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Figure 2.1: Two ways of decomposing a 4-star graph
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circle into four quarters, and for these four vertices, Lo apply f; to them is equivalent

to apply f, n,, times.

DEFINITION 3.3.3 Quarter-Symmetry
Let G({/y, J2),(2',83)) be a two-dimensional linear congruential graph in which
Ji generates a Hamiltonian cycle. We say the graph G is quarter-symmetric if it

has the following properties:

o For cach verter (z,y) € V(G), let (2',y') = ],“’“"’"(x,y) mod (2',5;) where
1 k<3 Then ' mod 2 = 2 mod 22, and y' = y.

o For cach verter (z,y) € V(G), there exists an nyy, | < ngy < (2' ¢ 83), such
that fy(z,y) mod (2',5;3) = f7*"(x,y) mod (2',53), furthermore,

Sa((x4+427%) mod 2',y) mod (2',83) = f7**((z+42"?) mod 2',y) mod (2', 53)
where 1 €& <3,

We illustrate the properties in Figure 3.1.

THEOREM 3.3.6 Let G({f),(2,5:)) be a two-dimensional linear congruential
graph where [f(r,y) = (:.y)( u:: (ll ) + (by,b2), by satisfies Lemma 3.2.1 (i.c.,
ged(by,2) = 1), ged(by,83) = 1, and s; = 4k + 1, k € N. Then, for every verlez

(x,y) € V(G), f*(x,y) mod (2,53) = ((= + 1) mod 2, y).
Proof:

Since y does not depend on z, we let f,(y) = y+b;. Because ged(b,, s;) = 1, the
linear congruential sequence yo, ¥y, - .+, Yo, =1 defined by y; = f,(y;-1) mod s3, for j >
1, has a period of length s;. Thus, for cach y € (0,1,...,83-1}, [ (y) mod 83 =y,

Assume (z,y) € V(G), and % (z,y) mod (2,5;) = (2',y). According to Lemma
3.2.3, J generates a Hamiltonian cycle of length 25, in G, i.e., (z,y) = f*(z,y) mod
(2,82) only il n = m(2 ¢ s;) where m € N. Because s; # m(2 + ), r#z. In
addition, since 0 € 2,2/ <1, 2' = (£ + 1) mod 2.

Thus, f*(z,y) mod (2,5;) = ((z + 1) mod 2, y).
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(2 + 12') mod 2 y) = ((z+4 12 ) mod 2'*',y) ...casc A

- { (= + ;2‘+ 129 )med 2 y) = ((z+ 12 ) mod 2'*'y) ...case B

According to Theorem 3.3.8, in case A,

pREtlet i@tz ) mod (241,55) = [ n)(z,y) mod (24!, s,)

(= + %2‘*' + %2‘“) mod 2'*' y)

((3 + %2&!) mod 2"'.”)

and in case B,

FA@ 0 (2 y) mod (24, 5,)
(4 3241 + 32) mod 29,)

I“rn.nh](2"'-01)(:' y) mod (2'",81)

((=+ %2'“) mod 2'*!, )
Because (z,y) € V(G,),

ﬂ"'"""(:,y) mod (2'*',5;)

(= + -12-2'“) mod 2'*' y)

= ((z+ %2'*') mod 24!, y).

=)

LEMMA 3.3.2 Let G({ /i, /2},(2',81)) b¢ a two-dimensional linear congruential
greph where
0 i =@ 5 )+ b,

(%) .. falx,y) = (:.y)( & ) +(di,d),

(3) ... by satisfies Lemma 3.2.1, i.c., ged(b;,2') =1,

(4) ... dy satisfies Lemma 3.2.8, i.c., d) = 2, and ged(f,2') = 1,
(5)...gcd(b;,8;) = 1, ged(dy,83) =1, and s; =4k + 1, k € N.

For cach vertez (2,y) € V(G), if there exists an n,, sueh that fy(z,y) mod (2, s;) =
Ji*"(x,y) mod (2', 53), then

Sz + 52) mod 2,y) mod (2,83) = [1"(= + 72') mod 2, ) mod (2,8;)

where 1 <Sm <3,
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current := current”.next;
end; {of while current}
end; {for y}
len := len +1;

until all entries in length_table are not zero;
end. .

Similarly Lo the global routing algorithm described in section 4.1, the number
of distinct length tables that we have to create is (2'~*) for a graph of simple form,
and (277 x s;) for a graph of complex form according to the symmetric property of

the graph.

4.3.2 Conservative Algorithm

Before presenting the conservative distributed routing algorithm, we first introduce
the data structure of messages routed by the algorithm,

As we mentioned, a routed message carries information about the path followed
and the vertices that have been visited so far. In the description of the algorithm, we
will use the following convention to denote the complete message being transmitted:
(m,d, f/w,VisitedList, Linklist),

m: The aclual message.
d: The destination vertex.

J/w: A bit that is set for a forward transmission message and reset for a return

message.

VisitedList: A list representing the vertices. Once a vertex receives a forward mes-
sage, the vertex is appended to the list. Even though the message backtracks
through the vertex, it will still stay in the list. Thus we can prevent from cycles

in the path and ensure that any vertex will not be tried more than once.

LinkList: A list representing the edges being traversed by the message. An edge
is appended to the list once the forward message traverses the edge and is
deleted once the message backtracks through it,
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