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s e vertices, then pe is the edge (no parallel edges are allowed)
seen e and eand {u, 0} is acsel of vertices.

Construction of Quartic Graphs

o complete graph with m vertices.

toa graph and 1 s a set of vertices of G, then G — V is the graph
: from & by removing all the vertices of ¥ and the edges
ed to them,

S. Toiba

Department of Systems Design, University of Waterloo,
Warerloo, Ontarie, Canada

Communicated by W. T. Tutte
Received May 2, 1972

3. RepuctioN oF QUARTIC GRAPHS

Liven o Gy, , there are a number of ways of reducing it to a Gj, where
letus nc:m_ao_. two among them:

It is shown that all quartic graphs can be constructed successively from |1 J
by applying two types of operations called H-type and F-type expansions, |

It is also shown that the two types of operations are necessary to success|yil
construct a regular graph of an even degree from a complete graph of the
degree.

1) Ftipe reduction.  Let v be a vertex of Ggy, . Then » has 2n adjacent
let vy, vg,..., Vs, be the adjacent vertices of ». Suppose that
' can be paired such that each of the pairs is not connected by
ilpe in Gy, . For example {oy , o}, {2 5 Oabiess {Paica s Daifiens {Vana s Tan}
aich pairs if there are no edges vyy_yvo; in GI, where i = 1,2,...,
i we can produce G, from G}, by removing the vertex v and its
| by adding an edge between each of the pairs of the vertices, In
le (G2 — {e1) U (Ul {vaiaties)) is a desired G2, We call this
L ol reduction a V-fype reduction.

1. INTRODUCTION

Properties of cubic graphs have been investigated by a number of
Among them is Johnson's work [1] (see also Ore [2]) on constructiol
reduction of cubic graphs. According to Johnson, a cubic graph
reduced to another cubic graph with a smaller number of vertices I
operation called H-reduction. Also a cubic graph can be expandi
another cubic graph with a larger number of vertices. Recently To; ._
modified Johnson’s results to find a method of constructing a
cubic graph from another planar cubic graph with a smaller numly
vertices, These works suggest the problems of how to reduce
construct regular graphs of a general degree.

In this paper as a first step toward the generalization the proble
solved for quartic graphs, i.e., regular graphs of degree 4. Some
results on quartic graphs are generalized for regular graphs of even d

1) H-type reduction.  Let u and v be a pair of vertices of Gy, connected
cilge, Then there are 2m vertices connected to w and ma vertices
ed to o,

1,1y s Us g Vag—g be the 2m vertices connected to » and let
L My 4oy Ugg_y be the 2n vertices connected to u. Some of the u,'s may
tical to some of the vy's, where i, j =1, 2,...., 2n — 1. Since a
1ple, no two of u,’s (or v,’s) can be identical. Hence any u; cannot
cal to more than one »; .
se that uy | Ug ey Map_g » U1 s Ug ey gy €aN be paired such that

(1) cach pair consists of two distinct vertices,
(') the vertices in any pair are not connected by an edge of G, ,

(1) each of #s (v/'s) appears once and only once in the pairs unless
iical to a v; (a uy). If a u, is identical to a v, then u; is paired with
distinet vertices to form two pairs.

2. PRELIMINARIES

We list symbols which are used often in this paper: .
P Huppose such a pairing is possible, then we can produce a Gi* from

. by removing the vertices # and v and their edges and by adding an
hetween the vertices of each pair.

G, is a simple regular undirected graph of degree 2n with m vetl)
where n = 2.
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a Gy, * from
edges uytis , 1y , and wyp, , that is,

(Go — ([, 01) U {gg , by, 1505}
is a Gy
We call this type of reduction an H-type reduction.

(or G3,") by an H- (or V)-type reduction.

