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Abstract—A serially concatenated code with interleaver consists |. INTRODUCTION

of the cascade of anouter encoder, an interleaver permuting N hi lto find a cl f cod h bability of
the outer codewords bits, and aninner encoder whose input IS goalto find a class of codes whose probability or error

words are the permuted outer codewords. The construction | decreased exponentially at rates less than capacity, while
can be generalized toh cascaded encoders separated by — 1 decoding complexity increased only algebraically, Forney [1]
:Fl‘(telffanE- We Obta:)“ g_;l)_perfbour_wolls to theaVeragngf‘X”k“U”g arrived at a solution consisting of the multilevel coding
Ikelihood bit error probability of serially concatenated block and o4, -tyre known asconcatenated code. It consists of the
convolutional coding schemes. Then, we derive design guidelines . . . ,
for the outer and inner encoders that maximize theinterleaver Ccascade of amner code and anutercode, which, in Forney’s
gain and the asymptotic slope of the error probability curves. approach, would be a relatively short inner code (typically,
Finally, we propose a new, low-complexity iterative decoding al- a convolutional code) admitting simple maximum-likelihood

gorithm. Throughout the paper, extensive comparisons with par- (ML) decoding, and a long high-rate algebraic nonbinary
allel concatenated convolutional codes known as “turbo codes”

are performed, showing that the new scheme can offer superior Reed—SoIomon outer. code eq”iPped With a powgrfu! algebraic
performance. error-correction algorithm, possibly using reliability informa-
Index Terms—Concatenated codes, iterative decoding, serial tion .from the !nner decoder. . .
concatenation, turbo codes. Initially motivated only by theoretical research interests,
concatenated codes have since then evolved as a standard
for those applications where very high coding gains are

NOMENCLATURE needed, such as (deep-) space applications and many others.
) Alternative solutions for concatenation have also been studied,
CC Constituent Code. _ such as using a trellis-coded modulation scheme as inner code
Eggg EZ:Z”S ggﬂg:;‘gﬂgttgg glgg\éoggggal Code. [2], or con_catena_ting _two convolutional codes [3]. In the Iattt_—:r
scc Serially Concatenated Code. case, the inner Viterbi decoder employs a soft-output decoding
SCBC Serially Concatenated Block Code. algorithm to provide soft-input decisions to the outer Viterbi
SCCC Serially Concatenated Convolutional Code. decoder. An interleaver was also proposed between the two
ML Maximum Likelihood. encoders to separate bursts of errors produced by the inner

IOWEF  Input—Output Weight-Enumerating Function.  decoder.
CWEF Conditional Weight-Enumerating Function.

3180 Soft Input Soft Output module. We find then, in a “classical” concatenated coding scheme,

SW-SISO  Sliding Window—Soft Input Soft Output the main ingredients that formed the basis fqr the invention
module. of “turbo codes” [4], namely two, or moreonstituentcodes

LLR Log-Likelihood Ratio. (CC’s) and aninterleaver. The novelty of turbo codes, how-

MAP Maximum a posteriori. ever, consists of the way they use the interleaver, which is

embedded into the code structure to form an overall concate-
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iterative decoding technique whose computational complexiperformance can be evaluated under the assumption that the
is comparable to that needed to decode the two CC'’s. all-zero codeword has been transmitted. Assume then that
In this paper, we consider the serial concatenation of intéhe all-zero codeworde; has been transmitted, and define
leaved codes oserially concatenated codg$CC's), called the pairwise error eventegy(w) as the event in which the
SCBC or SCCC according to the nature of CC'’s, that can kikelihood of a codeword with weight: and generated by
block (SCBC) or convolutional (SCCC) codes. For this clasm information word of weightv is higher than that of the
of codes, we obtain analytical upper bounds to the performaralezero codewordy.
of an ML decoder, propose design guidelines leading to theUsing the union bound, the bit error probability under
optimal choice of CC’s that maximize thaterleaver gain ML soft decoding for binary phase-shift keying (PSK) (or
and the asymptotic code performance, and present a ngwary pulse amplitude modulation (PAM)) transmission over
iterative decoding algorithm yielding results close to capacign additive white Gaussian noise channel with two-sided noise
limits with limited decoding complexity. Preliminary resultspower spectral density,/2 can be upper-bounded as
have appeared in [5] and [6]. Extensive comparisons with k
turbo codes of the same complexity and decoding delay are Py(e) g
performed.
With this embodiment of results, we believe that SCCC can
be considered as a valid, in some cases superior, alternative
to turbo codes. =1
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In Section Il, we derive analytical upper bounds to the 1 (b) hR.E,
bit error probability of both SCBC’s and SCCC's, using the =5 erfc Ny 3)
concept of “uniform interleaver” that decouples the output h=1

