the concept of multiresolutinn
analysis.

Let us mob e couple of ailnple obaerutiona concerning this definition. Since
ip E '93 C lfi, e Iequence [hi] E l°(Z] exists India that the scaling function not-isfleo

(4) rp(:|:} = 22:... ¢:(2x — it}.b

This functional equation goel by several difierent. nntnm: the refinement equation,
the dilution 9911311301: or the two-tonic diflenence equation. We shall ule the tint.

It is immediate that the collection of functions {gag}: | I E 3}, with 913(3) =
u/F:p(2fe—I), is nllieezbnoie orig.

By integrating both sides of (4), and dividing by the (non-vanishing) integral of
rp, we nee that

{5} 2h; = 1.' k

If the Iclling function belongs to L‘, it is, under very general conditions", uniquely
defined by its refinement equation and the normalization [52},

‘H36

f 9(2) dz =1.—oo

In many cases, no explicit exprenion. for tp is availnbie. However. there are fast
algorithms that use the refinement equation to evaluate the scaling function on at _
dyadic points (2 = 2-1;, j,k e z} [15, 18. 41'. 52. 53. 122]. In many applications, we
never need the scaling function itself; ,instea.d we may often work directly with the h;,.
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The space: will be used to approximategenerei functiona. This will be done
hy defining appropriate projections onto these spaces. Since the union of all the

in dense in L'{R.}, we are guaranteed that any given function can be approximated
arbitrarily clone by such projections.

To be able to use the coliection.{:p{:c -J} |' I E Z} to approximate even the simplest
functions (such as oooetanta), it is natural to aeaurne that the scaling function and its
integer translates form a partition of unity, or, in other words,

(5) V3611: £q9(:c--l€)=1.I

Note that by Poisson’: summation formula. the partition of unity in (essentially)
equivalent with

(7) fi(21ri:} =5. for I: e z.

B)‘ (4). the Fourier transform of the scaling function must aatiafy

(SJ _ cat») = so/2) awn).
where H’ in a“2ei¥'fi'e“riod'ie'feoction defied by

(9) em = flan. .:--*~.I:

Since 97(0) 2 1, we can apply {3} recursively. Thin yielde. at least forrnailp, the productformula.

flu] = fi H(2”-"_o.r].J'=l

The convergence of this product is examined in [27, 471. The representation of 6 is
nice to have in nranyaituationa. For example, it can be used to costruct p(=] from
the Ag. Using {'2'} and (8), we see that we obtain a partition of unity if

E{1r)=D or ‘£(—1)*a.. = 0.

Also note that {5} can be written as

3(0) = 1.

Examples of amfing functions.
{i) A well-known family of scaling functions is the net of cardinal B—ep1inea.

The cardinal B-—epline ofonier 1 is the box function N1{:|:} == xfn_1](:]. For m > 1 the
cardinal B—epi.ine N... is defined recursively aa a convolution:

N... as N,.,_1 1- N3.

These functions eatiafy Ifl

N.,.[::) = 2''--1 E: (’;‘)N...[2z - 1:},i=0

and
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(ii) Another cluaicnl example is the Shanhon sampling function,

sin[1r::}
50(3) = with = x[_,_,]{u.I).

We may take

304] = x[-«;:.¢,r:|(“l 501' W E l'“‘u"'l»

and, consequently.

_1}i
(21: + 1)!

Now, for later reference, let us introduce the following Zhperiodlc iunctiou:

I-‘[r..r) = E |a(..} + tam’.I

A“: 1/25,. and r.‘.,,,,,, .—. for Item.

The fact that 19 and its translate: form I Risa: basis, corresponds to the fact that
there are positive constants A and B such that

D<.-is}-"{u.')SB<oo.

