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, 
All dimens>OJ\ d p ..... brp ... _ trM '<d>niqu ... perform si&-'>ific&ntly be< ... 

\han On:",-""," 00&1'" on" if the Ill!II'.bor of ~ PO"'''' " VC"'" ""'poaeD~ 
in d. 0., in the cue r.l VO<OD<Ji <lias ... ""., i! ~ in<rtMM ~tiallr 

The """' ... :ion!o< ohio "",k " Iho~ CW, iII~, or.eit.....:ally 
i~ iJ: ~ ""hln. oo1y if Ile]o ani "",* .. tw.- '" ,lie qn~. Tho! 
main COfIUibutiol'l of <lois ~ it the aIpi''''''''= Idea of <If1I"'OU>"" """""f an.:! 
iU a.oaIj'Sd rot Ibe wWorn.Iy dinribut«l ~ypertUb.. In this ""Iq, with • ..uu:al 
<Itli.ni.""" of .~ a-. we shco< 1M; the Uj>«:tod ':IUI mmplooci.,. 01 6ndi."I& 
""&I'O£ .... ~ .. ~\...w. ""pea '" """"""",-' -.00 .he spaco <>:*' '" 
indepo<-~ of d, &.'><1 Ii:>ou in n . 

In .. [urUde!u> i>ypIttube the m·';mll'" du.~ bel""", IlI'O poims r;r<)1I'J 

";,h J4. IlJ .~ dou we """'" _"'" • ~bood ... ~ t..n .. it • 
"""" ..... " ~..:\ion RoI.:!Iisdistann!. A ~ 0 < p < 1 Olo>"_-ola,n., ~y 
t.tw ....... -.;,,..;U Iot.:ou the ~ ~ ..;min lhit..a::cb doma.i.:L For ud:> 
~of RoMp .. cob~", an ~"/ < I.udllhal. .lIoe_<:b ri.l pobm 
on avenge'" n T distaAce eaoputati_. a:>d th4 domma.. "'" work pcrfort:Kd 
No<i<e o.hat"/ it Indeper>do. .... of d. 

The pracl.ical .<iV'lfn_ d. QUI work ill tJw ..... elI !.Do ...... ."..".,. nbfu>ca, 
1Ii-~y w,. valueo b R a::d ~......- probabilitico. For "". 
""'pit, -..ching 1,000,000 pain .. u~ t&1W"it.".od 1ft [_ 1, ""J'- ";';11 .,.,.. 
~ 001" """', aI- R - () I, ~"" .~_ '" 30,000 d,;,waoo mm· 
pu~ ..,.j NCteedo ..w. probabiIil! 0.9968 In thio enmplo .,. ,. () 7!l !ma> 
OW" onaI)'Sis. Arbitrarily hlP....."... ptobabili:;..on bo! ~ at the_ 
of disI.mco rom;>u~ 

w • .-..:-~ WI ,tU;s _k ..... rnotlTatod "1-" the au'boo" ' <an< _k of [yiDW I • 
........ the objoctln II 10 buiJd • d ...... truclw. ~ ;>o.,.;deo __ "","" sul>Iiae&I". 
lime radiao.limi,ed __ Dtishbo< ..ro. [ .. ~ .... of q:lCfy) fO< .. ,,_ 
w- With unifo<m diiUibutioJls in tudOde.&n ';>0000, tI>o :'MUI~ 0UUCL.ll'0S 

.uppon .arm noi&bbo<:.:,od oJ. only 0(1) """'. in OOn'..- ... .tI ""'"" oJ. thoo po.peI 

<lw ""ale b-,Iy ll'il~ u.. maxlmulD br.,*"",,1It dist1l>CO. 
Eatl, ~ in Ma.._ ""'&bbo< _011 io <un8)"ed" [DuG}:' Thote.a~. 

~te< .. "", "" :he .. &r<:h probIom, much ofl, tI.bo.&tin(; "" .~~: thai certain 
p.-o]«tioul 1.0<'11. • _trie $pAOO 10 :t 110. ... ~ ptOpertJ" ""'" proj6et.0d d'",nca 
an! -10m;"" "" by !lo.w in We original >paC\>. 

'The .wo mo .. itnpoo"",,, ouch projooetionf U\l i) inn .. producl. "",h. W'Ii< """'" 
in EI>ddoan space, ODd ill di.<anDII !tom • ~ ... .0:090 ........ n.... _ ..... 
,~_Iy Om in _k lDdudi.o& (BK73, Fni<TS, M VO, FS82 . SIuo 71j . 

