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A general formula for determining the coupling loss between two single-mode fiber collimators with the
simultaneous existence of separation, lateral offset and angular tilt misalignments, and spot-size mis-
match is theoretically derived by use of the Gaussian field approximation. Based on this general
formula, the formulas for coupling losses that are due to the misalignment of insert separation, lateral
offset, and angular tilt are given. The formula for the coupling loss that is due to Gaussian spot-size
mismatch of two single-mode collimators is also given. Good agreement between these formulas and
experimental results is demonstrated with gradient-index rod lens-based fiber collimators operating in
the 1300-nm band. © 1999 Optical Society of America

OCIS codes: 060.2310, 060.2340, 060.2430, 110.2760.

1. Introduction

Free-space-based fiber-optic components such as
isolators, circulators, attenuators, switches, and
wavelength-division multiplexers�demultiplexers
have become key devices for optical fiber communi-
cations, optical fiber sensing, and radio-frequency
photonics.1–4 In these free-space-based fiber-optic
components, single-mode-fiber �SMF� or multimode-
fiber pigtailed fiber collimators have been widely
used. This is so because the coupling between two
fiber collimators has a large allowable separation dis-
tance with a low loss5,6 that is critical for a practical
free-space interconnected fiber-optic module or sub-
system. However, to maintain low coupling loss re-
quires that the separation distance between two fiber
collimators be limited. An important engineering
issue that is related to the use of fiber collimators is
the excess loss performance of a pair of collimators

owing to misalignment between the collimating and
the focusing gradient-index �GRIN� lenses. There
are three types of misalignment that introduce inser-
tion loss into the coupling, i.e., separation misalign-
ment between the lens surfaces, offset misalignment
between the longitudinal axes of the lenses, and an-
gular tilt misalignment between the longitudinal
axes of the lenses. Gaussian beam spot-size mis-
match also causes insertion loss.

One can determine the coupling loss of two multi-
mode fiber collimators by calculating the overlap area
of the output beams of the two collimators.5 For
SMF collimators, one must use the Gaussian field
approximation method7–9 to characterize the cou-
pling loss rather than calculate the overlap area, and
three formulas to describe the coupling loss that is
due to only one of the three misalignments have been
reported.6 Based on these formulas, a fiber array
optical coupling design issue for a photonic beam for-
mation system has been reported.10 However, those
formulas are not suitable for describing the coupling-
loss performance of fiber collimators with large sep-
aration ��10 cm� and large lateral offset ��300 �m�.
In addition, they cannot characterize the coupling-
loss performance when the three misalignments and
spot-size mismatch exist simultaneously. Hence in
this paper we analyze the coupling-loss characteris-
tics of fiber collimators with simultaneous three mis-
alignments and spot-size mismatch and give a
general formula to describe the coupling-loss perfor-
mance. Experimental results show that this for-

When this research was performed, both authors were with the
Center for Research and Education in Optics and Lasers and the
School of Optics, University of Central Florida, P.O. Box 162700,
4000 Central Florida Boulevard, Orlando, Florida 32816-2700. S.
Yuan is now with Chorum Technologies, Incorporated, 1155 East
Collins Boulevard, Suite 200, Richardson, Texas 75081. The
e-mail address for N. A. Riza is riza@creol.ucf.edu; for S. Yuan it is
shyuan@chorumtech.com.

Received 15 October 1998; revised manuscript received 19 Feb-
ruary 1999.

0003-6935�99�153214-09$15.00�0
© 1999 Optical Society of America

3214 APPLIED OPTICS � Vol. 38, No. 15 � 20 May 1999

Petitioner Ciena Corp. et al. 
Exhibit 1044-1

f 

 

Find authenticated court documents without watermarks at docketalarm.com. 

https://www.docketalarm.com/


mula is adequate for predicting the coupling losses
that are due to the three kinds of misalignment.

