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Introduction

OVERVIEW A laser is a device that amplifies light
and produces a highly directional, high-intensity
beam that most often has a very pure frequency or
wavelength. It comes in sizes ranging from approx-
imately one tenth the diameter of a human hair to
the size of a very large building, in powers ranging
from 10~% to 10" W, and in wavelengths ranging
from the microwave to the soft-X-ray spectral regions
with corresponding frequencies from 10" to 10" Hz.
Lasers have pulse energies as high as 10* J and pulse
durations as short as 5 x 107" s. They can easily

weld detached retinas within the human eye. They are
a key component of some of our most modern com-
munication systems and are the “phonograph needle™
of our compact disc players. They perform heat treat-
ment of high-strength materials, such as the pistons of
our automobile engines, and provide a special surgi-
cal knife for many types of medical procedures. They
act as target designators for military weapons and pro-
vide for the rapid check-out we have come to expect
at the supermarket. What a remarkable range of char-
acteristics for a device that is in only its fifth decade

drill holes in the most durable of materials and can of existence!

INTRODUCTION

There is nothing magical about a laser. It can be thought of as just another type
of light source. It certainly has many unique properties that make it a special light
source, but these properties can be understood without knowledge of sophisticated
mathematical techniques or complex ideas. It is the objective of this text to explain
the operation of the laser in a simple, logical approach that builds from one con-
cept to the next as the chapters evolve. The concepts, as they are developed, will
be applied to all classes of laser materials, so that the reader will develop a sense
of the broad field of lasers while still acquiring the capability to study, design, or
simply understand a specific type of laser system in detail.

DEFINITION OF THE LASER

The word laser is an acronym for Light Amplification by Stimulated Emission of
Radiation. The laser makes use of processes that increase or amplify light signals
after those signals have been generated by other means. These processes include
(1) stimulated emission, a natural effect that was deduced by considerations re-
lating to thermodynamic equilibrium, and (2) optical feedback (present in most

15



Figure 1-1 Simplified
schematic of typical laser
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lasers) that is usually provided by mirrors. Thus, in its simplest form, a laser con-
sists of a gain or amplifying medium (where stimulated emission occurs), and a
set of mirrors to feed the light back into the amplifier for continued growth of the
developing beam, as seen in Figure 1-1.

SIMPLICITY OF A LASER

The simplicity of a laser can be understood by considering the light from a candle.
MNormally, a buming candle radiates light in all directions, and therefore illumi-
nates various objects equally if they are equidistant from the candle. A laser takes
light that would normally be emitted in all directions, such as from a candle, and
concentrates that light into a single direction. Thus, if the light radiating in all di-
rections from a candle were concentrated into a single beam of the diameter of the
pupil of your eye (approximately 3 mm), and if you were standing a distance of
I m from the candle, then the light intensity would be 1,000,000 times as bright as
the light that you normally see radiating from the candle! That is essentially the
underlying concept of the operation of a laser. However, a candle is not the kind of
medium that produces amplification, and thus there are no candle lasers. It takes
relatively special conditions within the laser medium for amplification to oceur,
but it is that capability of taking light that would normally radiate from a source in
all directions — and concentrating that light into a beam traveling in a single direc-
tion — that is involved in making a laser. These special conditions, and the media
within which they are produced, will be described in some detail in this book.

UNIQUE PROPERTIES OF A LASER

The beam of light generated by a typical laser can have many properties that are
unique. When comparing laser properties to those of other light sources, it can
be readily recognized that the values of various parameters for laser light either
greatly exceed or are much more restrictive than the values for many common
light sources. We never use lasers for street illumination, or for illumination within
our houses. We don’t use them for searchlights or flashlights or as headlights in

16



INTRODUCTION

our cars. Lasers generally have a narrower frequency distribution, or much higher
intensity. or a much greater degree of collimation, or much shorter pulse duration,
than that available from more common types of light sources. Therefore, we do use
them in compact disc players. in supermarket check-out scanners, in surveying in-
struments, and in medical applications as a surgical knife or for welding detached
retinas. We also use them in communications systems and in radar and military
targeting applications, as well as many other areas. A laser is a specialized light
source that should be used only when its unique properties are reguired.

THE LASER SPECTRUM AND WAVELENGTHS

A portion of the electromagnetic radiation spectrum is shown in Figure 1-2 for the
region covered by currently existing lasers. Such lasers span the wavelength range
from the far infrared part of the spectrum (& = 1,000 gem) to the soft-X-ray region
{A = 3 nm), thereby covering a range of wavelengths of almost six orders of mag-
nitude. There are several types of units that are used to define laser wavelengths.
These range from micrometers or microns { ggm) in the infrared to nanometers (nm}
and angstroms {.-Gi) in the visible, ultraviolet {U'V), vacuum ultraviolet (VUV ), ex-
treme ultraviolet (EUV or XUWV), and soft-X-ray (SXR) spectral regions.

WAVELENGTH UNITS

lpm = 10" m;
1A=10"m;

lnm = 10" m.

Consequently, 1 micron (gm) = 10,000 angstroms {A) = 1,000 nanometers (nm).
For example, green light has a wavelength of 5 5 10~ m = 0.5 pm = 5,000 A =
500 nm.

HF Diada e Ol
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INTRODUCTION

WAVELENGTH REGIONS

Far infrared: 10 to 1,000 gom;

middle infrared: 1 to 10 pm;

near infrared: 0.7 to 1 pom;

visible: 0.4 to 0.7 gem, or 400 to 700 nm;

ultraviolet: 0.2 to 0.4 gm, or 200 to 400 nm;

vacuum ultraviolet: 0.1 to 0.2 pm, or 100 to 200 nm;

extreme ultraviolet: 10 to 100 nm;

soft X-rays: | nm to approximately 20-30 nm (some overlap with ELIV ).

A BRIEF HISTORY OF THE LASER

Charles Townes took advantage of the stimulated emission process to construct a
microwave amplifier, referred to as a maser. This device produced a coherent beam
of microwaves to be used for communications. The first maser was produced in
ammonia vapor with the inversion between two energy levels that produced gain at
a wavelength of 1.25 cm. The wavelengths produced in the maser were compara-
ble to the dimensions of the device, so extrapolation to the optical regime — where
wavelengths were five orders of magnitude smaller — was not an obvious extension
of that work.

In 1958, Townes and Schawlow published a paper concerning their ideas about
extending the maser concept to optical frequencies. They developed the concept
of an optical amplifier surrounded by an optical mirror resonant cavity to allow for
growth of the beam. Townes and Schawlow each received a Nobel Prize for his
work in this field.

In 1960, Theodore Maiman of Hughes Research Laboratories produced the
first laser using a ruby crystal as the amplifier and a flashlamp as the energy source.
The helical flashlamp surrounded a rod-shaped ruby crystal. and the optical cavity
was formed by coating the flattened ends of the ruby rod with a highly reflecting
material. An intense red beam was observed to emerge from the end of the rod
when the flashlamp was fired!

The first gas laser was developed in 1961 by A. Javan, W. Bennett, and D. Har-
riott of Bell Laboratories, using a mixture of helium and neon gases. At the same
laboratories, L. F. Johnson and K. Nassau demonstrated the first neodymium laser,
which has since become one of the most reliable lasers available. This was followed
in 1962 by the first semiconductor laser. demonstrated by R. Hall at the General
Electric Research Laboratories. In 1963, C. K. N. Patel of Bell Laboratories dis-
covered the infrared carbon dioxide laser, which is one of the most efficient and
powerful lasers available today. Later that same year, E. Bell of Spectra Physics
discovered the first ion laser, in mercury vapor. In 1964 W. Bridges of Hughes Re-
search Laboratories discovered the argon ion laser, and in 1966 W. Silfvast, G. R.
Fowles, and B. D. Hopkins produced the first blue helium—cadmium metal vapor

18



INTRODUCTION

laser. During that same year, P. P. Sorokin and J. R. Lankard of the IBM Research
Laboratories developed the first liquid laser using an organic dye dissolved in a sol-
vent, thereby leading to the category of broadly tunable lasers. Also at that time,
W. Walter and co-workers at TRG reported the first copper vapor laser.