TUin& t!>e Inne< p<odua with • rvxmiu! Mri< "'-' in eudidoe:ln Sp;IC< 

ttadI 11) the ••• U·!.-,> 1»-_ of Fl"i<odc>am _ !leo...,. iFBS7li, FB F':'7 , BF7\1, 
R.onStlj '"""" «'CUm..,. d1Tido. ~ ;" r' b! p«>jocUns NdI clcme .. 0""". 
d"""!.uisboed """'di ...... ~tI, ru.triloutlon ad'P'"''''''' and incemeI:t.>l 
IN.I'cl>eo ..... descrlbfJo:! lD [EW821, (KP SSj, and (Bro lM,lj :~,...t1 

'_ .. 4-4U", , ·' i_ .. od __ _ 
'roo __ '" 11M __ ........ to _ ...... _ ;,..., 

"'r!.. L ... 0(_ ....... _ ....................... ~ ... _ """" ...... _ 

"'bit, """'" ,.,. c!~.,""" 0( ........ _"" 
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The.arch or ...... buLd !>u ....... Iblly <he oame .... .,......~ .. . kQ. .... built 
!Ii"'" ".D.:io,.n1y "'~,~ da ... •. Md """""lined to ..... tho w... cu' <:O<l<'di. 
n .. "" '" 011 DOdoes 101 & Ii-- """ Iewl Our <ri1<rioD /or pruning bn.ntIMs durU>,s 
_cll. ODd I .. &B&!~ ~ tho I'flmMY ¢)<Iuii:><luono ,. <hlf _ atId ~ 
<JU! IIW"..hod;& from w.uee ~dI 

Men """"'!Y, ,be !\eId" """';>u>UloAal """""'cr ha.o yWdood :nonr inteteotirl& 
~u JUch .. ,...,.,. (V...u! 9, ClaM, CIa37, FMT1I2] and -"or [D UIl1-

VtfJ' ,-.tJy & twmbor ,. 1"''''''' !>aft _-..d "tiYilo,/; few ~ et!\<:ift>t ~ 
<i,tun. wolh WOD.·c_ limo bounds for tho "I'?""%'''''''' ......... Mi~ 1'<_ 
[A"l:'I~"' , KIe9T, KORll8, IM9ti. r- u;oioi' prcponioI Q1,andom projec_ 
"'- berood .be simple ,...,.....,.. Ju:._ """"mon« fot::. IDt<ltiQno.d above, aDd 
add!<!DnaI !d.aI l" .. 1.abIisb _" "*"" bowods.. Our...,.k ... y be vI<-ooed .. "". 
ploi~"t U\e t.c1 that ,&a<I<>a> pro~ ollJ'1ib."ly rudo<. data in & hypercube, 
an<! <:J .....;pho<Oood b&Ib <:J ,&dillS p<<>p<>ni<lo.ai to.Jt. both. ha> .. ~.""';
ance wi ....... ~ to 4. s... &!so let_tTl for """.,~ """I on ...... do in Y"""'.aI --~.aI of ,1>0 papers meotionod""""!DeI":' in"""""" ,More<.ical <:<mOU"", 

tiooo; tIw ",ado poI)"!1D1Dla1 "f'&C'. aDd ill. """'" easeI~ .... p,tpr ....... "& b 
f>S\ ~ in "'" ..ant.,... W, """",k that to be uoofuI ;., PlocUce, .. 
nea. __ IOeif.hbot a!pttlm 1lnat roquir<! ""y Muir !k.ou opaco - ... n "t1'"' 
,equiJ-=-. A. dauooou fPI"', even Iow-de:g:ee poIyn<m!aI SJi'""'" ~ "'!'idlY -. ;'<1< """,;>1....-. _ Iy M>fk <IeaIin& orit.h ,,.,, special ~ shoulrl be ...... -
t."-<! R.ouionl 01 si::aii..u binary ""JS lor <::>Mid .. od br Ri_ i~ [Riv7~i aDd tl:e 
Loo -."'! Is L'>o &x... d [YunTlli- Ab:> _ {BM &O] t>r ___ <:aMI data.tnoe-
'u. " for cl>o n>rIf< ~ problem. FI:>aUy, ,...." _lis [BOR99] and [CCGLi9] 
wt.ablish DOCUiviailowot """"do :0' ......... r>O!Ahbo: Mf1:h. 

