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• S..'i E>. .. """"" 10 Ihc: Ibdll"."D-I.MJdau 00l.iI"""" 
9 <i<a<ro1il.alWOS ond rdawJ ~> 
10 1I1>lOlJ' ( 1Iao<hlll" ..... I.MJda .. II.rdy. and Vi~ oow.,...) 
11_ .... ' 
12 Rcfcrcn<cs and N.-. 
13 rlKtbn rndi"l! 
14 1",...,..1 !in~. 

Formal definition 

Lctfand If I>< I",,, function. def ..... 011 """" ......... "f,b< ",,,I ........... 0,-., ,mlcs 

Pase 2 of IJ 

if.,loI.! only ,ftboR i .. p<»i1"'" 00DSUnI M such ..... for on ",rr.ci .. IlIy Lu,. ,..J"", of r , lh< abool",~ ,....., ofJlr) ; ... """'" M 
n)ullipli.-d by >lie ......,1"", ......, " f ...,;r). 1ho1 ;"'hl _ ~,,» ,f -' ""'y ,fib ..... =>1> a _iii". ~ .....,.". ,If >noJ a ~ ...... >b<, ..-. 

...,h 1ha1 

In ",a"y """"",Is. Ihc: 0"""""""" ,hal we.,.., "' .......... n , .... $"' ...... .-ale os ..... , ... ,...., x goes,,, "("'11]/ .. 1<11 """,N. and """ 
'HIl"" mon: ~y thalftr) - G\g(z))_ 

I {'I) = 0 (9(%» lIS r --f a 

if and O!Ily if~ ox ... .-,'"'' """""'" oJ 00.1 M....,b 1hal 

I/ (z)l:5 Mlg(zll ror Iz - (I I < 6. 

I (z ) = O(g( z )) lIS r --f a 

Add,,,,,, .. ,Iy . .... OOl.iI.;o" ~r));' ols<, used 10 _, .... SCI oron """"ions Ar) tbaI ... ,,1Y 11K: ",bI_A rJ"<ll:.!l(r»). .. ,"'. <OS< " .. 

'''''e 
I (r) E O(9(r» 

Exa mple 

In 'ypint ~, I.bo: fonnal dcIi""1OO of 0 __ .. "'" """"dm:c1ty; .. 1lI<1, 1I>c0 __ foro f ..... _ f .. dcr"'odby .... 
rollo"·,,,, ~,r"",I"'" odco: 

• IfJlx) .. 0 • ..,,, of ""'~ ,""""- tho """ .ntltlhc: wI!<'" _,. ""e i. l "",. -' all oIJ."'''''>IIlI«l 
• If..(r) .. 0 prn>/u<t 0( ... 'tfllI (""'on. .. y C'."' .... ",'it"""" 1m W: pcoW:;' ..... do _ dcp<-nd OIl xl"'" "",,,,cd 

For en ....... Ict..(r) _ 6<' - b' • 5. and ""I'I'<"C "' .. ",,>I> "' Slmpllly ibis fWlClioro. ... "" 0 001311"". '" dc;c:rib< il< p""lh .-- os J( 

"""machos ...r .. ity. "Ih;" firn<t"", .. ,t.;, ...." of~ ..,""., ........ - 2>"'. md S. or1.llo:o< tin< , ....... .... OIl< ""tit ,b< hig/>nt p""lh ",' e 

" lire """ ",-nil "'" 1arg<'1 c:<pOOC1I1 ... fune""" <M~. """"'Iy ...... • ~ one may IIJ'I'IY "'" """""" rule: v' IS. pro<b:1 <M 6 md~' ,n 
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which th< r .... fador 00.. ... d<p<nd on x. 0mIIUJq!; Ill" fac ''''' ~ .. ,lot .inoplirO<d lOOn x'. , """- .... oay """JI~J .. a "bog..,to- of 

(x'). MOllo.m ... c.lly. ".~ """ ""''''.A .• ) " (\t') On< may cooflml ill .. <"kula,,,,,, ""1Ii! "'" ro ... ",) dor""l_ 10'/1;<) " c..' - 2<' • 5 

and S<~) " ~' Applying ltoo ("""",I ""fin""", from """'·e. ,too _""""" """/I~) " 0(.<') .. """,,,,,k-nloo ItS "po.n""". 
l/(x)l.'5 M )g(.c)1 

16x~ - 2.? + 51 .'5 6x' + 12",'1 + 5 
< 6x' + 2.r' + Sx' 
= 13r' 

16,r' - 2,r3 + 51:5 13,r' . 