Using (8) and rearranging the even and odd terms, we have

F(2w] = )3 man + :.2«}|=

= i lH(w + kill’ n'a'5(~ 4- tfrll’
= i |H(w + Ic2sr)|' lflw + kza-]|’ + IEO.» + at + k2ar},i=' [flu + 1r + k2«)|‘I

(10) = 1111:»)? FM + IH(w + =r)I’ F(w + x).

Tttil shown that F in Ictuelly -x-periodic.

5.2. The wavelet hlnetion and the detail Ipeeea W5. We will use to
denote a. space complementing V; in 1941, :'.e. 11 space that utiafleu

‘G-I-1 =V;'$l'V}'|

where the symbol 9 stand: for direct sum. In other Wordl, each element of lg.” can
be written, in 8 unique way, as the sum of an element of W; and an element of Ir}. We
note that the spaces W1 themselves no not neceaserily unique; there may be several
ways to complement V; in 'lr}+1.

The space W, contains the “detail” information needed to go from an approxi-
mation at resolution to an approximation at resolution 3' + 1. Consequently.

E9»; =L=[n).5

A function 16 is 3 toootlet if the collection of functions {Ma — I] I l E Z} is o Rite:
basis of Wo. The collection of wavelet function! {W}; I L3‘ 5 Z} is then 3 Bias: buis
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of L'(R]. The definition of '51.! is similar to the one of £95.: in the previous section.
Note thst a union of Rice: buses does not necessarily give a Rises begin for the tote!
span. Even though we did not impose any orthogonality, apes: W; and Win are
“almost” diagonal for -j'| large, and this allows the collection of all 10,]; to form n
Riese basis for L’. Since the wavelet it is an element of P1. e sequence (g;.) E 13(2)
exists such that '

on v!=[=}=2E9t-r=[?«"--i=)-l:

The Fourier transform of the wavelet is given by

(12) fie; = G(u{2)1ii(w{2].
where G is a. 21-periodic function given by

(13) a-(..,) = Z 5.. e‘“'‘‘‘.l:

Each space and W," has: complement in L1(R) denoted by V?" and W“, respectively.We have: '

;=®W« and W:=<-ZBW«-is} iii}

We deline P; as the projection operator onto 17,- and parallel to V1‘, and Q; as the
projection operntor onto W5 and parallel to Wf. A function I can now be written as

f(¢l = 2 951(1) = Z 75.: 'fi:'.:(==J-:' 1.:

Recalling the discussion in Section 4. we see that this last equation is in fact an inverse
“discrete” wavelet treneforsn. At this moment the exact conditions on the wavelet are
still unclear. They will made more precise in the next sections. There it will also
become cleur how to find the coefllcients -r_.,_;. We lirst turn to the case where the \b,>_r
form an orthonormal basis for L’

6. Orthognnll wavelets. The class of orllwgonsl wavelets is particularly inter-
esting. We start by introducing the concept of an orthogonal muitiresoiulion analysis.
This in 1 multireeoiution analysis where the wavelet spaces W; aredefined as the or
thogramsi complement of F} in ‘Phi. Consequently, the space: with j E Z are all
mutually orthogonal, the projections ‘P,’ and Q are orthogonal, and the expansion

as) = 2 Quiz)J‘

is an orthogonal expansion. A euflicient condition for n multireeolution analysis to be
orthogonal is

Wu J- Va.
or

H’-¥’{"‘ll=0 ‘E2’:
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since the other conditions simply follow from styling. Using Poisson's summstion
formula, we see that this condition is (essentially) equivalent to

-(14) ' v.. e 11 : :{i(.., + 1:2-Jr)r,'5(t.-z-Tkt?) = o.I .