The first vacuum ultraviolet laser was reported to occur in molecular hydro-
gen by R. Hodgson of IEM and independently by B. Waynant et al. of the Naval
Research Laboratories in 1970. The first of the well-known rare-gas—halide ex-
cimer lasers was observed in xenon fluoride by 1. J. Ewing and C. Brau of the
Avco—Everett Research Laboratory in 1975. In that same year, the first quantum-
well laser was made in a gallium arsenide semiconductor by I. van der Ziel and
co-workers at Bell Laboratories. In 1976, 1. M. . Madey and co-workers at Stan-
ford University demonstrated the first free-electron laser amplifier operating in the
infrared at the CO; laser wavelength. In 1979, Walling and co-workers at Allied
Chemical Corporation obtained broadly tunable laser output from a solid-state laser
material called alexandrite, and in 1985 the first soft-X-ray laser was successfully
demonstrated in a highly ionized selenium plasma by D. Matthews and a large num-
ber of co-workers at the Lawrence Livermore Laboratories. In 1986, P. Moulton
discovered the titanium sapphire laser. In 1991, M. Hasse and co-workers devel-
oped the first blue-green diode laser in ZnSe. In 1994, E Capasso and co-workers
developed the quantum cascade laser. In 1996, 5. Nakamura developed the first
blue dicde laser in GaN-based materials.

In 1961, Fox and Li described the existence of resonant transverse modes in
a laser cavity. That same year, Boyd and Gordon obtained solutions of the wave
equation for confocal resonator modes. Unstable resonators were demonstrated
in 1969 by Krupke and Sooy and were described theoretically by Siegman. -
switching was first obtained by McClung and Hellwarth in 1962 and described
later by Wagner and Lengyel. The first mode-locking was obtained by Hargrove,
Fork, and Pollack in 1964. Since then, many special cavity arrangements, feedback
schemes, and other devices have been developed to improve the control, operation,
and reliability of lasers.

OVERVIEW OF THE BOOK
Isaac Newton described light as small bodies emitted from shining substances.
This view was no doubt influenced by the fact that light appears to propagate in a
straight line. Christian Huygens, on the other hand, described light as a wave mo-
tion in which a small source spreads out in all directions; most observed effects —
including diffraction, reflection. and refraction — can be attributed to the expansion
of primary waves and of secondary wavelets. The dual nature of light is still a use-
ful concept, whereby the choice of particle or wave explanation depends upon the
effect to be considered.

Section One of this book deals with the fundamental wave properties of light,
including Maxwell’s equations, the interaction of electromagnetic radiation with
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matter, absorption and dispersion, and coherence. Section Two deals with the fun-
damental guantum properties of light. Chapter 3 describes the concept of discrete
energy levels in atomic laser species and also how the periodic table of the ele-
ments evolved. Chapter 4 deals with radiative transitions and emission linewidths
and the probability of making transitions between energy levels. Chapter 5 con-
siders energy levels of lasers in molecules, liquids, and solids — both dielectric
solids and semiconductors. Chapter 6 then considers radiation in equilibrium and
the concepts of absorption and stimulated emission of radiation. At this point the
student has the basic tools to begin building a laser.

Section Three considers laser amplifiers. Chapter 7 describes the theoreti-
cal basis for producing population inversions and gain. Chapter 8 examines laser
gain and operation above threshold. Chapter 9 describes how population inversions
are produced, and Chapter 10 considers how sufficient amplification is achieved
to make an intense laser beam. Section Four deals with laser resonators. Chap-
ter 11 considers both longitudinal and transverse modes within a laser cavity, and
Chapter 12 investigates the properties of stable resonators and Gaussian beams.
Chapter 13 considers a variety of special laser cavities and effects, including un-
stable resonators, (J-switching, mode-locking, pulse narrowing, ring lasers, and
spectral narrowing.

Section Five covers specific laser systems. Chapter 14 describes eleven of
the most well-known gas and plasma laser systems. Chapter 15 considers twelve
well-known dye lasers and solid-state lasers, including both dielectric solid-state
lasers and semiconductor lasers. The book concludes with Section Six (Chap-
ter 16), which provides a brief overview of frequency muliplication with lasers and
other nonlinear effects.
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Radiation and Thermal Equilibrium

Absorption and Stimulated Emission

OVERVIEW Chapters 3 through 5 dealt with energy
levels of gaseous, liquid, and solid materials and dis-
cussed the spontaneous radiative properties associ-
ated with transitions occurring between those levels.
The rate of radiation occurring from energy levels was
described in terms of transition probabilities and rel-
ative oscillator strengths of the transitions. So far,
no attempt has been made to consider the collective

molecules. Such considerations will be dealt with
in this chapter and will lead to the concept of radi-
ation in thermodynamic equilibrium. Planck’s radi-
ation law evolved from the analysis of equilibrium
radiation from dense bodies. From this law and other
principles, Einstein was able to deduce the concept of
stimulated emission, which is the underlying princi-
ple leading to the development of the laser.

properties of a large number of radiating atoms or

4.1 EQUILIBRIUM

Thermal Equilibrium

We will consider the processes that bring various masses into equilibrium when
they are located near each other. In the study of thermodynamics, thermal equi-
librium describes the case where all of the individual masses within a closed
system have the same temperature. If a substance of small mass M1 and tem-
perature T1 is placed near to or in contact with a much larger mass M2 at a
higher temperature T2, then the state of thermal equilibrium is achieved when
the mass M1 reaches the same temperature as that of M2. The duration over
which this occurs could be a period as short as picoseconds or as long as min-
utes or even hours, depending upon the situation. In fact, the final temperature
will be less than T2, since M2 will also be cooled slightly as it transfers some
of its energy to M1. The temperature decrease of M2 will depend upon the rel-
ative masses of M1 and M2, but the relevant factor, when a new equilibrium is
reached, is that the total energy will be divided equally among all of the atoms
of the combined system. Thermal equilibrium can be achieved between the two
masses by one or more possible heat transfer processes: conduction, convection,
‘and radiation.
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Figure 6-1 Examples
of energy transfer
via {a) conduction,
(b) convection, and
(c) radiation

RADIATION AND THERMAL EQUILIBRIUM

M2 T2

il

T1

(a) Conduction

Gas

(b) Convection

i %
™ Vacuum

(c) Radiation

Thermal Equilibrium via Conduction and Convection
If M1 is placed in direct contact with M2, as shown in Figure 6-1(a), this will gener-
ally bring the masses to equilibrium in the shortest period of time. In this case, the
method of heat transfer is referred to as conduction. If M1 and M2 are composed
of two metals, for example, the rapid heat transfer by the conduction electrons of
the metals would bring the two masses quickly to an equilibrium temperature. -
If the bodies are placed as shown in Figure 6-1(b), with M1 located in a large
cavity inside M2, and if a gas (such as air) at atmospheric pressure fills the cavity be-
tween M1 and M2, then the molecules of the gas would provide the energy transport
from M2 to M1 and so bring M1 and M2 to a final equilibrium temperature some-
where between T1 and T2. This case of energy transport leading to thermal equi-
librium is referred to as convection. A small portion of the energy would also end
up in the gas, which would arrive at the same final equilibrium temperature as that
of the two masses. Since the mass density of gas at atmospheric pressure is approx-
imately three orders of magnitude lower than that of solids, the convection process
takes a much longer time to reach equilibrium than does the conduction process.

Thermal Equilibrium via Radiation

If all of the air is evacuated from the space between M1 and M2 as in Figure 6-1(c),
<o that there is no material contact between them, there is still another process that
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will bring the two masses into equilibrium — namely, radiation. For such a process
to oceur, two effects must take place: the masses must be radiating energy, and
they must be capable of absorbing radiation from the other body.