of the outer encoder from the input of the inner encoder. mhereR is the code ratef;, is the energy pemformation
Section IlI, we propose design rules for SCCC’s through &Ht," and where we have defined thé error multiplicity
asymptotic approximation of the bit error probability bound

) . ) , . ®) A w
assuming long interleavers or large signal-to-noise ratios. In B, = Z EAw,h- (4)
Section Ill, we compare serial and parallel concatenations '
of block and convolutional codes in terms of maximumExpressions (3) and (4) suggest that two ways can be followed
likelihood analytical upper bounds. Section V is devoted to ttie improve the bit error probability performance: the first, lead-
presentation of a new iterative decoding algorithm and to ig to the more traditional concept of good (and asymptotically
application to some significant codes. Performance comparigf#Pd) codes, tries to increase the first, more significant weights
between SCCC’s and PCCC’s under suboptimum iterativein (3); the second, forming the basis of turbo codes and also
decoding algorithms are presented in Section IV. of serially concatenated codes, aims at reducing the bit error

multiplicities (4). To quote Forney’s 1995 Shannon lecture:
[I. ANALYTICAL BOUNDS TO THE PERFORMANCE )
OF SERIALLY CONCATENATED CODES Rather than attacking error exponents, turbo codes at-
tack multiplicities, turning conventional wisdom on its

A. A Union Bound to the Bit Error Probability head.

and Some General Warnings
i ] . A more compact, but looser, upper bound, can be obtained
Consider an(n, k) linear block code and ittnput-Output ¢, (3) using the inequality

Weight Enumerating FunctiolOWEF), defined as 2
Serfe(z) < e (5)

é zk: zn: Aw7 hW'th — zk: WwA(w, H) which yle|ds

w=0 h=0 w=0 k

(1) Bye) <Y 7 [Alw, Dlly_e-rerimo.  (6)
w=1
whereA,, 5, represents the number of codewords with weigltrom (3) and (6), we conclude that, in order to upper-bound
h generated by information words of weight In (1), we have the bit error probability for any linear block code, we need to
also implicitly defined theconditional weight enumerating evaluate its CWEF. As a consequence, also for concatenated
function (CWEF) codes with interleavers we can use (3) and (6), provided
n that we are able to compute the CWEF of the overall code
2 Z Awthh (2) assuming that the CWEF's of the constituent codes (CC's)
are known. This has been done already for “turbo codes,”

as the function that enumerates the weight distribution b? parallel concatenated codes, in [8]. In the following, we

codewords generated by information words of a given Welng” show how to extend those results to the case of serial

w concatenation.
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[10]. A successful application of the Gallager bound to
parallel concatenated codes with interleavers has been
described in [11], where it is shown that the new bound
extends the validity of the union bound for some range
of signal-to-noise ratios below the channel cutoff rate,
typically 0.5 dB. On the other hand, those attempts would
still be based on the hypothesis of maximum-likelihood
decoding. Thinking of applying them to the suboptimum
iterative decoding seems not realistic.