An artliogronnl scaling function is a function so such that the set {v.o(z — l) I I e Z}-
is an orthonormal buie. or

(15) lvwt--Fl} =5: 163-

With such e. :p, the collection of functions {ga{:r - I] | I E Z} is an orthonormal basis of
Va and the collection of functions {5a,-_i | l E Z} is an orthonormal basis of V}. Using
Poisson's formula. (15) is (essentially) equivalent to

(15) Vs: e R : )3 mo + l:21r]|’ = F(u} = 1.t

From (10) we now see that,

(17) ‘ Va: :5 R. : |H(w)}’ + |H(w + 'l|')P =1.
01'

2h.rn-u=.s.g2 for lez.k

The last two equations sre equivalent, but they only provide it necessary condition
for the orthogonality oi the scaling function end its translates. This relationship is
investigated in-detail in [28, 94]. .

Now, an orthogonal wavelet is a function 19 such that the collection of functions
[iI(: - l] I I E Z} is In orthonormal basis of Wu. This is the case if

(\b.¢['-1}) =51-

Again these conditions are (essentially) equivalent to

V9 E R: Z|1ii(w+l.'.21I']|’ = 1,i

and, using a similar argument as above, a necessary condition is given by

'9'” E R ‘- |G{I-Ill’ +IG[w+1fJl3 =1-

Since the specs W, are mutually orthogonal, the collection of functions {fill J j,l' E
Z} is an orthonormal basis ofL’[R).

The projection operators 1’; and Q; can now be written as

7’;'.v'[3) " 2 ifoS°:‘.t}‘P:.ti=] and Qgli-‘ll = E (!.ll;,:}\l’1.I[3)-I I

They yield the best L3 approximations of the Iunction I in and W5, respectively.

For a function f E L'(R) we have the orthogonal expnnlsinn

!(=)=Z'r5.I¢':.:(=.) with 'r:.:‘—‘ (fami-
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Again, this can be viewed as a discrete version of the continuous wavelet transform.
Examples of orthogonal wavelets will be given in Section 10.

Using (16) we can write the condition (14) as

US} wen: G(w)W+G(w+w}WJ.m=G.

From this last equation it follows that the function G'[w) needs to be of the form

CI“) = Al“)%.

where A is . 21r-periodic function sucli that

A[u + 1r) = —A(u).

The orthogonality of the wavelet immediately follows from the orthogonality of the
scaling function if -

W”)! = 1-

As we will see later on, it is important for the scaling function and wavelet to
have compact support. The compact support of the wavelet and scaling function is
equivalent with the fact that H and G are trigonometric polynomials [i.e. the sums
in (9) and (13) are finite). In the above case. we see that if the scaling function is
compactly supported, so is the wavelet, provided that A is a trigonometric polynomial.
The only trigonometric polynomials that satisfy the conditions for A are nronomiels
of the form,

'Ge"““>*' with |c.‘i=1 and he 2.

Up to the constant C and an integer translation, the difiersnt A all give rise to the
same wavelet. Any other choice for A will lead to a wavelet without compact support.
If the ooefficionts he are real. so are the 9; if 6' = #1. The standard choice is
A(w) = -.-.'i”. This means that we derive an orthogonal wavelet iron: a.n orthogonal
scaling function by choosing

I19} 9:. = [-1)‘ K.

This still leaves us with the problem of constructing a. compactly supported scaling
function. We wfll comment on this in Section 8.

In [95] an orthogonaliution procedure to lind orthonormal wavelets is proposed.
It states that if s. function to and its integer translates form :5 Rinse basis of Va, then
an orthonormal built of Va in given by :,s_,,.;;, and its integer translates with

film) ‘
“FF i

The fact that we started rm‘ a Riese basis guarantees that F[w) is strictly positive.
We see that to indeed satisfies the orthogonality condition [16]. Note that if to is
compactly supported, 50,,“ will, in general, not be compactly supported.