Usage 

II" 0 __ ..... laos IWo ma .. __ of opplio<a'''''', In malOCmalK:O. n .. ron.nonly ..<all<> d<>r,ibe: ....... obdy. fin;" """'" 
lJ1!l"''''''''IcS. !i''rn func' ..... npo< .. tly in th<.,..., of. ,,,,,",,,led l'oyk:.- """'" .,.. a.ympoOl!!< cx~ In <:OIIIf'Jl<' >cIcD<'c:. " is 
.... ful ,n lI,e _} .... ofa~ In boIh oppI_ ....... ,be: funotOl1lg(;t) ~ .. "hon the 0(" ., "I)."ally c".,.." 10 be: IS . "npl • 
• s """,bIe, om'lIong """ ..... ' &.;ton and ""'-.,. ord<f ",,,.,.. ll><'re..., "''-0 fomuJly < ..... 10." nofi<oabIy doff"""", . .... ~ .. ofdu. 
nOOolion: i.r .... ", IS)'IOP''''''''"'''' inlin"~'unal .. ~"'~ Th .. di"uot1;"'" .. only .. """,~I"'" and ..... r->n,,,plo. _ .... ...-.toc: 
r""",,1 <li:fin,""" fOf IhI: "big 0" .. Ihc .. me: lOr 00Ih ~ ooly ",110 <lifTm-nllimns lOr Ib: f"IIC",", >qoIJl1mI. 

Infin ite asymptotic5 

lJ'i 0 ___ is •• <ful "hm _lylO"l! al$Onllms KII efliol<l1O)'. r .. <"""1"0. II .. IUD< (00' " .. nOnlb:r of SlOps) ill.W:s 1O«JmpI<-\< • 

"""'"-." .. >1' ..... ~ mlgh' be found ... lot 1(n)" . ,,: - :'It • 2. "" ~ P""'-' lo'l!~ . Ihe ": I<nD .. -,il """'" "' ......... "' . Ii<> ,1000 011 <><bo"""", 

.... be ""II"""ed (Of ~ " ...... w • 500. l/oc o..-m ."' i. IllOO .m... .. lo'l!< .., .... 2<0 ....... I&""""I! 010< ","", .. ..,..ad "-' .. 

ncgl'SOI>k dr.", "" II>< cxP<"""""'s , .. hI< ro. _ JUI"I"'S ~unhct. obc: """lfocien" I><:cotnc i",,\O:>_,( .... """"""" lO"y «h<...­

(If11...- of "'fIRWOI'. '''''h '" OIl t:lprc><oon oonuo'""'l! • kfln n' ... ' E,,,,, 'f 7l.,,) - t.OOO.ooo..'. if l,l., -,,', II>< lOll .... ·~I.ho'3)" 
<xcoed .... t<onn..- ",",c "!_" ~ ""'n 1.000.000 m 1.000.000) - 1.000,000'- {A:1.000.000»), AoldibOdaIly. ,he: oaaoba- 0( ""l" 
dct><-nd:; IJII ,boo doIo;l. of Ibe machinc model IJII .. bleh "'" a1l"""ihm IU~ bul dilJemlllypes "fmad"""" I)pically 'lIr)' by IJIIIy I 
<:<10"""', f.......- m obc: nwnbc.- of .. "", occlod "' CU<'UI< an alB-m.. So !he hog O.ubooo ""plum " .... '''m:nns' .. " ".-no< alba 

and .. y """ "'" oIj!:Ori,hm """ <>ftkrofn-' hmo "" .. "lIu;,y. NOIe "'"' """ .. not n"""" ... ~ ." ....... "," '0 ,IS oonnaI 
... "I>o",,,,,onoI ....,... I>uI ""M ....... «.>lIoquoal "IS-. '" ,I>< , ... .-on.! ""1I"0SSI0I1 OS "",,,,,,colly ",conte (s« lboo "Equa" ..,.," do-;.;:,."joo 
bel"w, ... -hik !he fust ; ..... okm;l by """'" ..... _of DOIaIiooo.l'I 

Infinit esimal Isp n ptolK-s 

II" 0<.:01100 be u>ctI,o--.ibe tho: <m>r I<rm '" ... 0JlP"l'."""""' ... . .... ,_ fuocIion. 11><..- .. gruf .... "' ....... ..-. 
... ~"" ....... i<-1Ily. an.! 'hm ""' 1<asI_.'~nir...-- ........ '" ... ~ .... " "!Ik bog 0 I<rm_ Con»<lo-. b-~Io. l/oc """"""",,.1 
.....-in .nd 110.-0 CXj>I<'>,ions ofi' """ "" ",,'id .. -hrn X i, """II 
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~2 r ~4 

c."=1+T.+ 2!+3!+ 4!+ 

.' - 1+~+2+0(r) 

= I +~+O(r) 

for I'll .c 

"" ~ --+ O. 