%.2 RADIATING BODIES
We will first consider the question of whether or not the masses are radiating. If
a collection of atoms is at temperature 7" then, according to the Boltzmann equa-
tion, the probability distribution function f; that any atom has a discrete energy E;
is given by

SiE) = Cigie BT 6.1

In this equation, Boltzmann’s constant & is 8.6164 x 1077 eV/K and g; 1s the sta-
tistical weight of level i. The C; term is a normalizing constant that is the same for
all energy levels and is subject to the constraint that

Do fi=) Cigie W =1, 6.2)

which suggests that the electron must exist in one of the i energy levels. If N is
the total number of atoms per unit volume of this species and N; is the population
density occupying a specific energy level i, then

Z N; = N, (6.3)

where N; could then be expressed as
N; = fiN = Cygie B/ N, (6.4)

For a high-density material such as a solid, the energy levels are usually contin-
uously distributed (with some exceptions, including insulators such as solid-state
laser host materials and their dopant ions). Thus the distribution function would be
expressed as a probability per unit energy g(E) such that the probability of find-
ing a fraction of that material excited to a specific energy E within an energy width

dE would be given by
g(E)dE = Cye  F/¥T 4E, (6.5)

where we have ignored the statistical weights. This probability would also be sub-
ject to the normalizing constraint that

[ee] o8]}
/ g(E)dE = / Cre B dE = 1. (6.6)
0 0

From this equation we can readily show that C, = 1/kT, and thus g(E) can be
expressed as

1
E) = —e FM, 6.7
8(E) = e (6.7)
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Again, if N is the total number of atoms per unit volume in the solid and if we re-
fer to the number of atoms per unit volume within a specific energy range dE as
N(E), then the normalizing condition requires that

N = /OO N(E)dE. (6.8)
0

The number of atoms at energy E within a specific energy range dE can thus be
given as

N
N(E)dE = ﬁe_E/kT dE. (6.9)

We can compute the ratio of the populations that exists at two specific ener-
gies, either for the case of discrete energy levels such as those for isolated atoms
or for high-density materials such as solids. For discrete energy levels, according
to (6.4) the ratio of the population densities N, and N; (number of particles per
unit volume) of atoms with electrons occupying energy levels u and [ (with corre-
sponding energies E, and E;) would be expressed as

Nu _ 8u BT _ 8% p=BEa/KT (6.10)
N & 8

where it is assumed that E, is higher than E; and that AE,; = Ey, — E;. Similarly,
the ratio of population densities of a dense material (such as a solid) at energies E,
and E; within an energy interval dE can be expressed from (6.9) as

N(E,)dE _ N(E.,) _ o~ OE/kT

N(EDdE ~ N(E) 61D

In dense materials there are so many sublevels within small ranges of energy that
the statistical weights for most levels are essentially the same; hence they would
effectively cancel in an expression such as (6.11). It can thus be seen that (6.10) and
(6.11) are identical except for the statistical weight factor, which we have ignored
for the high-density material. Therefore, when a collection of atoms — whether in
the form of a gas, a liquid, or asolid —are assembled together and reach equilibrium,
not only the kinetic energies related to their motion will be in thermal equilibrium;
the distribution of their internal energies associated with the specific energy levels
they occupy will also be in thermal equilibrium, according to (6.10) and (6.11).

Determine the temperature required to excite electrons of atoms within a solid to
energies sufficient to produce radiation in the visible portion of the electromag-
netic spectrum when the electrons decay from those excited levels.

We assume a typical solid material with a density of approximately N =
5 % 1028 atoms/m’ in the ground state. For several different temperatures we will
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6.2 RADIATING BODIES

compute how many of those atoms would occupy energy levels high enough to
radiate that energy as visible light. Visible radiation comprises wavelengths rang-
ing from 700 nm in the red to 400 nm in the violet, or photons with energies
ranging from approximately 1.7 to 3.1 eV. We would thus be interested in energy
levels above 1.7 €V that are populated within the solid, since any electron having
an energy higher than 1.7 eV will have the potential of radiating a visible photon.
We will calculate the number of species that have an electron in an excited energy
level that lies higher than 1.7 €V above the ground state for several different tem-
peratures by taking the integral of N(F) dE from (6.9) over the energy range from
1.7 eV to infinity. We must recognize that, for a typical solid, most of the atoms
will decay nonradiatively from these excited levels, but a certain portion could emit
visible radiation depending upon the radiation efficiency of the material.

At room temperature, 7 = 300 K and kT = 0.026 eV. Thus Ny;; can be ex-
pressed as

N oo E/kT E/kT
Nos = L T JE = —N[e 4%
0
=(=5x10%)[0—-4x 1072~ — (6.12)

Thus there are essentially no atoms in this energy range from which visible pho-
tons could radiate. This is, of course, why we can see nothing when we enter a
room that has no illumination, even though the human eye is very sensitive and can
detect as little as only a few photons. No thermal radiation in the visible spectrum
could be emitted from the walls, floors, ceiling, or furniture when those various
masses are at room temperature.

We next consider a temperature of 1,000 K or 0.086 eV. At this temperature
we determine the population able to emit visible photons as

N o0

_ ~E/kT _ —E/kT y00
= — e dE = —N]e 1
kT Ji7ev L7ev

N, vis

20
=(=5x10®)[0-2.6x10"] = %10—. (6.13)
Thus, increasing the temperature by little more than a factor of 3, we have gone
from essentially no atoms in those excited levels to an appreciable number in those
levels. We can and do see such radiation: in the glowing coals of a campfire, in the
glowing briquettes of a barbecue fire, or from the heating elements of an electric
stove; all are at temperatures of approximately 1,000 K.

A temperature of 5,000 K or 0.43 eV (the temperature of the sun) can also be

considered for comparison:
N oo

_ _E/T 35 _ _E/kT 100
= — e dE = —NJe
kT Ji7ev [ 7o

vis

9.5 x 10%
m3

= (=5 x 10%)[0 -1.9x107%] = (6.14)
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Figure 6-2 Population
distribution of occupied
states versus energy for
temperatures of 300 K,
1,000 K, and 5,000 K
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At this temperature nearly 10% of the atoms would be excited to an energy of 1.7eV
or higher, and the material would be radiating with an intensity that is too bright
to look at.

A graph of N(E)/N, which is the distribution of population versus energy as
taken from (6.9), is plotted in Figure 6-2 for 300 K, 1,000 K, and 5,000 K. The
graph clearly shows the rapid increase in the population at higher energies as the
temperature is increased. It can be seen that the energy levels that are high enough to
produce visible radiation are populated only when the temperature is significantly
above room temperature, as discussed in the preceding examples. Such radiation
emitted from masses at those various temperatures would emit a continuous spec-
trum of frequencies over a certain frequency range. The radiation is referred to as
thermal radiation, since it is emitted from objects in thermal equilibrium.

There are two effects we should consider when observing thermal radiation
such as that of glowing coals. First, more energy is radiated from the object as .
the temperature is increased; this is described by the Stefan-Boltzmann law. Sec-
ond, if the spectral content of the radiation from the glowing coals is analyzed, it
will be found that the radiation increases with decreasing wavelength to a maxi-
mumn value at a specific wavelength, and then it decreases relatively rapidly at even
shorter wavelengths. The wavelength at which the maximum value occurs can be

obtained from Wien’s law.

Stefan-Boltzmann Law
The Stefan-Boltzmann law is an empirical relationship obtained by Stefan and
later derived theoretically by Boltzmann. It states that the total radiated intensity
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6.2 RADIATING BODIES 205

(W/m?) emitted from a body at temperature T is proportional to the fourth power
of the temperature, T*. This can be written as

I = eyoT?, (6.15)

where 0 = 5.67 x 10~ W/m?-K* and ey, is the emissivity that is specific for a
given material. The emissivity, a dimensionless quantity that varies between zero
and unity, represents the ability of a body to radiate efficiently and is also asso-
ciated with its ability to absorb radiation, as will be discussed in more detail in
Section 6.3. Equation (6.15) describes an extremely rapidly increasing function
with temperature and accounts for the tremendous flux increase we estimated to be
radiating in the visible from our simple system at 300 K, 1,000 K, and 5.000 K. The
total radiation from such a mass would increase in going from 300 K to 1,000 K
by a factor of 123, and in going from 300 K to 5,000 K by a factor of over 77,000!