(20) Gm): (“l =
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T. Bio:-thogonsl wavelets. The orthogonality property puts a strong limits-
tion on the construction of wavelets. For example, it is known that the Hui‘ wave-Jet is
the only real-valued wavelet that is compactly supported, symmetric and uzthngonai
H7]. The generalization to biorhilagonai wavelets has been considered to gain more
flexibility. Here, s dual scaling function 6 snd__a dusumvelet $ exist that generate a
dual rnultiresoiution analysis with subspaces and W,-, such that —

(211 Valve and V,-fir}.
and, consequently, '

W, J. w,. for 576;‘.
The dual multirssolution analysis is not necessarily the same as the one generated by
the original basis functions. in equivalent condition to (21) is

(Ml--1)) = (M-—rJ> =0-

Moreovsr, the dual functions also have to astisfy

(«M-—r))=n5: and i'E|'ibi"i))=5t-

By using I scaling argument. we have the seemingly more general properties that

(39) ($.~'.MP;‘.:'i = v5I—I- U'.J' E 3
and

(33) iI31M"s-.t') = 51-#5:-v U31"-i’ E 5-

Here the definitions of {D7,-_; and 1%.! are similar to the ones for 1.05.; and t&_,>_;. Note that
the role of the basis (he. the 9 and tea] and the dual basis can be interchanged. Using
the sums Fourier techniques as in the previous section, the him-thogonality conditions
are (essentially) equivalent with

Z)=.%(~+i2«)‘¢T«T$‘H?i = :

Z.:$'[w+k2r) = 1
(243 wen: >1-:E[w+k2I_)fiF;_E_m = D

$$(u+h2w) = 0.
Since they define I. nanltiresulution analysis. the dual functions must satisfy

(25) am: 2:jE.a(2=—e) and J(=}=2fj§.5{2=_i;.s in

If we define the functions ff and E’ in the same fashion as we did for H and G, then
necessary conditions are again given by

Ho-»)?I'(T-7 + F50-»_+«J'HIw+«) = 1

(25) WEN G(w}fiIJ'}' + g(u+r}Giu+rj = 1
' Glr-JJW + q(w+r)HEw+«} = 0

H{«.-)@ + H(u+«)'c(u+wi = o.
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0!
_:._._..._.o_

-. §[)§(+J an Gt) _ In
"""‘“' [6(:) 6(:+:) tflewir) c(w:x1t”[o It

Hence, if we 1.{

' = H(w) .H{w+1r)% “‘“"” [cm G(~+=rJt‘
and similarly for .7, than

3l7(w]M‘iw$=1.

By interchanging the matrices on the left-handlnide. we get

. HT:-fifitw) + Emétw) = 1“H MR‘ {FIE-"=T§tw+«).+ ?:‘t?»3G(w+=r) = 0-
Note that the orthogonal cue corresponds to M being a. unitary matrix. Crauner'e
rule now states that

 

(28) gig): GiId+1rA w}

and

(291 écw1=-”m“:”‘.
where

Mr») = detM[w).

The fact that the wavelet: form I basis for the complementary spaces enrurel that A
does not vanish.

The projention operator: talc: the form

rmz} = Z)<:.¢:.=1w.-.:(=) and ems} = )3 <1. at-.« Wu-.:(al.I I

and

f" EUv13.I)1fi;‘,r-J.l

Note that this can be viewed. on a “discrete” wavelet transform and that the izonditiona

on 19 are less restrictive tlum in the orthogonal cue. From the equation: (22), (23),
and [25} we see that

it-2: = (W3 — Unfit?” — “H Md 33-21 = (W: - f).y:[2= -— I-.)).

In particular. by writing 912; - It) E V; in the bases oi Va and Wu, we obtain that

(am w(i’= — 1:) = Z;E.-.u.o<= — n + 2§.-=.w(= ~ :1.I‘ I
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Even if the tooling function and the wavelet are not orthogonal, the rnultireoolu-
tion analysis may still be orthogonal. Let us study this in at little more detail

A biorthogoual scaling function and wavelet are aemiorthogo-nol if they generate
an orthogonal Inultiresolution analysis [1, 2, 20]. The name pro-wavelet is elm used
for and: a wavelet. Since the W, subspaces are mutually orthogonal we have that

w,.Li.i@. and W,-J.1+g. for _i;e;'*.