... ~--+O. 

Pase 4 o f IJ 

The ~ OPI'''''''''' (Iho ....... ,110 O(x'») ".,...... \he abso.'IOk-' ...... oflh. mor tf - (I +;r -+- rf2) "sm:tlk-< 11>>11 ....... ""'blnnl 

tin ... ~I .. '"",,;r is 01_ """"" 10 o. 

Properties 

lIS " --+ 00. 

In )l>rti<.-ubr. ira f.....,,;"" I1IIIY "" bound .. :d by • poI)""",,;,1 in ~. ""'" as ~ londs 10 "'foonJ·, """ ,,"y di .. oprd "'"'~ I<nn< " f ill< 

poIynonuaL ADoIbrt th,o, 10 0<IIr<: .. Ih<: setS Q:,.') ... .1 Q:<") Ire ''CfY different If c ,,~er iIl>ll OlIO. Ibm lho .. 11 .. P""" much 

("'ler. A funotion ,1Ia1 gro"~ fa;on IMO ~. (or til)' ~ IS ""lied ",~_;"I. One 'h'" p"".' ,"""" ....... 1y lllan any .,.....-.. 1 

IUnctioD of 11M: I'orm c" is ""tied ~IUJ AIo oIpilbm <an =l"in: lime Ibal .. bodo ~"1pOI~ ond :iUbcxpoDrnIiot 

••• .."ples oflh" "",IWe \he f ....... 1;00\\'0 olgo!llhaw rOf tnl<!!U f""OOtIIaM'" on<! Ibt /\Inc,,,,,, n"'· 
We may """'" any I""'~"'" of ~ .... "'" oflh< ....... 1Im<. 'Ik "'" 0(.,. w) i< <''''''1)' ,II< ....... ., 01: ... ..,) Thc Iopnllm< differ '"'I)' 

by 0 ~ r..-"" (.inc.: ... ,(') - c log ~) and IlIu< Ihc bi~ 0 "",",,,,,, """"" IboI. Simolorly. 1"1\< .. ,.., diffnrn' ~ ba>C5 ar. 

«JU i ... knL 0.. Ihc: ",her "'-l npanmliol, ",Ib diffrn:nt Ix>sn .... _ oflhc: >am< ordcT. F ... ex"",*," :r ond J" ... no! oflhc: .. Ill< 

0 ... ,,:., 

Cl\anglng _ may (10' may ..,. :tlT«1 """ lII'detofdl< 11'<I.li!"" oI~ C ..... 1P"8 ""'" .. <'«Ui, .. 1<rII1n mulhl'l).'tng .... ~" 

, ... ,.bIe by. """"""I ,,'hem,.,. ""1'1"'""' .•. ". _10. if on oIJ1l1llhm run. ,n !he order 0/" w' . ... -pi"",.,. ~ by "" ,,..,... Ihe olgonthm 

""'" '" Ihc: ordcT of ~.r. and .... bt, 0 OOIlIt_ ....,... tho ""'_ .r. lb<. <an be "TUt"" .. r'.r - 0(.1). If. """."'"e\' .... oIgontlun 

runs in Ihc: ordcT 01"2", rq>b<:mF. ,,"'h en ~".c; ~ _ (2')'. Thi ... _ Olwvalrnt '" :r ID 1!<""'f"1. ~"" ' ·anabl .... ""'y aI>o a!l<'ct 
.... onkt ofllM: ...-sulti nS a1l1lfltllal. 1'<>< .xamplo. ,f ... olgorithnl'. run"'" i. O(~) ",beD m<a>1Ired ID I<nm af llN: nombet ~.,. digil. of 
an inpul """""'" :<. 1b<.'It ,ts "'" ..... ,. O(lOJ~) WI """ mea.1Ired OS a rl1ll<'11Ot1 of tho Input .... nb<.1 k .self. 1«<""", n - 0(1ot .. ). 