2. Gaussian Field Approximation of Light Propagation
in Quarter-Pitch Gradient-Index Lenses

Figure 1 shows the fiber coupling system with two
SMF collimators. GRIN lens 1 is a transmitting
lens, and GRIN lens 2 is a receiving lens or focusing
lens. It is well known that the light-field distribu-
tion of the fundamental mode in a SMF can be well
approximated by a Gaussian profile.7–9 The Gauss-
ian beam from SMF1 is collimated by GRIN lens 1
and then focused into the output SMF2. Gaussian
beam propagation in the fiber collimating system is
shown schematically in Fig. 2. For a fiber collimator
using a quarter-pitch GRIN lens the fiber is butt
attached to the GRIN lens. The optical field emitted
from SMF1 can be approximated by a Gaussian beam
whose waist coincides with the end surface of SMF1.
The fundamental-mode Gaussian beam can be de-
scribed with its Gaussian spot size �Gaussian beam
radius� wi and radius of curvature Ri of equiphase
surfaces. Combining the two parameters, we have a
complex curvature parameter qi:

1
qi

�
1
Ri

� j
�

�nwi
2 , (1)

where � is the wavelength of light in vacuum and n is
the refractive index of the medium in the gap.11

The GRIN rod lens has its largest refractive index
along the longitudinal axis, and the refractive index
decreases quadratically with radial distance. The
refractive index can be expressed as

n�r� � n0�1 �
Ar2

2 � , (2)

where n0 is the refractive index on the axis of the
lens, �A is the gradient constant, and r is the radial
distance from the central axis.

The GRIN lens has the ray matrix

� cos��AZ�
1

n0�A
sin��AZ�

	n0�A sin��AZ� cos��AZ�
� , (3)

where Z is the length of the GRIN lens.12 The pitch
of a GRIN lens is defined as p 
 �A Z��2��. For a
quarter-pitch GRIN lens, i.e., p 
 1�4, we have �A
Z 
 ��2. Thus the ray matrix of a quarter-pitch
GRIN lens can be expressed as

G � �A1 B1

C1 D1
	 � � 0

1

n0�A
	n0�A 0

� . (4)

Note that both GRIN lens 1 and GRIN lens 2 have the
same ray matrix.

The gap with a straight length of Z0 between GRIN
lens 1 and GRIN lens 2 has a ray matrix11 of

S � �A2 B2

C2 D2
	 � �1 Z0

0 1 	 . (5)

It is well known that a Gaussian beam propagates in
terms of the ABCD law11

qi�1 �
Aiqi � Bi

Ciqi � Di
. (6)

Considering that the Gaussian optical field emitted
from SMF1 has a modal field diameter of w0 with R0

 �, and using the ABCD law i.e., Eq. �6�� and Eqs.
�1�, �4�, and �5�, we have

w1 �
�

�nw0n0�A
, (7)

R1 � �, (8)

w2 � w1�1 � � �Z0

�nw1
2�2	1�2

, (9)

R2 � Z0�1 � ��nw1
2

�Z0
�2	 , (10)

w3 �
�

n0�A�nw1

� w0, (11)

R3 � 	
1

n0��A�2Z0

. (12)

According to the derivations in Eqs. �7�–�12�, we
have arrived at unique results for the coupling prop-
erty of SMF collimators compared with those de-
scribed in Ref. 6. The light beam emitted from
GRIN lens 1 is a Gaussian beam with its Gaussian
waist at the surface of the lens. When the Gaussian
beam propagates to the surface of GRIN lens 2, the
beam spot size is w2 expanded with radius of curva-
ture R2. For the beam at output surface P3 of GRIN
lens 2, the spot size is w3 
 w0; i.e., it has the same

Fig. 1. Fiber coupling system using two quarter-pitch SMF colli-
mators.

