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Note that the total scatter matrix does not depend on how the set of samples
is partitioned into clusters. It depends only on the total set of samples. The
within-cluster and between-cluster scatter matrices do depend on the par-
titioning, however. Roughly speaking, there is an exchange between these
two matrices, the between-cluster scatter going up as the within-cluster
scatter goes down. This is fortunate, since by trying to minimize the within-
cluster scatter we will also tend to maximize the between-cluster scatter.
To be more precise in talking about the amount of within-cluster or
between-cluster scatter, we need a scalar measure of the *“‘size’” of a scatter
matrix. The two measures that we shall consider are the frace and the
determinant. In the univariate case, these two measures are equivalent, and
we can define an optimal partition as one that minimizes Sy, or maximizes
Sp. In the multivariate case things are somewhat more complicated, and a
number of related but distinct optimality criteria have been suggested.

6.8.3.2 THE TRACE CRITERION

Perhaps the simplest scalar measure of a scatter matrix is its trace, the sum
of its diagonal elements. Roughly speaking, the trace measures the square
of the scattering radius, since it is proportional to the sum of the variances
in the coordinate directions. Thus, an obvious criterion function to minimize
is the trace of Sy-. In fact, this criterion is nothing more or less than the
sum-of-squared-error criterion, since Eqs. (33) and (34) yield

¢

[
trSy=2tr5=Y 3 Ix=m|*=1.. (38)
imm]

iml xedy

| Since tr Sp = tr Sy + tr Sy and tr S, is independent of how the samples

| are partitioned, we see that no new results are obtained by trying to maximize
tr Sp. However, it is comforting to know that in trying to minimize the

| within-cluster criterion J, = tr Sy we are also maximizing the between-
“ cluster criterion

trSp =3 n; [lm; — mj* (39)
=1

6.8.3.3 THE DETERMINANT CRITERION

‘ In Section 4.11 we used the determinant of the scatter matrix to obtain a
| scalar measure of scatter. Roughly speaking, this measures the square of the
. scattering volume, since it is proportional to the product of the variances
in the directions of the principal axes. Since Sy will be singular if the number
of clusters is less than or equal to the dimensionality, |Sz| is obviously a poor
| choice for a criterion function. Sy can also become singular, and will
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CRITERION FUNCTIONS FOR CLUSTERING 223

certainly be so if # — c is less than the dimensionality .* However, if we
assume that Sy is nonsingular, we are led to consider the criterion function

¢
2 S
i=
The partition that minimizes J; is often similar to the one that minimizes
7,, but the two need not be the same. We observed before that the minimum-
squared-error partition might change if the axes are scaled. This does not
happen With J;. To see why, let T be a nonsingular matrix and consider the
change of variables x" = Tx. Keeping the partitioning fixed, we obtain new
mean vectors m; = Tm; and new scatter matrices S; = TS;T%. Thus, J,
changes to

Jo=|Swl| = (40)

= |Swl = |ITSpT| = TI*J
Since the scale factor |T'|? is the same for all partitions, it follows that J; and
J; rank the partitions in the same way, and hence that the optimal clustering
based on J; is invariant to nonsingular linear transformations of the data.

6.8.3.4 INVARIANT CRITERIA

It is not hard to show that the eigenvalues ,, . . . , A; of S7#S5 are invariant
under nonsingular linear transformations of the data. Indeed, these eigen-
values are the basic linear invariants of the scatter matrices. Their numerical
values measure the ratio of between-cluster to within-cluster scatter in the
direction of the eigenvectors, and partitions that yield large values are usually
desirable. Of course, as we pointed out in Section 4.11, the fact that the
rank of S can not exceed ¢ — 1 means that no more than ¢ — 1 of these
eigenvalues can be nonzero. Nevertheless, good partitions are ones for which
the nonzero eigenvalues are large.

One can invent a great variety of invariant clustering criteria by composing
appropriate functions of these eigenvalues. Some of these follow naturally
from standard matrix operations. For example, since the trace of a matrix
is the sum of its eigenvalues, one might elect to maximize the criterion
functiont

d
tr S5l = DA, (41)
=1

* This follows from the fact that the rank of S; can not exceed n; — 1, and thus the rank
of Sy can not exceed E(n; — 1) = n — ¢. Of course, if the samples are confined to a
lower dimensional subspace it is possible to have Sy be singular even though n — ¢ > d.
In such cases, some kind of dimensionality-reduction procedure must be used before the
determinant criterion can be applied (see Section 6.14).

1 Another invariant criterion is

ssgl =] %

i=]
However, since its value is usually zero it is not very useful.
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(b)) NORMALIZED

FIGURE 6.14. The effect of transforming to
normalized principal components (Note: the
partition that minimizes S7'Sy;; in (a) minimizes
the sum of squared errors in (b).).
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ITERATIVE OPTIMIZATION 225

By using the relation Sy = Sy + Sp, one can derive the following invariant
relatives of tr Sy and [Syp|:

d
1
trrSaSy =Yy — 42
[3qp oy &1+ A 42)
S ‘1
Sl 1T ; (43)

Syl =114+ 4

gince all of these criterion functions are invariant to linear transformations,
the same is true of the partitions that extremize them. In the special case of
two clusters, only one eigenvalue is nonzero, and all of these criteria yield
{he same clustering. However, when the samples are partitioned into more
than two clusters, the optimal partitions, though often similar, need not be
the same.

With regard to the criterion functions involving S, note that S, does not
depend on how the samples are partitioned into clusters. Thus, the clusterings
that minimize |Sy|/|Sp| are exactly the same as the ones that minimize |Sy|.
If we rotate and scale the axes so that S, becomes the identity matrix, we
see that minimizing tr S7'Sy is equivalent to minimizing the sum-of-squared-
error criterion tr Sy, after performing this normalization. Figure 6.14
illustrates the effects of this transformation graphically. Clearly, this criterion
suffers from the very defects that we warned about in Section 6.7, and it is
probably the least desirable of these criteria.

One final warning about invariant criteria is in order. If different apparent
groupings can be obtained by scaling the axes or by applying any other linear
transformation, then all of these groupings will be exposed by invariant
procedures. Thus, invariant criterion functions are more likely to possess
multiple local extrema, and are correspondingly more difficult to extremize.

The variety of the criterion functions we have discussed and the somewhat
subtle differences between them should not be allowed to obscure their
essential similarity, In every case the underlying model is that the samples
form ¢ fairly well separated clouds of points. The within-cluster scatter
matrix Sy is used to measure the compactness of these clouds, and the basic
goal is to find the most compact grouping. While this approach has proved
useful for many problems, it is not universally applicable. For example, it
will not extract a very dense cluster embedded in the center of a diffuse
cluster, or separate intertwined line-like clusters. For such cases one must
devise other criterion functions that are better matched to the structure
present or being sought.

6.9 ITERATIVE OPTIMIZATION

Once a criterion function has been selected, clustering becomes a well-defined
problem in discrete optimization: find those partitions of the set of samples
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