Io. <he foIlot<\ng -uoc ... ai'" ~ L'>Ii -,do aI&oriL'uns ~.~....t 
for Ot:.f UDiiorm "'.'r>6_ 5IrcI.ioa 3 sl- .. """""", anal" .. ,. ,I>eroo aI&>rit.iunl ..... , 
indudo uk-.Jiatiooo of tho appIlea.b1e -.do tir:>e complexl,y ~"IIl', ODd !aJunr 
p<obobiIi,y Exporimento ue ~ in sea"~ ., .. w. <Orl&r.n iD p" ...... a tho 
r:fimeDsioooJ "'_iMot Ht&bI:.hod br .....J) ... Finally, _ <liroc\iorIo fD< f...v-~ 
""'"' ...... """,,.:one:! ill ...,..,.. ~. 

~ . Alpi <l .. ". 

1.1. Construction, A orwd, ..... if booilt wi, h ~ ..... 01 dot.a pou>U _ ito 

le& ...... r~!oa:! """""WI, L'or ....... .,,,,,,,,,te .. & );d·'rer! bui\< (JB da". lhal h&s lint 
bce<r l<aroDror"",1 to ... ondom """"din"",.,....., Ccn.UUCtioD time "' .... 11' """" 
to be O!. .. locn) Md ....... ill U ... ,., 

c.-.."",inn P"- '''"'u,.i .... r [..od, ;~"',"'" ...:odor ..... '''PU' & Est of 
poiD~. n.. .oot.'. !lot. .. I..' ..... ,i",'" A""";"t.o!<J with -. Irl, .. ior DOdo " a 
rMdou:iy .. Iected L01i. __ .or ,,<, .. hon!. donot.., I~ (""aD<lO rrom tho roox) 
T!oo """""" oi .. ,do _""~;" ,"'" ~ '" tbo depth 01 """ rinus ant (beca.:oe 
the .. iI "" """"'" 0""';"'''' with a IoJI n.;. .... ;., .. , .... nocted '"' .. to be 

~ ... _ •• <1.0.- ,. ... " ..... """ .. 0;" coor<liuoo......- ir>o!ucod b:r • .-.. 
__ ".,.... ,ho M-o. ... -.. _ """" • _ ........... " ....... _mod _""&- II tboa 
,!to __ ... ,.,,"" _ ... "'- ,.-. 0( • ~ __ ..kit • poo~ __ 
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,..,honormaI. Fin" ".:><b:n -un ~~, th ... <hoy ..... onhono .. ,nuZOJd iD 
the ... taI ... y (Grazn.Seh.oo;d,) 

C""""'uction of .. ::.><It a:x.oiw of reod~ !u lnp~t bI. eoo.putiog tho "'
I"oduct .... erodt _ .-Ith the :>Ode', _oeM a" and adq tho "'
to ~ ~/I 0< nl"'>! OU'I'II' II", d<~ OIl II..i ~n. 10 , ..... 101 ,hi! dividm.( ;>om' 
;. d>oooIl mo .. In,ell!&ontly, e., by eompuWroS the .. tdlao .... tile in_ po<><luc< 
,~ Buo ID..,." unI!onn (-1. -+ 1)" --tint; .. j"', ..... ~ lot .unplid;y. Ldt 
and ~ d>;w"", an.- ,.::,.,.,,<ed ~>eI,. U .. tIOodo>'s il:p~' lio, """""" '" 
"""lie """""",. '''''' that oodio I:«omeo,,!eo! and """'" .boo ",,,,,,,,,,,..mru.. i'. 

~.2 . .su.oh, Tb......ro. ;. ~ by ~ """"Y 9, a ...: ... R ~ (0.1) 
&ivins tb. I""'JPO'tioftal sloe "' ....... &rdo do.c&in. and ~ probM>:lhy 0 < p < I :.:.. 
.. relllU!d to '""" .~eoao ra;e." ""pocl-

'Tht ir...,. prod"", 01. f and e&eh,., ir; Era """,puud Ii.,., r.he ;:niti ... ~ 
old Ciaaooce i K oJ. ~~(P) ill eompu<ed, .. here. do"""" .. ". ... ",.I ... i ... <btribotioa 
t.m<tior> 100 ,,1IOmII.I &e...;..y with tJ:e >W'.a.xe illdka.tt<l by IlUboorip" 

Seaoh ~ 'ecro. .. ,..ay !tom tho ,_. For a noOo at 1e",,1 , the """'" 
< ,.~, >- ir; ~ IE , iII ...... iM i """ , 100 \Jt dlild .. """""'"Y ~ed Ir 
i, oo.ueda -/ then tho ,;po. dild iu " pbed ~ot.i.,. 1M' ... ;.,., < l, u, >-E ( _t. +l) 
both chOIdnc ... erpjoo-ed WJw:,t a k>f .. """""" ..... 0.1, the d:...ano.;. """"~ 
bt\_ W ~_e>< it ~ &lid q 

ThiIIdtcioioD ruleio_ed ....... ~'" ""r~ uni!".,.. {-l ,+l r 
..... """, ~UI .. Wily uaDU:.ed 10 .... arbit.<"" eo. poial , e..t \he modi&n 01. """ 
~ro~ values. 