Fig. 2. Gaussian beam propagation in the fiber collimating sys-
tem.
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spot size as the modal field radius of the fundamental
mode in the SMF. The coupling loss results from the
different radii of curvature; i.e., the perfectly aligned
light beam coupled into the fiber should have a spot
size w0 with a radius R 
 �, whereas the beam from
GRIN lens 2 has a spot size w0 with a radius R 

	1�n0��A�2Z0�. When Z0 increases, 
R
 decreases,
so collecting the beam to have good coupling requires
a fiber with a bigger numerical aperture. Thus
when we are considering such a fiber–fiber lens-
coupling issue, we must take into account the radius
of curvature of the Gaussian beam because consider-
ing only the spot size cannot give us a good approxi-
mation to determine coupling loss.

3. Coupling-Loss Formula

Consider the output field from GRIN lens 1 shown in
Fig. 3. The Gaussian beam waist is denoted wT.
The surface of GRIN lens 1 is the waist position.
The x component Ex of the Gaussian light-field vector
can be expressed as11

Ex�x, y, z� � E1

wT

w�z�
exp�	ikz � ��z��

� r2� 1
w2�z�

� i
k

2R�z�	� , (13)

where E1 is the output field’s amplitude at the origin
position �x 
 0, y 
 0, z 
 0�, r is the radius from
position �x, y, z� to the z axis,

k � 2�n��, (14)

��z� � tan	1� �z
�nwT

2� , (15)

w2�z� � wT
2�1 � � �z

�nwT
2�2	 , (16)

R�z� � z�1 � ��nwT
2

�z �2	 . (17)

Note that the time factor exp�i�t� is omitted from
Eq. �13�. For coupling-loss analysis we must con-
sider two fiber collimators because the loss is due to
misalignment and mismatch of the two GRIN colli-
mators. Although the light beam emitted from
GRIN lens 1 goes through the gap and GRIN lens 2
and reaches SMF2, only an effective beam equivalent

to the fundamental mode in SMF2 can be coupled
into the fiber, as shown in Fig. 4. Omitting the time
factor exp�i�t�, we can express the x� component Ex�

of the light field of the effective equivalent beam in
the gap as

Ex��x�, y�, z�� � E1

wT

w�z��
exp�	ikz� � ��z���

� r�2� 1
w2�z��

� i
k

2R�z��	� , (18)

where r� is the radius from position �x�, y�, z�� to the
z� axis,

��z�� � tan	1� �z�

�nwR
2� , (19)

w2�z�� � wR
2�1 � � �z�

�nwR
2�2	 , (20)

R�z�� � z��1 � ��nwR
2

�z� �2	 . (21)

Note that in Eq. �18� we have considered energy
conservation for the coupling, so the expression has an
E1 and a wT factor. The coupling loss between the
two collimators can be determined by the coupling co-
efficient between the two Gaussian beams. Coupling
loss is determined by separation, offset, and angular
misalignments of the two Gaussian beams, as shown
in Figs. 5�a�, 5�b�, and 5�c�, respectively. It should be
pointed out the coupling loss that is due to these mis-
alignments includes the loss that is due to the Gauss-
ian beam spot-size mismatch because the two SMF
collimators have different Gaussian beam radii. Fig-
ure 6 shows a side view of two fiber collimators with
the three combined misalignments and spot-size mis-
match in two rectangular systems �x, y, z� and �x�, y�,
z��. The coupling coefficient �c at z� 
 0 between the
two Gaussian beams can be expressed as7,9

�c �
2

�E1
2wT

2 �
	�

��

�
	�

��

Ex�x, y, z�
z�
0

� E*x��x�, y�, z��
z�
0dx�dy�. (22)

Note that there is a factor 2���E1
2wT

2� in Eq. �22�
whose function is to maintain �c 
 1 �i.e., for energy

Fig. 3. Output optical field distribution from GRIN lens 1. Fig. 4. Equivalent optical field distribution that can be perfectly
coupled into the SMF2 by use of GRIN lens 2.
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conservation� when no misalignments exist. Al-
though in Eq. �12� we consider only the Ex component,
the same equation is suitable for the Ey component,
so this coupling coefficient applies for all polarization
directions. It is readily shown from Fig. 6 that the
two rectangular coordinate systems are related by

x � x� cos � � z� sin � � X0, (23)

z � x� sin � � z� cos � � Z0, (24)

y � y�, (25)

r2 � x2 � y2 � �x� cos � � z� sin � � X0�
2 � y�2. (26)