Conoequently, w, = W,, which implies um v;- = 17;. Thus, the primely and dual
functions generate the lame (orthogonal) ntmltiresolution analysis. A dual scaling
function can now he found by letting . .

2: _ it-J} -
iaiwl ‘ Ftw)‘

We see that the firs! equation of (24) in satisfied. and, since F is a. bounded, 31r-
periodic lunction that does not vanish, the translates of rp and {E gene-rnte_the some
space. This corresponds to:

Ho»: 1‘‘{w)_m“) = .=*(2;..)

In order to have an orthogonal multiresolution analysis. { 18] must also be satisfied.
As before, this moons that we need to pith G no that

GM = Air-4) —‘Htw+ vr}.
where A is e 2w-periodic function with

.-1(r.o 4- r} = —.4.(w}.

If A is a trigonometric polynomial, then the healing funttion is compactly supported.
By looking at the last equation ol [26] it in clear that a. simple choice is

A{w) = -»e'“' F(w + 1},

so that I

A[u] = e"'” .F'(2w).

and, ooneequentiy.

H {or + 1r)
F(2w] '

If go is e compactly supported function. this construction guarantees that 10 in corn-
pactly supported too, since 3 and F. and hence also 6’. are trigonometric polynomials.
However, the dual functions are. in general, not compactly supported.

8. Wavelet: and polynomials. The moments of the scaling function and wave-
let are defined by:

E'[u) = -e““'

+99 +06

Mp=] :’rp[::)d.1: and N',,=f ::P1lJ(.1:)d.1: with pEN,_w. _m
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s_n_d similarly for the dual functions. The scaling functions are normalized with Ma :1
Me = l..

tlecsll‘ths'.t we want the scaling function to satisfy a “partition of unity” property
and. fiirthernlom, that this oorresponds to H(1r] I: 0. From (29) we see that this
implies that G({)] -.-..- 0 end. hence. that J73 = D. So the duo] wsvelet needs to have a
vanishing integral. This is reminiscent of the ones of the continuous wavelet transform
where we needed the wavelet to have a vanishing integral.

As we pointed out before, the fact that the wavelet has a vanishing integral allows
us to give a. precise characterisation of the functions with a certain smoothness (when
the order of smoothness a is less than 1). in terms of the decay of the continuous
wavelet transform. The analogous fact is true here: the wavelet coeitlcienta are given
by inner products with the duel vmvelete and the fact that these have a. vanishing inte-
gral allows us to characterise exactly which functions will be of a. certain smoothness
by looking at the decay oi the coeflicients.

As in the use of the continuous wavelet transform, to obtain similar character-
izations of classes of functions of smoothness cu > 1, the dual wavelet need; to have
more vanishing moments. This is in fact closely related to the property that the seal-
ing function and its translates can be used to represent polynomials. We make this
statement more precise.

Let N denote the number of vanishing moments ol the dual wavelet,

,!7,=.{l for l}€:I<N and a7sr#U.‘

This is the same as saying that has a. root of multiplicity N at to = 0. Since
37(0) at 0, it is also equivalent to the fact that §(u.-) has a root of multiplicity N at
I-1 = 0. Thus, the sequence also has N vanishing discrete moments,

Zfi.icP=D. for n<p<N.a

horn (29). we see that this '3 equivalent to H(¢..-] having a root of multiplicity N at
to = it, which, by using (6). implies that

(31) tr-(.%rJ[-2:”) = .5, M, for a (' p 4 N.

B)! Poisson's summation formula, it follows that

(32) En: — l)’(,o(2- :) = M, For o e p < N.t

By tessjrlnging the last expression, we see that say Polynomial with degree smaller
than N can be written In 1 lines: combination of the functions cp{.1: - i] with l E I.