Aft<.: each w......:011 canput.ui<>o ~(,. zJ .. po.rt","m .. 1 ,loo ;wnpYtion 01(.,=)" ../4 
io com;><noed U stn&!Ier I.ba.o R. tI:en R".-edna<! and t ,_"","". 

Thill concludeo lho detcrip<ion '" Cut . , ... .,;b aItooithm ....:t ..., ...... brlol!l, 
~ ,fbted iMu.. aD<i ~ 

AD. ir::tpo>r""" i<b in kd·" .... .uch ;....,.,." th~ """'pu-.aUon of \he mini .... "m 
cfutatt.,.!::om \he q ..... y to u.. ",bopace a"JI,.,."""dill@,"" a -...de \0 boo upIor:ed 
Ir ,hir, <iAaDce ,,0000 ~ the ,adi ... rA "'_ .. ,. tbe node .. pru."Wd We do 
Il0l, ~, i:.clL><le i' in "'" ozW)'$i$ 0< ""I'"'W",aI irnpo.mm;.at.ioo boec:au!oe III 
ow ItiP di:Demi(:nal .... w.,.;" r.he ~rA """"" .. ,.iaUy """'r dota ot-.. , 
,his:w w nnWtiqIr Iiulo .ff«,. l".,,·,;~)·, ,hi> .. bocauoor.ho ..... dI ...... 10 
"'" _IJ <bp _uP "" tho ",inimu.m di><aoco 10 &">" I.o<te>" tho" the...-.:!l 
r...u ... 

Tl-.e ~ <J/.,hlo kd·" ... .,... i& ...... ti~ io .... oIlftnat.:" .... _01 ow 
~i>h= aIxM! 11: .. .qJuly '"'<I""", l ... bilo do.o<et,,\;na 6""'&1> i_ <>0<100 to 

,~the fo<:IlI> .... b.. dis .. ""'.b-"tiM '" dwt ~'" ~thin a t..!!.bot.n lhe q_y 
is "".,.. uni!o%m. But, """n. '''''' ... ...::and ",oJo. .n.... 

rmaUy ..... e:nark that the l-cutdl" o.w-<h taL:n oJ><"." "ugh, boo roplaDod 
";\h an en1.;>ei! probKiEnic ,,"uRin, ocl>oono 11> .... ~ ",uI:.ohilitioo !::"'" out 

tulalySs don to tad! diId dud", ..... ch n.. i>!oh .. bir"' .... cl'n.d \0 the "lOt 
.... tI:en multiplied ""d _do coo,;".",. ,ic_"",d ",,,il ..... , .. ,,1, I.aIlo boeIcoo a 
.~;ho.mold 

, . ........ yo .. 

'1'" _:>me boI!P. c..;a. pain .. M<I quer;.. ... uniCOImly dl!"ibu,ed ...... hiII :!ae 
~be [_1, -+ 1l" Tbe Euclid .. ,,, t!istaDco mouio app&, and 1M oo.ui.:rIam 
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cilnan.,. 1>0\_ ,..., poUIt.O in un. IIpaOO to 2Jd. W. ClmOid", ~;", pcoI;Iem 01 
/ind<.->g u.. _ ... ,,~ 01 • quory 1 ",thiD oome distlOlIU i .hot :. &.........." 

p'oportion ollh. ". .............. \Jl"'poiD.~, i. d .. m./ii with 0 <.il: < I 
A"1 ~o.i' __ .. ai- ,iM to a j><ojo<:ti<:x>~. IIU!'¢ng ~ E I" into I defu>ed 

by .; :r,_;' It Oi ."" .. Ii". ,hal di!<ta"", in IhI! =.p d uu. proj...-.lIIOl Me 
dominatfId b:r dist..,.,. in Iho dotn.oin. I, .. Ulil roe, u.... kC.-IAN@X]>Ioi' to pnmO 

1><_ d~ b,&Dd>· ... ...s·bo<.:nd -.-th. 
U T Apl-.t< the disIa:>co to Lbo ........ ..,;ghbor ~ so Iu d~ 

• -.d!, thoe:I thil lac!. impIlto LUI ...,. ~ of !.he ~ oI,adi"" T,..,,· ed 
at the q • ....,. 1 m"90 tlnde< any". iflto L"" '-"'1!.1 [ ... (, } _ T .... (q} + T]. So!ai· 
\n"ot oeuch may t<>Dlide:>d1 disL"S ... d an1 data J><>intI ua. PfOjo<. oot.liCe of thlo 
!~. Unllke lhor 'd-tree, .:.;,,!, 5_ cM.. ..... nOghIxn ... tb. cell.ai"'y ..... ..-ill 
CJ:llWIder ,andomitM .........,.,.i<:ao that ~ with ..,.",. opecif.ed ~. 