Wien's Law

A graph of the spectrum of radiation emitted versus frequency from a heated mass
is shown for three different temperatures in Figure 6-3. The specific wavelength
at which the radiation is a maximum was found to vary inversely with tempera-
ture. The wavelength A, at which the maximum emission occurs for any given
temperature is described by Wien’s law as follows:

AmT =2.898 x 10~ m-K. (6.16)
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RS

TABLEST
| Total Emissivity ey at Low
5 i Temperatures

Highly polished silver 0.02

Aluminum 0.08
Copper 0.15
Cast iron 0.25
Polished brass 0.60
Black gloss paint 0.90
Lampblack 0.95

Irradiance and Radiance
- Recall the case depicted in Figure 6-1(c). Because M2 is initially at a higher tem-
perature than M1, we surmise that M1 will eventually be raised to equilibrium with
M2, at a temperature T3 such that T1 < T3 < T2, by absorbing the radiation from
M2. However, when M1 reaches the same temperature as M2, it must radiate as
much energy as it absorbs. Otherwise, it would continue to heat up to a higher
temperature than T2, which defies the laws of thermodynamics. Thus the relation-
ship — in total power per unit area — between the irradiance I incident upon Ml
and the radiance H, leaving M1 must be proportional:

H;Zb]h or 1= EL, (617)

b

i where b; < 1 is the proportionality constant that represents the fraction of the
i power absorbed by M1. If instead of just M1 there were several masses (M1, M3,
4 and M4) all inside the cavity of M2, we could express their radiative characteris-
L tics with respect to the incident flux in the same way as that of (6.17) for M1. We
would obtain the relationships Hy = b1 1, H; = b3I3, and Hy = bals. Because [
(the power per unit area) arriving at each body would be the same, we can write

H_Hy Hi_
~ b, b3 by

which indicates that the ratio of the power radiated from a body to the fraction of ra-
diation absorbed is a constant, independent of the material. Thus strong absorbers
are also strong radiators, and since b represents the fraction of radiation absorbed
we can conclude that b = ey. This relationship is known as Kirchhoff’s law. Ex-
amples of emissivity are shown in Table 6-1. It can be seen that emissivities range
from very small numbers for highly reflecting materials to values near unity for
highly absorbing materials. Lampblack, the soot deposited from burning candles,
is perhaps the blackest material we ever observe; it has an emissivity of ey = 0.95.

The ideal case of a perfect absorber (b = ey = 1) is also a perfect emitter in
| that it would radiate as much energy as is incident upon it. Such a perfectly ab-
I sorbing body is known as a blackbody (since it appears to be very black in color)

(6.18)
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6.3 CAVITY RADIATION

and is the best emitter of thermal radiation. The radiation it emits is consequently
referred to as blackbody radiation. If such a blackbody is placed within a cav-
ity in thermal equilibrium — say, M1 in Figure 6-1(c) — then it would radiate an
intensity and frequency distribution that is characteristic of the thermal radiation
within the medium because the radiance would be equal to the thermal radiation
(irradiance) within the cavity. Hence blackbody radiation is also referred to as cav-
ity radiation. '

6.3 CAVITY RADIATION

We have developed the idea that ideal blackbodies radiate with the same spectral
power as that occurring within a cavity in thermal equilibrium such as the radia-
tion within the cavity depicted in Figure 6-1(c). It will be useful for us to obtain
the quantity and wavelength distribution of the radiated flux within such a cavity in
order to later obtain the stimulated emission coefficient, which is the fundamental
concept leading to amplification in a laser medium. We must allow for the possi-
bility of all frequencies of radiation within the cavity and would like to obtain an
expression describing that frequency distribution for any specific temperature. To-
ward this end, we begin by considering the properties of radiation within a cavity.
The boundary conditions — as deduced from electromagnetic theory — suggest that,
in order for electromagnetic waves to be supported or enhanced (or at least not
rapidly die away), the value of the electric vector must be zero at the boundary of
the cavity. This involves the development of distinct “standing waves” within the
cavity — that is, waves whose functions exhibit no time dependence. Such stand-
ing waves, which have a value of zero for the electric field at the boundaries, are
referred to as cavity modes. The existence of each mode implies that the wave has
an integral number of half-wavelengths occurring along the wave direction within
the cavity. For example, three distinct cavity modes oriented in a specific direc-
tion are shown in Figure 6-4: waves of one half-wavelength, two half-wavelengths
(one complete cycle), and three half-wavelengths. If we can calculate the number
of such modes at each frequency or wavelength within a cavity and multiply by the
average energy of each mode at those wavelengths, we can obtain the frequency
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distribution of the emission spectrum for cavity radiation. Hence we will now cal-
culate the number of modes that exist within a cavity of a given size.

Counting the Number of Cavity Modes
We will carry out a counting procedure for these modes in a way similar to that
used in Section 5.4 for counting the number of modes available for electrons in the
conduction band of a semiconductor. Assume we have a cavity that is rectangular
in shape with dimensions Ly, Ly, and L, as shown in Figure 6-1(c). Because we
are considering only standing waves within the cavity, in counting the number of
modes we will include only the spatial dependence of the electromagnetic waves,
which is described by an oscillatory function of the form e~ (asLathylyTkela) In
order to satisfy the boundary condition that the field be periodic in L and also zero at
the boundaries, the exponential phase factor must be an integral multiple of 7. This
can be achieved if we specify individual modes in the directions x, y, Z such that
kL, =n,m, kyLy=ny7, k,L, =n,m, 6.19)

nx,ny,nz-_‘O,l,Z,....

Any mode in this cavity will have a specific value of k; its mode number can be
identified by specifying mode numbers ny, Ay, 1z SiNCe

2 2 2
K= (K2 kD) = ("”) (M ("Z””. 6.20
(e ) [Lx \z,) T\L (620

The total number of modes in any volume V = L,L,L,uptoagiven value of k
can then be counted by using a three-dimensional space whose axes are defined as
the number of modes. For example, the number of modes in the x direction would
be the length of the cavity in that direction L, divided by one half-wavelength
or ny, = Lyx/(A/2), which is equivalent to the mode number in that direction.
Consequently, the number of modes along each axis of the volume for a specific
wavelength A is obtained as n, = 2Ly /A, ny =2Ly/A, andn; = 2L, /. We will
choose one octant of an ellipsoid to describe the mode volume, since this is a con-
venient way of counting the modes. (We choose only one octant with the foregoing
dimensions for the major axes because all of the values of n are positive.) Each
mode —say ny = 1, ny = 2, and n, = 1, for example — is specified in our mode
volume as the intersection of those specific mode numbers within that octant, as
shown in Figure 6-5. Such a mode can be specified, for the purposes of this calcu-
lation, by assuming that it is represented by a cube of unit dimensions within that
volume. This approximation is very good for volumes that are significantly larger
than the wavelength A, and since we are dealing with relatively small (short) wave-
lengths, the volume calculation for counting the number of modes is quite accurate.

The volume of the octant can be written as

1 4 1 4 (ZLX 2L, 2LZ)

; 6.21
A A A ( )

g 3 MMTR3
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Figure 6-5
Three-dimensional
diagram of the cavity
mode volume

likewise, the number of modes M can be expressed as

o 4_?:(2LXZL),2LZ) _ 433

vV, 6.22
8 3 A3 33 (5:52)

where V' = L, L,L, and we have used the relationship Av = ¢/#. This calculation
defines the number of modes for all frequencies up to and including the frequency
v within a volume V. This number must be doubled to allow for the fact that two or-
thogonal polarizations of the electromagnetic waves must be represented for each
spatial mode. Higher frequencies would be outside of this volume and thus would
not be counted. For frequencies up to the value v, the mode density p (number of
modes per unit volume) is then given by
2M  8mnp

pv) = VS T3a (6.23)

This equation can be differentiated to obtain the number of modes per unit volume
within a given frequency interval between v and v + dv,

dp(v)  8mnp’v?

- (6.24)

dv ~ ¢

We have used a rectangular cavity to derive the mode density as well as the mode
density per unit frequency for the number of modes up to frequency v, but it can
be shown that (6.23) and (6.24) are generally applicable formulas for any shape of
cavity.