Considering cos � � 1 when � is very small �e.g.,
� � 0.3°, a typical case for GRIN lens misalignment
with SMF coupling�, we can replace z in w�z� and
R�z� and ��z� by Z0 and put them into Eq. �13�. For
z� 
 0, Eq. �13� can be rewritten as

Ex�x, y, z�
z�
0 � Ex�x� � X0, y�, x� sin � � Z0�

� E1

wT

w�Z0�
exp�	ikZ0 � ��Z0���

� exp(	�� 1
w2�Z0�

� i
k

2R�Z0�
	 x�2 � �� 1

w2�Z0�
� i

k
2R�Z0�

	
� 2X0 � ik sin �� x� � � 1

w2�Z0�
� i

k
2R�Z0�

	X0
2�)

� exp�	� 1
w2�Z0�

� i
k

2R�Z0�
	 y�2� . (27)

Replacing r�2 with x�2 � y�2 in Eq. �18� and consider-
ing the equivalent field distribution Ex� at position z�

 0, we have

Ex��x�, y�, z��
z�
0 � E1

wT

wR
exp�	 x�2

wR
2�exp�	 y�2

wR
2� . (28)

Putting Eqs. �27� and �28� into Eq. �22�, and using the
following integral6:

�
	�

��

exp	�ax2 � bx � c��dx � ��

a
exp��b2 � 4ac�

4a 	 ,

(29)
we can find the integral in Eq. �22� to be9

�c � C0 exp�	
A�C � jH�

2B 	exp�	j�0�, (30)

where

C0 � �4D
B 	1�2

, (31a)

�0 � AG � tan	1 G
D � 1

, (31b)

A � �kwT�2�2, (31c)

B � G2 � �D � 1�2, (31d)

C � �D � 1�F2 � 2DFG sin �

� D�G2 � D � 1�sin2 �, (31e)

D � �wR�wT�2, (31f)

F �
2X0

kwT
2 , (31g)

G �
2Z0

kwT
2 , (31h)

H � GF2 � 2D�D � 1�F sin � � GD2 sin �. (31i)

The power transmission coefficient can be written as
T 
 
�c


2 
 �c�c*. Putting Eqs. �31� into Eq. �30�, we
can calculate the power transmission coefficient T to be

T �
4D
B

exp�	
AC
B � . (32)

Thus the total coupling loss in decibels between two
misaligned �i.e., three simultaneous misalignments�
SMF collimators can be expressed as

Ltot�X0, Z0, �� � 	10 log T

� 	10 log�4D
B

exp�	
AC
B �	 . (33)

Fig. 5. �a� Separation misalignment between the two GRIN lens
surfaces. �b� Offset misalignments between the longitudinal axes
of the GRIN lenses. �c� Angular misalignments between the lon-
gitudinal axes of the GRIN lenses.

Fig. 6. Side view of two fiber collimators with three combined
misalignments in two rectangular systems �x, y, z� and �x�, y�, z���.
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From these results we conclude that the loss perfor-
mance between two fiber collimators is similar to the
loss performance of two SMF’s without fiber collima-
tors.9

Specifically, by replacing the modal field radius of
the SMF with the Gaussian beam radius in the for-
mula for SMF coupling loss derived in Ref. 9, we can
easily obtain the coupling-loss formula shown in Eq.
�33�. Note that, when no misalignments exist i.e., X0

 0, Z0 
 0, � 
 0, and wR 
 wT �no spot size mis-
match��, from Eq. �33� we have Ltot�X0 
 0, Z0 
 0, � 

0� 
 0 dB, which indicates the coupling loss owing to
misalignments is 0 dB. This does not mean that in a
perfect-alignment situation the coupling loss is 0 dB.
In fact, some other factors such as the imperfection of
GRIN lenses and backreflection of the lens surfaces
cause additional coupling loss �e.g., 0.2–0.3 dB�. This
additional loss is not included inEq. �33�. To arrive at
the total coupling loss of fiber collimators we must add
this additional loss to Eq. �33�.