N=100, rate=1/3

BOUND

4 | SIMULATION

« To obtain the divergence of the union bound one needs to
compute a very large number of terms for the summation
in the right-hand side of (3), or (6), and this was indeed
the case for the example to which the curves of Fig. 1
refer. In that case, however, the interleaver length
was limited to100. When N becomes very large, as
it is required to approach the channel capacity, only a
limited number of terms in the summations (3) and (6) can
be obtained with a reasonable computational complexity.

i 18 Smanan. o o T e vl s S @ consecuence, the obtained upper bounds are Sl

O\CI)gPa?l deitive Gaussian noise c%annel. Also indicated iV, value very accurate ab_ove the channel cutoff rate, but may

corresponding to the channel cutoff rate. not present the divergence at cutoff rate. In those cases,

the reader should only consider as reliable the bit error
probability values above the cutoff rate, or perhaps half a
Before starting the analysis leading to the evaluation of the  decibel below it, according to the results of [11]. A way

CWEF of a serially concatenated code (SCC) with interleaver, to overcome this drawback, and indeed to always show

a warning to the readers is necessary. Both (3) and (6) the divergence of the union bound, has been proposed in

stem from the union bound, stating that the probability of [12]. It has, however, to rely on the looser bound (6).

a union of events is less than or equal to the sum of the

probabilities of the individual events. The union bound is * The main tool used in this paper to analytically predict

used extensively as an upper limit to the error probabilities the performance and to find design rules about the main

for digital transmission systems. The sums of the individual CC’s parameters is a union bound. We have seen, on the
probabilities in the right-hand sides of (3) and (6), however, are other hand, that the union bound is tight only for medium-
not probabilities themselves, and can thus assume large values high signal-to-noise ratios. One could then question the
much greater than one. In fact, it is common knowledge in the Vvalidity of the approach, which suffers the paradox of
field that union bounds are very close to the true probability Using a bound not applicable to very low signal-to-noise
in the case of maximum-likelihood decoding for medium-  ratios in order to design coding schemes intended to work
high signal-to-noise ratios, whereas they tend to diverge for near channel capacity.

low signal-to-noise ratios. A widely accepted rule of thumb We are conscious of this inconsistency, yet, for one

is that the signal-to-noise ratio where they start to become hand, have simply nothing better to propose, and, on the

unreliable is the one yielding the cutoff rate of the channel. other hand, we had widely verified by simulation that the

The behavior of the bounds is illustrated as a typical example Parallel concatenated codes designed on the basis of our

in Fig. 1, where we plot the bounds for two different rays rules are indeed very good also at very low signal-to-

parallel concatenated codes and compare them with simulation hoise ratios (see [13] and [14]). In the remainder of this
results obtained using the suboptimum, iterative decoding Paper, we will show that this heuristic validation of the
a|gorithm proposed to decode turbo codes. Also drawn in dES|gn rules also holds for Sel’ially concatenated codes
the figure is theE, /N, corresponding to the channel cutoff ~ With interleavers.

)
|
Cutoff rate |

T T T
-1 1 3

Ep/Ny (dB)

W -
~1

rate. . . . .
. » The last observation concerns still another inconsistency,

Some general comments, partly based on Fig. 1, are appro- : :
priate: resulting from the fact that we are using bounds based on

maximum-likelihood decoding to design codes that are
» As previously anticipated, the upper bounds based on the decoded according to a different, suboptimum algorithm.
union bound diverge at a signal-to-noise ratio close to Also in this case we invoke the heuristic validation stem-
the channel cutoff rate. Obtaining tighter upper bounds ming from a large number of simulations, which show
capable of extending the validity interval of the union the convergence of the simulated performance toward
bounds for concatenated codes is an important, and still the analytical bounds. In Fig. 1, where the simulated
widely open, topic for research. The new bounds could be points have been obtalned W|th the suboptlmum |tera—
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Co(n.k,N) p=1/6

—————————————————————————————————

' Outer code Inner code !

! — | Interleaver [ <N\ Uniform
&\\ length=n \\&. 0101 —s Interleaver

Fig. 2. Serially concatenateth, k, N = mp) block code.

0011
0101
1001
1010
1100
0110

Fig. 3. The action of a uniform interleaver of lengthon sequences of

B. Evaluating the Bit Error Probability Upper Bound weight 2.

for Serially Concatenated Block Codes

We will now show how to apply the union bounds (3) and As in [8] and [15], a crucial step in the analysis consis_ts
(6) to the case of serially concatenated codes with interleavefsepPlacing the actual interleaver that performs a permutation

For simplicity of the presentation, we begin considering se/?f the V input bits with an abstract interleaver callediform
ally concatenated block codes (SCBC's). interleaver, defined as a probabilistic device that maps a given