Rayleigh-Jeans Formula
If we assume that the average energy per mode is of the order of k7, then we can
obtain the Rayleigh-Jeans formula for the energy density u (v) of radiation per unit
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volume within the frequency v to v -+ dv. We do this by multiplying the mode den-
sity per unit frequency by the average energy kT per mode. Therefore, using kT
as the value of the energy per mode, for the energy density per unit frequency we
have
d 8rn’v?
PO o . SEAY 4y (6.25)

cl

u(v) =

This result suggests that there is a continuous increase in energy density with fre-
quency for a given temperature T. This expression is referred to as the Rayleigh—
Jeans formula for the energy density of cavity radiation. It agrees with experiments
for lower frequencies but does not predict the experimentally observed maximum
value for a given temperature at higher frequencies as shown in Figure 6.3. Instead,
the Rayleigh-Jeans expression suggests that energy density approaches infinity as
the frequency is increased.

Planck’s Law for Cavity Radiation

Planck was disturbed by the invalidity of the Rayleigh-Jeans formula for the in-
tensity of cavity radiation at higher frequencies and so he questioned the basic
assumption of assigning a value of kT for the average energy per cavity mode. As
an alternative, Planck explored the possibility of quantizing the mode energy, pos-
tulating that an oscillator of frequency v could have only discrete values mhv of
energy, where m = 0,1,2,3;.... He referred to this unit of energy hv as a quan-
tum that could not be further divided. We can apply this condition to obtain the
energy of each cavity mode in thermal equilibrium. We will use the Boltzmann
distribution function (eqn. 6.1) to describe the energy distribution of the modes;
however, we will assign discrete values for the energy E,, = mhv in the function
instead of a continuous variable E, and we will ignore the statistical weight factor
since we are talking about very dense materials. Thus, for a given temperature T,
we can express the distribution function as

e FalkE = G, (6.26)

The normalizing condition for the distribution function requires that

oo oo oo
Z fn = Z Ce_..mhw‘kl" il Z e—m.-’n-',-‘kT =1, 6.27)

m=0 m=>0 m=0

which can be solved for C to obtain
o e L (6.28)

We can then compute the average mode energy E of those oscillators in the usual
manner:
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5= 2 A B C 3% o (mhv)e mhv/kT

Y=o I C Y o ™
[1i— e—hu;’k?"} Z?:zo(mhu)e—-mkv/ki"

= n ; (6.29)

The value of the summation in the numerator on the right-hand side of (6.29) is

- ~mho/kT _ - hve /KT
Z(mhu)e = nv Zme L = (I—_—em (630}
m=0 m=0
This leads to an expression for the average energy E of
o hv

Using this expression for the average energy per mode instead of the kT value used
in the Rayleigh—Jeans law to obtain (6.25), we arrive at the following relationship
for the energy density per unit frequency:

8mhnv3

03(ehujk?" = I). (6‘32}

u(v) =

This relationship has a maximum at a specific frequency for a given temperature,
and both the location of the maximum and the shape of the distribution agree very
well with experimental observations. This expression became known as Planck’s
law for cavity radiation.

The expression u(v) describes the energy density per unit frequency v for ra-
diation anywhere within an enclosed cavity in thermal equilibrium at temperature
T. It consists of waves traveling in all directions within the cavity. If we wanted to
compute the total energy density u emitted at all frequencies, we could of course
simply integrate the energy density u(v) dv over the frequencies:

u =/ u(v)dv. (6.33)
0

Carrying out this integration leads to the Stefan-Boltzmann law.

Relationship between Cavity Radiation and Blackbody Radiation

If we were able to make a small hole of unit area through mass M2 into the cav-
ity within M2 of Figure 6-1(c), we would observe a small amount of radiation of
intensity /(v) at any specific frequency v emerging from the hole; that intensity
is related to the energy density u(v) within the cavity. We could then calculate
the total radiation flux emerging from that cavity at frequency v, through the hole,
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Figure 6-6 Beam of light
intensity [(v) incident upon a
volume of thickness z = cdt
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ufv)

traveling in all directions within a solid angle of 2 (a hemisphere). This value
for the radiation flux at frequency v would describe the irradiance of a blackbody,
since we deduced earlier that the spectral density within a cavity has the same en-
ergy density as that at the surface of a blackbody. We will therefore refer to this
radiation as the blackbody radiation intensity per unit frequency, or Igp(v).

Before performing this calculation, we need to obtain a relationship between
the energy density u(v) (energy per unit volume-frequency) of electromagnetic ra-
diation within a volume element and the flux /(v) (energy per time-area-frequency)
passing through a surface enclosing part of that volume element and traveling in a
specific direction, as shown in Figure 6-6. Let us consider a beam of light of in-
tensity per unit frequency /(v) at frequency v, with a cross-sectional area dA and
traveling in a direction z that passes through that area dA in a time dt. The en-
ergy density of radiation would be the product of the intensity of the beam, the
cross-sectional area, and the time duration, or I(v) dA dt, which has units of en-
ergy per unit frequency. This would be equivalent to considering the energy density
u(v) of a beam existing within a volume dV = dA - z if an instantaneous photo-
graph were taken of the beam within that volume dV of length z = v d¢, where v
is the velocity of the beam. This is described by the expression

I(v)dAdt =u(v)dV = u(v)dA -z =u(v)dA-v dt. (6.34)

If the volume element is in a vacuum then v = ¢, which leads to the relationship

I(v) =u(v)c (6.35)
L ]

for a beam traveling in a specific direction.

34




6.3 CAVITY RADIATION 213

Cavity in
radiative
equilibrium

Blackbody

diati
radiation ‘/Z/M/Z/ 2,

Figure 6-7(a) Blackbody
radiation escaping from

T a cavity within mass M at
equilibrium temperature T

Y
NS N
N \\
\ N
i Cavity
</\/\/|Radiation /)"

atl

Figure 6-7(b) Coordinates
for analyzing blackbody
radiation escaping from a
confined cavity

Unit area

When the volume element is in a medium whose index of refraction is 7, the
velocity is expressed as v = ¢/n; this leads to

Iv) = u(v)%‘ (6.36)

We can now convert the expression for the energy density of radiation within
a cavity of temperature T to an expression for blackbody radiation emerging from
a hole of unit surface area accessing that cavity and radiating into a hemisphere,
as indicated in Figure 6-7(a). Radiation from any point within the cavity is travel-
ing in all directions — that is, within a 47 solid angle. We consider the coordinates
shown in Figure 6-7(b), where the fraction of radiation traveling within a solid
angle d2/4m at a particular angle 6 with respect to the normal to the plane of the
hole is described by I(v) cos 8 dS2/4 7. In this expression we have assumed that the
intensity emitted from the source is independent of angle, but the factor cos 6 rep-
resents the decrease in the effective area of the hole with increasing angle from the
normal as seen by the observer. Expressing the solid angle as d2 = sin8 d@ dé,
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the radiation flux in that direction can be written as I(v)cos@sind do do/4n. The
total blackbody flux I (v) is obtained by integrating this component of the flux
over the entire hemisphere (27 solid angle):

2w 2 [(y cos@sin@ db d
Igg(v) = f / I(v)cosvsmz 2770 i ¢. (6.37)
0 0 3

Replacing / (v) by u(v)c from (6.35) gives the relationship between the blackbody
radiation intensity per unit frequency, Isp(v), and the energy density per unit fre-
quency, u(v), of the cavity:

/2 0 sin@ do d
Igp(v) = f / u(v)e - cosfsinfdodo _ uwye (6.38)
0 0 4 4

Using (6.38) in conjunction with the value of u(v) indicated in (6.32), we can ob-
tain the spectral radiance of a blackbody as a function of v and T as follows:

Wavelength Dependence of Blackbody Emission
The total radiance of Isp (V) from a frequency interval dv is given as

27hv3 dv
IBB (\)) dv = T’W (640)
Because Av = ¢ (i.e., V= c/A), it follows that
vl = c
ldv| = i dXr. (6.41)

We can therefore express the intensity per unit wavelength at temperature T as

27c*h

Isg(A, T) = "—“’fp(ech/xkl" . (6.42)

The total radiance emitted from the blackbody surface within a specific wavelength
interval A would then be expressed as

Igg(A, AN, T) = Igg (M, THAX. (6.43)

Specific values of the radiance Igg(A, AR, T) as given by (6.43), in units of power
per unit area (intensity) over the wavelength interval AX, canbe obtained from the
following empirical expression for Igp(r, T
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3.75 x 1072

2
AS(e0014/AT 1) W/m”-pm, (6.44)

Igg(A, T) =

where A must be given in meters, AX in micrometers (um), and T in degrees
Kelvin. Alternatively,

3.75 x 1072
)\5(60‘0144/)‘T . 1)

Isg(A, T) = W/m?-nm (6.45)

for A in meters, AA in nanometers, and T in degrees Kelvin. Remember that these
expressions are for the radiation into a 27 steradian solid angle.