Based on our general formula in Eq. �33�, we can
derive the normalized loss performances for the three
kinds of fiber collimator misalignment with different
Gaussian spot-size mismatch. The separation mis-
alignment condition is shown in Fig. 5�a�. The nor-
malized coupling loss that is due to separation
misalignment is

Ls � Ltot�X0 � 0, Z0, � � 0� � Ltot�X0 � 0, Z0 � 0, � � 0�

� 	10 log� 4wT
2wR

2

�2Z0
2

�2n2 � �wT
2 � wR

2�2� . (34)

The lateral offset misalignment condition is shown in
Fig. 5�b�. The normalized loss that is due to lateral
offset misalignment at a specific separation distance
Z0 can be written as

Ll � Ltot�X0, Z0, � � 0� � Ltot�X0 � 0, Z0, � � 0�

�
20

ln 10
n2�2�wT

2 � wR
2�

�2Z0
2 � �2n2�wT

2 � wR
2�2

X0
2. (35)

The angular tilt misalignment condition is shown in
Fig. 5�c�. The normalized loss that is due to angular
offset misalignment at a specific separation distance
Z0 can be written as

La � Ltot�X0 � 0, Z0, �� � Ltot�X0 � 0, Z0, � � 0�

�
20

ln 10

�n�wR

� �2�� �Z0

�nwT
2�2

� �wR

wT
�2

� 1	
� �Z0

�nwT
2�2

� ��wR

wT
�2

� 1	2 sin2 �.

(36)

Equation �33� also describes the loss performance
that is due to Gaussian spot-size mismatch. If no
othermisalignment exists, the normalized loss that is

due only to spot-size mismatch �different wT and wR�
can be derived as

Lm � Ltot�X0 � 0, Z0 � 0, � � 0, wT, wR�

� Ltot�X0 � 0, Z0 � 0, � � 0, wT, wR � wT�

� 	10 log
4

�wR

wT
�

wT

wR
�2 . (37)

4. Numerical Analysis

For GRIN lens free-space interconnections it is im-
portant to know the tolerance distance between two
GRIN rod lenses. The tolerance distance is the max-
imum distance at which good coupling efficiency �e.g.,
�0.5 dB� can be achieved. This is especially true for
free-space-based fiber-optic components such as
fiber-optic circulators, isolators, matrix switches, and
photonic delay lines. According to Eq. �34�, the tol-
erance distance will be related to wavelength � and
the Gaussian beam widths at the output surface of
the GRIN lens and to the refractive index n in the
gap. When the beam width increases, the diver-
gence of the beam decreases, so the tolerance distance
becomes larger. With Eq. �16�, Fig. 7 shows curves
for beam radius w�z� with several Gaussianwaists wg
at � 
 1.3 �m. From the figure we can clearly see
that when waist wg becomes smaller, the divergence
of the beam becomes larger. The divergence angle
�half-apex angle� of a Gaussian beam can be given as
�d 
 tan	1����wgn�� � ����wgn�.11 This relation-
ship of divergence angle �d and Gaussian beam waist
wg is also shown in Fig. 8. Suppose that the fiber
collimators are identical and that they have the same
Gaussian waists wT 
 wR 
 wg. Thus, using Eq.
�34�, we can write the insertion loss that is due to the
separation distance as

Ls�Z0� � 10log�1 �
�2Z0

2

4�2n2wg
4� . (38)

Fig. 7. Changing curves of beam radius w�z� for several Gaussian
waists wg.
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