. . . . \f . .
The scheme of two serially concatenated block codes 'fgut word of weight into all dj{§t|nct(fl).permutanons of it
shown in Fig. 2. It is composed of two cascaded CC’s, thth equal probability” = 1/(;) (see Fig. 3). _
outer (p, k) codeC, with rate R2 = k/p and theinner (n, p) Use of the uniform interleaver permits the computation
codeC; with rate R: = p/n, linked by an interleaver of length Of the “average” performance of the SCBC, intended as the
N = mp that is an integer multiple of the lengthof the outer expectation of the performance of SCBC's using the same
codewords. The scheme works as follows: thg bits of a CC's, taken over the set of all interleavers of a given length.
numberm of codewords of the outer code are written into th& theorem proved in [8] guarantees the meaningfulness of the
interleaver of lengthV = myp, and read in a different orderaverage performance, in the sense that there will always be, for
according to the permutation performed by the interleaver. TR&Ch value of the signal-to-noise ratio, at least one particular
sequence ofV bits at the output of the interleaver is then serifterleaver yielding performance better than or equal to that

in blocks of lengthp to the inner encoder. of the uniform interleaver.
The overall SCBC is then afn, k) code with rate Let us define the IOWEF and the CWEF of the SCBg
asA®s (W, H) and A= (w, H). Their definition and meaning
R =R’x R = k/n are the same as in (1) and (2).
As seen, to apply the bounds (3) and (6) to the bit error
and we will refer to it as thén, k, N = mp) codeCs. probability we need to evaluate the CWEF of the SCBC from

In the following, we will derive an upper bound to the mLthe knowledge of the CWEF’s of the outer and inner codes,

performance of the overall cod@s, assuming first thaw, = 1, Which we call A% (w, L) and A% (l, H), where the first
and then extending the result to the general case. We assfigmerates the weight distributions of the outer codewords
that the outer and inner CC’s are linear, so that also the SC@@nerated by information words of weight and the second
is linear and theuniform error propertyapplies, i.e., the bit €numerates the weight distributions of the inner codewords

error probability can be evaluated assuming that the all-zé#gnerated by outer codewords of weight _ _
codeword has been transmitted. To do this, we exploit the properties of the uniform inter-
In order to apply the upper bounds (3) and (6) to the scateaver, which transforms a codeword of weiglet the output

we need to evaluate the CWEF of the cadle, assuming that Of the outer encoder into all its distint}’) permutations. As a
we know the CWEF'’s of the CC's. consequence, each codeword of the outer cggdef weight/,

If pis low, we can compute the coefficients, ; of the through the action of the uniform interleaver, enters the inner
CWEF A(w, H) (2) by letting each individual information €ncoder ge”egat'“@ ) codewords of the inner codg;. Thus
word with weightw be first encoded by the outer encodgy the numberA;=, of codewords of the SCBC of weiglit
and then, after the bits of the outer codeword have beer@ssociated with an information word of weightis given by
permuted by the interleaver, be encoded by the inner encoder

L . ; . . I 4Co C;
C; originating an inner codeword with a certain weight. After ACs — z]\: Aw,l X Al,h @)
repeating this procedure for all the information words with Tk T — N '
weight w, we should count the inner codewords with weight - l

h, and their number would be the value 4f, ;. When &
is large, or, in the cas&V = mp, whenm is large, the  From (7) we derive the expressions of the CWEF and
previous operation becomes too complex, and we must red@WEF of the SCBC as

to a different approach. }
pPp N A,Col x ACi (17 H)

The key point, here, is that we would like to obtain a ACs (w, H) = Z w, ®)
simple relationship between the CWEF’s of the two CC's, ’ P (N)
an operation that is prevented by the fact that the knowledge l
of the information word weight is not enough to obtain the N ACS(W, 1) x AC(1, H)
weight of the inner codeword, which, instead, depends on the ACS(W, H) = Z — 9
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where A (W, I) enumerates the weight distributions of the =~ = T
information words that generate codewords of the outer code :0_2 T
with a given weight!. 0