Compute the radiation flux or power in watts coming from a surface of tempera-
ture 300 K (near room temperature) and area 0.02 m? over a wavelength interval
of 0.1 um at a wavelength of 1.0 pom. '

Use (6.43) and (6.44) to obtain the intensity (W/m?) and multiply it by the
area AA (m?) to obtain the power P in watts coming from the surface:

P = Igg(A, T)ALAA

3.75 x 10722

— —_ -15
= [ 1076y eoomaaxo=samn — 7y 0-D(0:02) = 106 x 107 W.

We can see that at room temperature the power radiated from a blackbody within
this wavelength region is almost too small to be measurable.

6.4 ABSORPTION AND STIMULATED EMISSION
We have examined the issues relating to the decay of electrons from a higher en-
ergy level to a lower level. We have also investigated the natural radiative decay
process, which is inherent in all excited states of all materials and is referred to as
spontaneous emission. However, we saw in Chapter 4 that such emission is not
always the dominant decay process. We described how collisions with other par-
ticles (in the case of gases) or phonons (in the case of solids) can depopulate a
level faster than the normal radiative process. Such collisions can also populate or
excite energy levels. :

Excitation or de-excitation can also occur by way of photons — “light parti-
cles” that have specific energies. The phenomenon of light producing excitation,
referred to as absorption, has been known for well over 100 years. Such a process
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could also have been referred to as “stimulated” absorption, since it requires elec-
tromagnetic energy to stimulate the electron and thereby produce the excitation.
There is no reason to suppose that the inverse of that process would not also occur,
but it was never seriously considered until Einstein suggested the concept of stim-
ulated emission in 1917.

The Principle of Detailed Balance

Einstein was considering the recently developed Planck law for cavity radiation,
the expression we just derived. He began questioning how the principle of detailed
balance must apply in the case of radiation in equilibrium, a situation associated
with cavity radiation. This principle states that, in equilibrium, the total number
of particles leaving a certain quantum state per unit time equals the number arriv-
ing in that state per unit time. It also states that in equilibrium the number leaving
by a particular pathway equals the number arriving by that pathway.

We tacitly used this principle in the first part of this chapter when arguing that
the mass M1 could not continue to receive excess energy from M2 once it had
reached the new equilibrium temperature. The principle describes why the popula-
tion of a specific energy state cannot increase indefinitely. This principle has also
been called the principle of microscopic reversibility and was originally applied to
considerations of thermodynamic equilibrium.

The principle of detailed balance suggests that if a photon can stimulate an
electron to move from a lower energy state [ to higher energy state u by means
of absorption, then a photon should also be able to stimulate an electron from
the same upper state u to the lower state I. In the case of absorption, the pho-
ton disappears, with the energy being transferred to the absorbing species. In the
case of stimulation, or stimulated emission, the species would have to radiate an
additional photon to conserve energy. Such a stimulated emission process must
occur in order to keep the population of the two energy levels in thermal equi-
librium, if that equilibrium is determined by cavity radiation as described earlier
in this chapter. Thus, the relationships between absorption and stimulated emis-
sion must be associated in some way with the Planck law for radiation in thermal
equilibrium.

We have identified the three radiative processes producing interactions be-
tween two bound levels in a material: spontaneous emission, absorption (stimu-
lated absorption), and stimulated emission. These processes are diagrammed in
Figure 6-8. In the case of both of the stimulated processes (absorption and stim-
ulated emission) occurring between bound (discrete) states, the energy (related to
the frequency) of the light must correspond exactly to that of the energy differ-
ence between the two energy states. For stimulated emission, an additional photon
is emitted at exactly the same energy (or frequency) as that of the incident pho-
ton (conservation of energy), and in exactly the same direction in phase with the
incident photon (conservation of momentum).
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Absorption and Stimulated Emission Coefficients

We will now derive the absorption and stimulated emission coefficients associated
with these processes by considering radiation in thermal equilibrium. We will con-
sider a group of atoms having electrons occupying either energy levels u or I with
population densities N, and (number of atoms per unit volume). We assume
the atoms are in thermal equilibrium with each other and must therefore be re lated
by the Boltzmann distribution function given in (6.10),

N, 2 R Do, e o :
Nu _ 8u —~(E~ENKT _ 8U ~AEKT (6.46)

N g &

where g, and g, are the statistical weights of levels u and [ and where E, — Ep=
AE,.

We will consider photons interacting with such a collection of atoms. The pho-
tons will be assumed to have energies A E,; such that AE,; = hvy, corresponding
to the exact difference in energy between the levels « and [. We have defined A
as the spontaneous transition probability, the rate at which spontaneous transitions
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ocecur from level u to level I (number per unit time). Thus, the number of sponta-
neous transitions from u to I per unit time per unit volume is simply N, Aur.

We have also suggested that stimulated processes should occur. These pro-
cesses would be proportional to the photon energy density «(v) at frequency vy
as well as to the population in the appropriate level. If we assume that the propor-
tionality constant for such stimulated transitions is B, then the upward flux — the
number of stimulated upward transitions per unit volume per unit time per unit fre-
quency — would be N; By, u(v). Similarly, the downward flux would be N, Bu(v).
The constants A, B, and By, are referred to as the Einstein A and B coefficients:

For the populations N, and N; to be in radiative thermal equilibrium (as de-
scribed by eqn. 6.46) and for the principle of detailed balance to apply, the down-
ward radiative flux should equal the upward radiative flux between the two levels:

NuAM + NHBMM(U) = NIBJRL‘{(U)- (647)

From this equation we can solve for u(v) as follows:

NuAu.!

—_— (6.48)
N; By, — NyBy

u(v) =

Dividing the top and bottom terms in the right-hand side of (6.48) by N, and then
using (6.46) for the ratio N, /N;, we are led to the expression

Ay By ; %
plify == E([M—}e””“”” —1) , (6.49)
By guBuI

where we have used the relationship AE,; = hAvy.

Equation (6.49) has a familiar form if we compare itto (6.32). Since both equa-
tions concern radiation in thermal equilibrium, if true then they must be equivalent.
The equivalence follows if

g:Bm
8u Bm‘

=1 or gBu = gbBu . (6.50)

and
Au 8hnv3

B, = (6.51)

We have thus derived the relationship between the stimulated emission and ab-
sorption coefficients B,; and By, (respectively), along with their relationship to the
spontaneous emission coefficient A ;. We can rewrite (6.51) to obtain

6‘3

B, = ———
”f 8mhn3v?

Ay (6.52)
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We can now substitute the expression for A,; in terms of A, (v) from (4.64) to

obtain
3 =)+ (yl/4n)?

B, =
“T Bahnv3 yT /A2

A, (6.53)

If we now define T 5
v, /AT

B,
(v —v0)? + (y5/4m)?

which describes the frequency dependence of B,;, then (6.53) may be rewritten as

By(v) = 5 (6.54)

Au)  8mhn*v’ _ Au

= = . 6.55
B.(v) 3 By ( )
Hence the frequency-dependent expressions for B,;(v) and By, (v) will satisfy
(6.49) if B ()
SELWY) 1 or gBu() = guBu(v). (6.56)
guBu(v)

We have thus derived the stimulated emission coefficients B,; and By, as well
as their frequency-dependent counterparts By;(v) and B, (v), that define the way
a photon beam interacts with a two-level system of atoms that was obtained by
considering radiation in thermal equilibrium. These relationships provide the fun-
damental concepts necessary for producing a laser.