Si.noo 6 seal .. up ~'-'ly wi.h ../d. Ibo lo.....-.,.l &<t>n [tr. (q) - 6 .... (d -Ij _ , 
and.,.,., !.he kd·u .. cat! ~U, ~ruoo ~ n~.""': pefor.no & """'''" 
oxb_i ... oearch. 

Bu. ill OW" unib0lll1 , ... ">do", '"'WIt!. we will ,bo-r U!a.L """ ~ bo.II abou. q 
P<O!tC:S 10 & di.nril,,"ioa abou. ~(q) ha""" emm.. .... ~ This is """'" it is 
poa;bie Lo ...... inue to ...-,1 .. 11611,.. pn.mr i"-"" .. elli:ctiYdy .....,~ .. d ... 00 
Sioco di:p_ ~ "D< alf"" ~,,' ot.;i"y '" l'">~ ~~ ... I~ d •• <W"X 01 
di""''''''''i'r in our~. 

w. __ proce«l with .1>0 dee<,lpt;';".">d ido.oli<ed M.&I.. ... 01 our oIpitbm 

with"", fdIowing I>fOP!l«itioll, .. hich .. tahIi!be!L '~"<l e!.",..,..,. bot "'" cfino:n.. 

oioA&i _'" 
P1IOI'O'lITlON 11 .) WI ~ boo ~,.,.,...,." .nil....,;tor", _kt X aro":, o..u.-

.......... '" ___ ..... ,"f..ae.. "'" bOlO dirio......"..j .. 1 of ........ ".(X l h4> "' __ 
anJ _"'" 1/3 -~I .f d"....,..;.", -~ !<>d>. ond X .............. 
........... nJ C.......dn ...,., E It'" ..... ", r ~ •• "'ft ...... _101" '-uJ. ... 
tilt ,.,.,_ .1. />011 omt'" III 9 ol....nu. 1R./ii TIw:> ~ .. ", ."" _ . , 
.". .n.mkn"" .f HI-o ...... tr ) h4> ....... r_(q) ...... ..".,..... (R' -,~ ~I ....... 

f'llOOF The V>tianot <li ta<b """'poDmt 01." i:L lid""'" < ~,~ >~ I b:r 
dl'lbItioa ODd ,i"" <:OIt!1'O"l"'U ..,~ i.i.~ Cu"liiLlt< a , ... duoI:L "'""aOl ~ ~ -I , .. W 
H .... &""'1* b"l;l ~ --'>fu"'" thal tl>o _<e of """" ~I II I/ l . So 
u.. ,.,......,. 01 oad> ""'" 01 < ~,'" > to I / y , ... d Lb. .. oo.lM"";'" innot FQ<Iuct 
to the« 1/3 .. ,eoquited. "'_ tach ...... ~ 01 u ... 'I!! ",!wi me&ll U'O"" """ 
< " ,:I ;,. bas "..., ... ... 0 - lad palt I) lo I!$LahlW>ed 

... (. lls """Lr.td .. r.(9) by 1iD •• d'T 01 ...... ' p<o<!W1 So .... =1 ......... 
wi.M", \noo d 8 ...... 1'.,. thal q so O. 'low tho inn., pooo"", <lit..., ,..,<\0<0 """ 
__ on is easily seen to ha.-e.-arianoe I/ d. Scalin& 000 01 Lhoom b:r • !.octo< 0I2R./d 
increNes Ibo .... i ... .,. br • {oc"", 01 4R'!l, 10 <h .. it bo-com. (R' "" ""lUlfe:l :.. 
pan ii). 0 

~ Ih some uni' _ ~ III1d eoo.sideo ...... "u"..,·, projo<tioo r .(q} n- tr, 
p,~.,., 1 1 ..... d i~ bype<oube ~" .... tf!..-:t;, thoo projoctiOD 00 tIw dau 
poiDLs .-ithln \.be Com.ab 01 ..arcb .... dinriixlOd about ".(9) with vvw.c. "" 
ve_ ....... 4R'. 

s..e.... Qista..,.. bK_ projt<uC point.O aze don-iu'e:l by <heir ~ 
d.isunce it is 01_ thal I-. (r ) _ ~.(q)1 < 2R.,fd fOf ""~ '" ill '.he """ch docuoil:. 
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