107 |+

Example 1: Consider the(7,3) serially concatenated 107 |
block code obtained by concatenating tHe3) parity-check 107 |
code to a(7,4) Hamming code through an interleaver of 10:7
length N = 4. The IOWEF A“> (W, L) and A“(L, H) of = 0 T
the outer and inner code are =

AC (W, L) =1+ W(3L?) + W2(3L*) + W3(L*) 107
N -1
AS(L, H) =1+ L(3H® + HY) + L*(3H® + 3H*) }g_u I
+ L3(H® 4+ 3HY) + L*H” w3 b o : ]
10714 L] 400 ; ]
so that jois L2000 : , : ; ;
ACD(VVv 0) -1 ACg (0’ H) -1 0 1 2 3 4 Eb/Nf) {dB] 6 7 8 9 10
AT (W, 1) =0 AT, H) = 3HD + H* i lytical bounds for seriall d block code of |
ACO(VV, 2) 3W + 32 ACf(2, H) — 3H3 4 3H4 gl%.sé.BcAln%ytTlgzle OI)UI’I s for serially concatenated block code of Example
AC(W, 3) =0 ACi(3, H) = H® + 3H* '
AC(W, 4) = W3 A (4, H)=H"

: SCCC Ry =k/n
Through (9) we then obtain e

. | OUTER N INNER |
C, C; —» CODE > » CODE —>
ACS (W H) _ A (VI/? l) X A (l7 H) E R‘E,:k/p Rczp/n '
=0 <N) el '
l Fig. 5. Serially concatenated:, &, V) convolutional code.
1.1 +O-(3H3+H4)
1 4 : - :
Example 2: Consider again the CC's of Example 1
2 3 4 ’
+ (3W + 3W )é(3H +3H7) linked by an interleaver of lengttvn. = 4m, and use (2),

3 4 A (3), and (11). The so obtained upper bound to the bit error
0-(H”+3H") + w°-H probability is plotted in Fig. 4 for various values of the
4 1 integerm. The curves show thiaterleaver gain, defined as the
=1+ W(L5H® + 1.5H") factor by which the bit error probability is decreased with the
+W21.5H? + 1.5H*) + W2H?. 0O interleaver length at a given signal-to-noise ratio. Contrary to
parallel concatenated block codes [8], the curves do not exhibit
Previous results (8) and (9) can be easily generalized to the interleaver gain saturation. Rather, the bit error probability
more interesting case of an interleaver with lengthbeing seems to decrease regularly withasm 1. We will explain
an integer multiple (by a factom: > 1) of the length of the this behavior in Section IIl. O
outer codewords. Denoting by“>" (W, L) the IOWEF of the
new (mp, mk) outer code, and similarly bA”’" (L, H) the . Serially Concatenated Convolutional Codes
IOWEF of the new(mn, mp) inner code, it is straightforward
to obtain

The structure of a serially concatenated convolutional code
is shown in Fig. 5. It refers to the case of two convolutional
AT (W, L) = [AS (W, L)|™ CC'’s, the outer code€’, with rate R = k/p, and the inner

cr [ AC m 1 code;(?i with rate.Rg = p/n, joined by an interleaver of length
AT (L, H) =[AT(L, H)] (10) N bits, generating an SCCC's with rate R = k/n. N

From the IOWEF's (7)—(10), we obtain the CWEF'S will be assumed to be an integer muluf)kefp We assume,
ACT (W, 1) and ACT (i, H) of the new CC’s, and, finally as before, that the convolutional CC'’s are linear, so that the

through (8) and (9), the CWEF and IOWEF of the newCCC is linear as well, and the uniform error property applies.
(n, k, N = mp) SCBC C The exact analysis of this scheme can be performed by
appropriate modifications of that described in [8] for PCCC'’s.
o N 43"} x ACT(1, H) It requires the use of hypertrellishaving ashyperstatepairs
A%s (w, H) = Z : <V> (11) of states of outer and inner codes. The hyperstéeand.S;,,

1=0 ! are joined by éyperbranchthat consists of all pairs of paths

2Actually, this constraint is not necessary. We can choose in fact inner and
X A% (l H) (12) outer codes of any rateB!. = k;/n; and R = k,/n,, constraining the
/ A\ : interleaver to be an inteaer multinle of the minimum common multiole of

ACS (W,
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