It is interesting to examine the ratio of stimulated to spontaneous emission
rates from level u#. This ratio can be obtained from (6.32) and (6.51) as

B,u(v) _ 1
Ay - emva/kT _ 1

6.57)

Thus, stimulated emission plays a significant role only for temperatures in which
kT is of, or greater than, the order of the photon energy hv,;. The ratio is unity
when hv,/kT = In2 = 0.693. For visible transitions in the green portion of the
spectrum (photons of the order of 2.5 €V), such a relationship would be achieved
for a temperature of 33,500 K. Thus, in the visible spectrum, the dominance of
stimulated emission over spontaneous emission normally happens only in stars, in
high-temperature and -density laboratory plasmas such as laser-produced plasmas,
or in lasers. In low-pressure plasmas the radiation can readily escape, so there is
no opportunity for the radiation density to build up to a value where the stimulated
decay rate is comparable to the radiative decay rate. In lasers, however, the ratio
of (6.57) can be significantly greater than unity.

A helium-neon laser operating at 632.8 nm has an output power of 1.0 mW with a
1-mm beam diameter. The beam passes through a mirror that has 99% reflectiv-
ity and 1% transmission at the laser wavelength. What is the ratio of Byu(v)/A,
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for this laser? What is the effective blackbody temperature of the laser beam as it

emerges from the laser output mirror? Assume the beam diameter is also 1 mm in-

side the laser cavity and that the power is uniform over the beam cross section (this

is only an approximation, as we will learn in Chapter 11). Assume also that the

laser linewidth is approximately one tenth of the Doppler width for the transition.
The laser frequency is determined by

c 3 x 108 m/s

¢ _ X _ 474 x 10" Hz.
% T 6328 %107 m * g

Yy =

From (6.51) we can now compute the ratio of Ay;/By forn=1as

Ay Bmhv® _ (87)(6.63 % 10734 J-5)(4.74 x 10 Hz)®

Bul C3 (3 X 108 l’l’l/S)3
— 6.57 x 107 J-s/m’;

hence
B ul

=1.52 x 10° m*/J-s.
ul
We must now compute the energy density u(v), which from (6.35) is related
to the intensity per unit frequency I(v) as u(v) = I(v)/c. We can compute I(v)
by dividing the laser beam power in the cavity by the beam cross-sectional area
and the frequency width of the beam. The power of the beam within the cav-
ity traveling toward the output mirror must be 100 mW and that reflected would
be 99 mW (1 mW passes through the mirror). Thus, the total power in the cav-
ity is 199 mW. The Doppler width of the helium-neon 632.8-nm transition (see
Table 4-1) is 1.5 x 10° Hz. Thus
u(v) = I—(Q
¢
(199 x Lo mW)/( - (5 x 10~* m)2)]/(0.1) (1.5 x 10° Hz)
B 3 % 108 m/s :

— 5.63 x 1072 J-s/m’,
so the ratio is

Buu(v _
But®) _ 53 5 10 m?/1-6)(5.63 x 107 J-s/m’) = 85.6.
ul
The stimulated emission rate is therefore almost 86 times the spontaneous emis-
sion rate on transitions from the upper to the lower laser level at 632.8 nm.
Using (6.57), the preceding ratio can be rewritten as
Bu(v) 1

Aul - th“l/kT —1 - 856’

which yields
ema/dT 1 =1/85.6 = 0.0117
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or
hvw/kT = In(1.0117) = 1.16 x 1072,

‘We can thus solve for T as follows:

T hv, _ (6.63 x 107 J-5)(4.74 x 10" Hz)
T (116 x 1072k (1.16 x 1072)(1.38 x 10-23 J/K)

= 1.96 x 10° K = 1,960,000 K.

This calculation indicates that the radiation intensity of the laser beam inside the
laser cavity has a value equivalent to that of a nearly 2,000,000-K blackbody — if
we consider only the radiation emitted from the blackbody in the frequency (or
wavelength interval) over which the laser operates.
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PROBLEMS

1. Calculate the number of radiation modes in a cube 1 mm on a side for a spread of
0.001 nm centered at 514.5 nm and a spread of 0.01 pm centered at 10.6 pm.

2. Consider a 1-mm-—diameter surface area of carbon (graphite). Calculate how many
atoms would exist in energy levels from which they could emit radiation at wave-
lengths shorter than 700 nm (visible light and shorter wavelengths) for surface
temperatures of 300 K, 1,000 K, and 5,000 K when the solid is in thermal equilib-
rium at those temperatures. Assume that only those atoms within a depth of 10 nm
of the material surface can emit observable radiation.

3. In Problem 2, if the excited atoms that emit visible radiation decay in 10 B 5 and
if only 0.002% of them decay radiatively (quantum yield of 2%), how much power
would be radiated from that surface at the aforementioned temperatures? Assume
that half of the atoms that radiate emit into the 27 solid angle that would result
in their leaving the surface of the material, and assume an average visible photon
energy of 2.5 eV. Also compute the total amount of power that could be radiated
(over all wavelengths) from the surface at the given temperatures using the Stefan—
Boltzmann law (eqn. 6.15). Speculate as to why the two approaches for computing
the radiated power are inconsistent at a temperature of 5,000 K.

4. How much power is radiated from a 1-mm? surface of a body at temperature T when
the peak measured wavelength is that of green light at 500 nm?

5. Determine the number of modes in a I-cm® box for frequencies in the visible spec-
trum between 400 and 700 nm. Compare that value to the number of modes in a
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10.

11.

12.

13.

sodium streetlamp that emits over a wavelength interval of 3 nm ata center wave-
length of 589 nm. Assume that the streetlamp is a cylinder of radius 0.5 cm and
length 10 cm.

. Estimate the number of photons in both the box and the streetlamp of Problem 5

for temperatures of 300 K, 1,000 K, and 5,000 K.

. A 100-W incandescent lamp has a tungsten filament composed of a wire, 0.05 cm

in diameter and 10 cm in length, that is coiled up to fit within the li ght bulb. Assume
the filament is heated to a temperature of 3,000 K when the light bulb is turned
on. How much power (watts) is emitted within the visible spectrum from the fila-
ment, assuming that it is emitting as a blackbody? As an approximation, you could
divide the visible spectral region into several segments and compute the average
contribution from each segment. Then simply add the averages together (instead
of trying to integrate the blackbody function over the entire visible spectral range).

. Show that Planck’s radiation law of (6.39) will lead to the Stefan—Boltzmann re-

lationship of (6.15) if the power radiated over all wavelengths is considered. De-
termine the coefficients of the Stefan-Boltzmann constant. Hint:

/°° x3dx __7r4
o e*—1 15

. An argon ion laser emits 2 W of power at 488.0 nm in a 2-mm~—diameter beam.

What would be the effective blackbody temperature of the output beam of that
laser radiating over the frequency width of the laser transition, given that the laser
linewidth is approximately one fifth of the Doppler linewidth? Assume that the
laser is operating at an argon gas temperature of 1,500 K and that the laser output
is uniform over the width of the beam.

For the laser in Problem 9, how much power would be required for the stimulated
emission rate to equal the radiative decay rate?

A pulsed and Q-switched Nd:YAG laser is focused to a 200-um—diameter spot
size on a solid flat metal target in an attempt to produce a bright plasma source
for microlithography applications. The plasma is observed to radiate uniformly -
into 27 steradians with a wavelength distribution that is approximately that ofa
blackbody. The intensity of the Nd:YAG laser is adjusted so that the peak of the
blackbody emission occurs at a wavelength of 13.5 nm, the optimum wavelength
as a source for EUV microlithography. What is the temperature of the blackbody?
What fraction of the total energy radiated by the blackbody would be radiated
within the useful bandwidth for microlithography of 0.4 nm centered around the
emission maximum? Assume that the plasma doesn’t expand significantly during
the 10-ns emission time (the duration of the Nd:YAG laser pulses).

The blackbody spectral distribution curve has a maximum wavelength 2, that is
dependent upon the temperature T of the radiating body. Show that the product
A, T is a constant for any temperature (Wien’s law, egn. 6.16). Hint: Use the
frequency version of the blackbody radiation formula instead of the wavelength
version to show this.