N
/
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FiGure 1

For example, suppose that, in a G, , b, 0y 5 i1, and iy arve adjoces
U, vy, vy, and oy are adjacent to &, w, is identical o &, 1, is identical
all other vertices are distinct, edges w,v, and ey exist, and no other
exist among u’s and ©'s. Then clearly (uy , u2), (1, , vy), and (i ...
pairing which satisfies the above-mentioned (1)-(3). Hence we can |y
4, by removing vertices # and v and their edges and by i

We say Gi, is H-(or V)-irreducible if it cannot be reduced Lo

CONSTRUCTION OF OUARTIC GIRAPHS 127

FiGURE 2

(e praph of Figure 1 is V-irreducible and the graph of Figure 2 is

+ a regular graph of an even degree from a given regular graph of
© degree. A natural question then is whether one can always apply
one of the two types of reduction to the given graph. Though we
( say anything definite on general regular graphs, we show in the
W that this is the case for connected quartic graphs except K;.
. any connected quartic graph can be reduced to K by applying
i 1d/or P-type reductions.

We investigate the cases in which a vertex of a quartic graph cannot
I tliminated by a V-type reduction.

-

| lelte is a complete graph with three vertices plus an isolated vertex.

It the following, a “graph™ means a simple regular graph of degree 4.

[wriration 2. Let ¢ be a vertex of a graph G.

Il (here is a subgraph in G which is a star (a delta) and the four vertices
jaent to v in G are in the subgraph we say that v is connected fo the
i (the delta).

li/16y 2-3
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128 8. TOIDA
Lemma 1. f a vertex, call it v, of a graph G cannot be remone
V-type reduction, then v is connected to either a star or a delta,

Proof. Suppose that v is connected to vertices w, x, », and i
these form neither a star nor a delta in G. Since ¢ cannot be rema
a V-type reduction, at least one of each of the pairs of edges {11y
{wy, xz}, and (wz, xp} is in G. Without loss of generality assume (I
and wy are edges of G. Since, w, x, ¥, and z do not form a delta,
xy is not in G. Furthermore, since w, x, y, and z do not form a sta
the edge wz is not in G. But one of the edges xy and wz must be in (. |
is a contradiction. Thus we have the lemma.

The following theorem is one of the main results of this paper,

Deemvition 3. A B-graph is a graph obtained by connecl
K,'s by an edge. Sce Figure 3.

E i

FIGuRre 3

THEOREM 1. If a connected graph G is V-irreducible, then either (71!
or G contains a B-graph as a subgraph.

Proof. Let v be a vertex of G. Since v cannot be removed from (;
a P-type reduction, v is connected to either a delta or a star.

Case 1. v is connected to a delta. Let w be the isolated vertex
delta to which v is connected. Since G is V-irreducible, the vertex w
connected to either a delta or a star.

(1) w is connected to a delta. Consider the following four cases:

(a) w is adjacent to v and to no other vertices of the delta to whicl

connected.

(b) wis adjacent to ¢ and to one of the vertices of the delta to whil
connected.

(c) wis adjacent to » and to two of the vertices of the delta to which

connected.
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1w i adjacent to e and to three of the vertices of the delta to which »
i connected.

(1) there is obviously a B-graph. Case (b) cannot happen. Case (d)
pives us Ay as G,

111 cise {€) let p be the fourth vertex adjacent to w. Since p cannot be in
. p must be connected to a delta, If p is adjacent to one of the vertices
il delta to which v is connected, then p can be removed from G by a
1y e reduction. Hence p is not adjacent to any of the vertices of the delta
. Thus G contains a B-graph in case (c).

Ilence the theorem is true in this case.

(1) iy eonnected to a star. In this case we show that G'is a K.

|.IN

w

B
Ficure 4

I st we name the vertices of a star and a delta as in Figure 4 where v
in Figure 4A are the » and the w of G. Since w is connected to a star,
ipure 4A must be identical to w in Figure 4B and v must be identical

Juone of ry s, ¢, and u of Figure 4B.
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