P rod UCI 

S"m 

I. = O(g,) lind h '" O(Jhl - "h E O(gIJh) 
I· O{g) = DUg) 

" = O(Yl) 11".1 12 '" 0 (1h) .... II + 12 = 0 (1911 + l!hl) 

1lIis implits" := 0 (1') lIud h = O(g) aj. II + h € O(g} ,,1tM:~ moan. thai 0(1') io a """'·"" ...... 

If/_g .... p<>!ih' .... fl1ll<'1lOD>,1 + O(g) :::::: OU + g) 

Multiplicalion by.ll ronSllin t 

I. .. k be a roo>I ..... 110m: 

0(1;1') = O(g)Ifk .. "" .. , .. ,ro. 

IE 0 (9) '* kl = 0 (9)· 

Multiple "ariables 
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f (i') is O(g(:1) as z -+ 00 

3.\1 3C> 0 !lum Ilult for 1111 Z ...-ith.r, ~ :II for some i .I / (])]:5 CIg(1)I. 

F.qui,"IetlIy. Ibe l;<JDdill"n ",,".7, ~ M for $lHJIO ; can be n;-pIao:od "ilb th. oondiriDn thal lI:i'J1 ~ M . ...... lIlJl ~ IlIo 
Chcl>r>f>rv .. i>tan<~. I'or eu>~. Ibt ... t ........ 

f (n.m) = fl2 + ml +0(,,+ m ) as II. fit -+ oc 

VII( n.m)U ~ M : 19(n.m)1 :5 C (n + m). 

f(n. m) = ,,1 + fIl l + gen . m). 

NOlo tllaC Il100 d<f!JtJlion .11ofo·ull oflhc ~ af z l<> u><rca;<" 10 .. fmily. In partI<IIIm". 11>1: >W<nIO:IlI 

f(n.m) = 0(,,"') M n, m -+ oc 

(i .• .• 3C 3.11 V" V ... .. ) IS quol~ d,ITm-nc """ 

Vm: / (n. m) .. O(n"') 8.5 fl -+ OC 

(i.~ .. V'" 3C' 3,u 'r/ .. .. ). 

Thi' ,,"'" IlIo only lP'fI<",hnl"", ofbig 0 10 ....... , ... ,'" rIO"''''''''. __ In PlOCI~ ...., to """'" ~ in the ~ af 
dcfinin.....'" 

Matten Or notation 

Eq UJ ls sign 

The , .. 1< ...... "ft~) " ~,,»)" ao <l<:ti ... " abo\-.: IS uswlly ""nllm _ A~) - ~~)~ s.:.n.. «>mKlcr IhlS'" be: an ...... af _loon. ....... 
the use aflhc <qUaL< .ogn «JUId be: "".I.>dt"ll a. ~ ~< • • )-..netry lhat tho> SlaIemm1 dots "'" ha\-.: lis de lJlU!)t1 oays. 0(..) - 0 
(r) i. true bill O(r) _ O(x) .. _.I~ Knuth <lescribo. "",h >1'''''''''''''' _ "one-" .. y oquoli'''''"' ,me., if"'" ....,. coold hc ,,",=std. '''"0 

cool<! doducc n.I"",Ioo, Ibll'''' lit. w - w' from Ibt idrft.itie> w - O(.i) and .r - O(.i~ ~ F", th">< ,.,...,.... it would hc '""'" PRC"" to 
QO(' "" ~ lJId "'lil~») E lJIR(.r)). _, of~.r») .. lilt cLau of .1Ifiln<_ A(t) suoh "'--~~ S ~ .. ~ far SOIfto1 CMSt:lltl 

C.'·III""n"CI. 1be IlSC orlbe "1""10. >IS" i, CIbIom.)'_ Knu,h pomo .... "'" tha, -mathc-mo""om, """""'""I)" """ Ihc - _ .. !bey U>C 

Ihc won! 'is' ID f ... ,h"" Art>IO<tc. I> • nwt. bu' ....... ""~ n"""";l)" ,0.",,,,,1._--1"1 

Oth ~ r arit hmetic ol""nlol"5 

IIIg 0 1IOI>t_ can also be usallll ronjlllH.'tioo .. -,III """" ariIhmcuc ........ lors ID """" ."'''1'1 .... «"<1 oquol---. FOf oxamplo. A(xl· 0(/ 
(~)) _os IlIo 00110<""" af Ii.on<t""" ha .... 'Il '110 _"t~ oflo(.» pi .... JW1 wltos<- _til IS 1;"\1100 '" I .... of)l.<). llt .... 

g(.r ) = h (~) + O(/(.r)) 

.'presses ... .. "'" as 

g(~) - h(z) - O(f(z). 
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