A blue argon laser beam at 488 nm is propagating around a coliseum as part of a
laser light show. The power is measured to be 10 W cw at a specific location with
a beam diameter of 5 mm. What is the energy density per unit frequency u(v) of
the beam at that location? '
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are self-selected by the beam. The use of a short laser pulse allows heat to destroy
the bad cells without the heat spreading to the surrounding cells. In the case of
tattoo removal, the tattoo itself is absorbing and hence requires no tagging. Other
applications include pollution detection and removal of kidney stones.

TITANIUM SAPPHIRE LASER

General Description -
The titanium sapphire laser (Ti:Al,O3) is the most widely used tunable solid-state

laser. It can be operated over a wavelength range of 660-1,180 nm and thus has
the broadest gain bandwidth of any laser. It also has a relatively large stimulated
emission cross section for a tunable laser. Titanium ions are typically doped into a
sapphire (aluminum oxide) crystal at a concentration of 0.1% by weight. This laser
has achieved cw outputs of nearly 50 W as well as terawatts of peak power from
100-fs—duration mode-locked pulses. The laser can be flashlamp pumped, but the
technique is not efficient owing to the unusually short upper laser level lifetime of
the laser crystal (3.8 us at room temperature), which does not match well with the
longer pulse duration of typical flashlamps. Commercial titanium sapphire lasers
are therefore typically pumped with either argon ion lasers (for cw operation) or
frequency-doubled Nd:YAG or Nd:YLF lasers (for pulsed operation). The pump
absorption band covers the range from less than 400 nm to just beyond 630 nm
and peaks around 490 nm, as can be seen in Figure 15-13. The titanium sapphire
crystal has high thermal conductivity, good chemical inertness, good mechanical

rigidity, and high hardness.
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and emission spectra of
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Figure 15-14 Diagrams of
(a) a cw titanium sapphire
laser and (b) a femtosecond
mode-locked titanium
sapphire laser (courtesy of
CREOL)

LASER SYSTEMS INVOLVING HIGH-DENSITY GAIN MEDIA
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(b) Femtosecond mode-locked Ti:sapphire

Laser Structure

An example of a cw Ti:Al,O3 laser using an X-cavity design is shown in Fig-
ure 15-14(a). It uses an astigmatically compensated cavity for the Ti:Al,03 laser
crystal (see Section 13.9). In such a cavity design, the crystal typically ranges from
7 to 10 mm in length, depending upon the dopant level, and is arranged with the
output faces of the crystal at Brewster’s angle. The longer-length crystal lengths
with lower doping concentrations are used with higher pumping flux intensities in
order to obtain higher power oufput. Generally, either a cw argon ion laser or a
doubled Nd: YAG laser is used as the pumping source. The pump beam enters the
cavity from the left, as shown in the figure. A birefringent filter, installed within
the cavity at Brewster’s angle, can be rotated for wavelength tuning. A modified
version of this cavity, shown in Figure 15-14(b), is used to produce mode-locked
pulses. It includes two prisms for intracavity dispersion compensation and uses the
Kerr lens mode-locking (KLM) technique described in Section 13.4. The neces-
sary aperture within the Ti:Al, O crystal to produce K1M is provided by a separate
aperture located next to the crystal (not shown), or simply by the aperturing effect
associated with the small diameter of the pump beam. Extremely precise adjust-
ments and alignment of the mirrors and cavity dimensions are essential to maintain
a stable mode-locked output for this laser.
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Excitation Mechanism

The energy-level structure of this laser is similar to that of a dye laser. The ground
state, a 2T, state, has a broad sequence of overlapping vibrational or vibronic levels
extending upward from the lowest level, as shown in Figure 5-16. The first excited
state is a 2E state that also extends upward with a series of overlapping vibronic
levels. This energy-level structure is unique for laser crystals in that there are no
d-state energy levels above the upper laser level. Thus, the simple energy-level
structure involving a 3d electron eliminates the possibility of excited-state absorp-
tion, an effect that reduces the tuning range of other tunable solid-state lasers (see
Section 9.5).

Excitation therefore occurs from the lowest vibronic levels of the *T, ground
state (those that are sufficiently populated at room temperature) to the broad range
of excited vibronic levels of the 2E excited state. The population pumped to all of
the vibrational levels of the broadband excited state rapidly relaxes to the lowest
levels of that state. It then decays back to any one of the vibronic levels of the ground
state in a manner that is similar to a dye laser, but with a much lower radiative rate.
When the population reaches the excited vibronic levels of the ground state, it very
rapidly relaxes to the lowest-lying levels, leaving a distribution dictated by the
Boltzmann relationship of (6.11).

Typical Titanium Sapphire Laser Parameters

Laser wavelengths (A1) 660-1,180 nm
Laser transition probability (A,;) 2.6 x10%s
Upper laser level lifetime (z,,) 3.8 us
Stimulated emission cross section (o)) 3.4x1072 m?

Spontaneous emission linewidth and
gain bandwidth, FWHM (Av,) 1.0 x 10%/s (AL, = 180 nm)
Inversion density (AN,) 6 x 10%/m?

Small-signal gain coefficient (go) 20/m

Laser gain-medium length (L) 0.1lm
Single-pass gain (e &Nul) 7-10

Doping density 3.3 x 10%%/m?
Index of refraction of gain medium 1.76
Operating temperature 300K
Thermal conductivity of laser rod 3.55 W/m-K
Thermal expansion coefficient of laser rod 5x10-%K

Pumping method
Pumping bands
Output power

Mode

optical (flashlamp or laser)
380-620 nm
up to SO W (cw),

10 W for 100-fs pulse
single-mode or multi-mode
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LASER SYSTEMS INVOLVING HIGH-DENSITY GAIN MEDIA

The laser energy-level arrangement is effectively a four-level system, as ina
dye laser, in which all of the higher-lying vibronic levels of the 2E state serve as
level i of the four-level system described in Section 9.3. The lowest vibrational
levels of the 2E state serve as the upper laser level u. These levels decay to any of
the excited vibrational levels of the ground state 2T, any of which can be consid-
ered as the lower laser level [. These levels then rapidly relax to the lowest levels
of T, serving as the ground state 0.

Applications

Titanium sapphire lasers are used in infrared spectroscopy of semiconductors and
in laser radar, rangefinders, and remote sensing. They are used in medical appli-
cations such as photodynamic therapy. They are also used to produce short pulses
of X-rays by focusing the mode-locked pulses onto solid targets from which high-
density and high-temperature radiating plasmas are produced, plasmas that in turn
emit large fluxes of X-rays.

CHROMIUM LiSAF AND LiCAF LASERS

General Description

The chromium-doped lithium strontium aluminum fluoride (Cr:LiSAF) and lithium
calcium aluminum fluoride (Cr:LiCAF) lasers are broadband tunable lasers in the
same category as the alexandrite and titanium sapphire lasers. The Cr:LiSAF laser
can be tuned over a wavelength ranging from 780 to 1,010 nm and the Cr:LiCAF
laser can be tuned from 720 to 840 nm. Both cw and pulsed output have been ob-
tained from both lasers: a cw output of up to 1.2 W and a pulsed output of over
10 J with a slope efficiency of 5%. These lasers have relatively long upper-level
lifetimes of 67 us for Cr:LiSAF and 170 us for Cr:LiCAF, so both can be effec-
tively flashlamp pumped. They have also been laser pumped with AlGaAs diode
lasers and argon ion lasers. Both of these fluoride laser materials can be doped
to very high concentrations (up to 15% Cr) without affecting the upper laser level

-lifetime, which results in more uniform flashlamp pumping as indicated in Fig-

ure 10-19(c). These lasers have also been used as regenerative amplifiers leading
to very short—pulse amplification. The laser crystals are chemically stable when
treated properly. Their thermal properties are closer to those of Nd: glass than to
Nd:YAG. They are durable but not as hard as YAG. Their average power-handling
capabilities are not as good as Ti:Al,O3.

Laser Structure

A diagram of a flashlamp-pumped Cr:LiSAF laser is shown in Figure 15-15. This
laser uses a LiSAF rod of 6-mm diameter and 0.1-m length. A birefringent filter
is used to tune the wavelength from 750 to 1,000 nm, and a saturable absorber is
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