At this point we digressa little and make two small remarks.
1. The fact that Ffw) has a root of multiplicity N at to '= 11' means that we can

factor Hfu) se

E(wJ=(1+;-M)” F-'(wJ.
with K[D} = I and K[1r) #0.’. This fsctofization together with the (hfiorthogonslity
conditions and the fact that K is e trigonometric polynomial is used as a starting
point for the construction of compactly supported wavelets [31, t7].
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’I H» n
a »

Flo. 1. The eubknd jitter-ing scheme.

2. Wheowriting n polynon:|ie.1's.s a linear combination of the !p[= — I), the
coefficients in the linear combination themselves are polynomials of the some degree
in I. More precisely, if A is a. polynomial of degree p s N - 1, then s. polynomial B,
of the same degree. exists such that

(33) 4(3) '-' ‘;Bll)tPl3"li-
The fact that B in indeed B. polynomial can easily be seen from

on} = f n(=)o(z 41.1: = [An + l}t3(e}dz.
Fhrthermore. I

4‘1(=i= $3(-"—l)s°(‘i.
since the polynomials on the left and right-hand sides match s.t each integer.

With the extra vanishing moment conditions on the duel wavelet. we cut charac-
terize srnoothneu up to order o: < N. Another consequence is that the convergence
rate of the wavelet approximation for smooth functions now immediately follows.‘ if
f E 6", than

(34) ll’-"";‘J'{=I=) — f(=)l| = GUI") with -’I = 2'5-

The conditions (3t.] are referred to an the Strong-Fix conditions, and these were
established long before the development of wavelet theory I69. 122. 124].

An Isyrnptotic error expansion in powers oi h. which can be used in utteri-
cal extrapolation. is derived in H37, 128], Eur results on the pointvrise convergence
proportion of wavelet series, see

The exponent N in the factorization of H also plays a. role in the regularity of
rp. The Holder regularity is N — 1 at most, but in runny cases it in lower due to the
influence of K. The regularity of soiutions of refinement equations is studied in detail
in [42, 41, 52, 53. 66. 114, 135, 1.36}.

Note that we never required the duel scaling function to satisfy a partition of
unity property. nor the wavelet to have a vanishing moment. In fact, it is possible to
have a wavelet with e non-vanishing integral. In that csae the regularity of the duel
functions is very low. It may even he that they are distributions instead of functions,
but this is not necessarily a. problem in applications.
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Tn-1.! T--2.!

/*/* /E/F
3:1,: -—-n’u-._1,:-—--in-2,: -—-—- A1,: —---e 30,:

Fla. ‘2. Tiaeldzcampneiiin-n u-Jteme.

“\“\“ \<*\
-’Iu,: -+—°- $1.: --—-- $1.: —-4\n—:.:--—- Ana

Fla. 3. The ueomer-uctivn scheme.

9. The {net wavelet transform. Since V} in equal to V;_; @FT/,;;. :1 function
u, E V} can be written uniquely an the sum of a function 1J,a..; E V,--1 and a function
IlJ,‘_1 E “I':i_]I

15(3) = E r\:'.:» 191.2(3) = 95- u (E) + W:-1{=)k

= Z *5-u w-1.I(=) + Z7,--1.: *J’:'~1.:{=}-I f

In other words. we have two reptesentatione of the function 1:,-, one an an element in
V; and ueocioted with the sequence {AM}, and another as a sum of element: in ‘V}-;
and W',-_; and associated with the sequences {A;..;‘;,} and {-7_;_1_;,}. The following
relations show how: to pose between these repreflenmtiom. By (25),

'»\1-1,: = (1*;'.§5j—:.:) = fi(”1:zKe—1r5j.i}n

. = fiE‘?:g_g:r\,',g,K

and, simflarly,

(35) 75-1.! = \/5 E§r'e—-.~M;'.k-1

The opposite direction. from the .\,-1_. and the 13-1,: to the .\5_;,, is equally easy.
Using (30) we have

(371 Am = ‘/5 E’*~-:r*:-1.I 4' ‘/5 E91:-an ‘!:-1,:-I I
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